DECIDABILITY.CONTENTS1.Universal Turing Machines and Undecidability of the Halting Problem.2.Rice�s Theorem.3.Post Correspondence Problem. Undecidability and Decidability Properties for Context-freeLanguages.4.Arithmetical Hierarchy.1 . UNIVERSAL TURING MACHINES ANDUNDECIDABILITY OF THE HALTING PROBLEM.Let us first recall a few basic notions.Let us consider a Turing Machine M and a word w in S*. If given the input word w, M entersa final state, after performing zero or more transitions, and then M halts immediatelyafterwards, we say that M acceptsw (or M answers�yes�). If given the input w, M halts afterperforming zero or more transitions, without ever entering a final state, we say that M rejectsw (or M answers�no�).NOTE. The following two notions of acceptance of a language L ˝S* by a Turing MachineM are equivalent:(1) for all words w˛S*, w˛L iff given the input w, M performs zero or more transitions andthen enters a final state (nothing is said about what happens afterwards: it may be the case thatM halts in that final state orM performs a finite number of transitions and then halts orMperforms a infinite number of transitions, i.e., it never halts); (2) for all words w˛S*, w˛L iff given the input w, M performs zero or more transitions,enters a final state, and then halts immediately afterwards in that final state.gWe say that a language L˝S* is recursively enumerable(r.e., for short), or Lis arecursive enumerable subset of S*, iff there exists a Turing Machine which accepts(orrecognizes) L, that is, iff there exists a Turing Machine M such that for all words w˛S*,w˛L iff M accepts w.Thus,ifM recognizes L and wˇL then given the input w, eitherM haltsand does not answers �no�orMdoes not halt.The language accepted (or recognized) by a Turing Machine M is denoted by L(M).Given any recursively enumerable language L, there are |N|Turing Machines each ofwhich accepts (or recognizes) L.We say that a language L˝S* is recursive, or Lis a recursive subset of S*, iff thereexists a Turing Machine M ˚ which always halts and accepts (or recognizes) L, that is, iff thereexists a Turing Machine M such that for all words w˛S*, given the input w, M enters a finalstate and then halts immediately afterwards in that final state iff w˛L. Thus, if L is recursivethere exists a Turing Machine M such that for all words w˛S*, M accepts the word w iffw˛L, and M rejects the word w iff wˇL.

If a language L is not r.e. then L is not recursive, because the class of recursive languagesis contained in the class of the r.e. languages. In the sequel when we say that a language L is r.e., either (i) we mean that L is r.e. and it isnot recursive, or (ii) we mean that L is r.e. and we say nothing about L being recursive or not.The reader should be careful in distinguishing between these two meanings.Informally, we say that a problem is a yes-no problemif it can be viewed as a set of socalled instances, and with each of these instances we associate a corresponding answer whichis either �yes� or �no�. For example, the Primality Problem is a yes-no problem, because it can be viewed as theset of natural numbers, each natural number being associated with a �yes� or �no� answerwhich tells us whether or not that number is a prime. Thus, an instance of the PrimalityProblem is simply a natural number.Often we will say �problem�, instead of �yes-no problem�.For any yes-no problem if there exists a computing device, such as a Turing Machine,which given an instance of that problem, always halts and provides the corresponding answer,we say that the yes-no problem is solvableor decidable. Ayes-no problem is said to be unsolvableor undecidableiff it is not solvable.It may also be the case that given a yes-no problem, there exists a Turing Machine, say M,which halts and provides answers �yes� exactly for those instances of the problem which haveanswer �yes�. For the instances which have the answer �no�, M either does not halt or it haltsand answers �no�.Inthiscasewesaythatthe yes-no problem is semisolvableor semidecidable.With every semisolvable yes-no problem we may associate a Turing Machine and since thismachine works on input words taken from some suitable set, say S*, every instance of a yes-no problem should be encoded as a word of S*. Thus, given a problem P, we may define the associated yes-languageLP, subset of S*,made out of every word which encodes an instance of the problem which is associated to theanswer �yes�. For example, in the case of the Primality Problem, we may choose S* to be 01*, becausewe may encode any given natural number n (‡0) into the word 01n. The yes-languageassociated with the Primality Problem is {01n |n‡0 and n is a prime}.Let us now look at a different yes-no problem, the so called Parsing Problem.We are givena grammar G, encoded as a word in {0,1}*, which we will denote by [G], and a word wmade out of terminal symbols of G. We look for the answer �yes� or �no� depending onwhether or not w belongs to the language L(G) generated by G. (Away of encoding agrammar into a word in {0,1}* is to encode its productions, in the same way as a TuringMachine can be encoded into a word in {0,1}* by encoding its quintuples.) The yes-language LPassociated with the Parsing Problem for the grammar G is the set{[G]$w |w belongs to L(G)}. Notice that, as it stands, LPis a subset of the language{0,1}*$T*, where T is the set of terminal symbols of G. (As usual, we have used theconcatenation of regular expressions to mean the concatenation of the correspondinglanguages.) In order to transform LPinto a subset of {0,1}* we need to encode $ and theelements of T as words in {0,1}*.4.2DECIDABILITY

Care should be taken when considering the encoding of the instances of a yes-no problem.We will not discuss this issue here. We want only to remark that the encoding has to beconstructive (i.e., computable by a Turing machine which always halts), and it should notmodify the solution of the problem itself (and this could happen when the problem is ofsyntactic nature as, for instance, when the problem depends on the syntactic way in which it isexpressed in a particular language).DEFINITION 1. Ayes-no problem is said to be decidableiff under some suitable encoding ofits instances into words of S*, the associated yes-language is a recursive subset of S*. nAccording to this definition every yes-no problem which has a finite number of instances isdecidable. In what follows we need the following facts.(i)The complement S*— L of a recursive set L is recursive.In order to show this, it is enough to use the Turing Machine M for recognizing L. If Mhalts and answers �yes� (or �no�) the Turing Machine M1 which recognizes S*—L, haltsand answers �no� (or �yes�, respectively). (ii)The union of two recursive languages is recursive. The union of two r.e. languages is r.e.(iii)If the complement of an r.e. language L is r.e. then L is recursive (Post�s Theorem).It is enough to have the Turing Machine, say M1, for recognizing L, and the one, say M2,for recognizing S*—L, running in parallel so that they perform their computations in aninterleaved way. This means that, initially, M1 makes one computation step, then M2makes one computation step, then M1 makes one more computation step, and so on, in analternate way. One of the two machines will eventually halt (because given a word w˛S*either w˛ L or wˇ L), and it will give us the required answer. For instance, if it is M1(or M2) which halts first and answers �yes�, then the answer is �yes� (or �no�,respectively).Thus, given any set L˝S* there are four mutually exclusive possibilities only:

r.e.recr.e. and not recursive not r.e.

S*—LL

(i)(ii)(iii)(i) L is recursive and S* — L is recursive, or(ii) L is not r.e. and S* — L is not r.e., or (iii.1) L is r.e. and not recursive and S* — L is not r.e., or(iii.2) L is not r.e. and S* — L is r.e. and not recursive.Set of subsets of S* :DECIDABILITY 4.3

As a consequence, in order to show that an r.e. language L is not recursive (and theassociated problem is undecidable) it is enough to show that S*— L is not r.e.Another technique for showing that a language is not recursive (and the associated problemis undecidable) is the reduction technique. We say that a problem Awhose associated yes-language is LA, subset of S*, is reduced toa problem Bwhose associated yes-language is LB, also subset of S*, iff there exists a totalfunction, say r, from LAto LB such that for every word w in S*, w is in LAiff r(w) is in LB. Thus, if the problem B is decidable then the problem Ais decidable, and if the problem Aisundecidable then the problem B is undecidable.Let us now consider the yes-no problem, called the Halting Problem. This problem can beformulated as follows. Given a Turing Machine M and a word w it should be determinedwhether or not M halts on the input w. The various instances of this problem are given by theinstances of M and w.We recall that given a language R ˝{0,1}* recognized by some Turing Machine M, thereexists a Turing Machine M1 with tape alphabet {0,1,B} such that R is recognized by M1. Thus, if we prove that the Halting Problem is undecidable for Turing Machines with tapealphabet {0,1,B} and words in {0,1}*, then the Halting Problem is undecidable for any classof Turing Machines and words which includes this one.We will show that the Halting Problem for one-tape Turing Machines, which are binary,that is, with tape alphabet {0,1,B} and input words in {0,1}*, is undecidable.In order to do so, we first show that a Turing Machine, say M, with tape alphabet {0,1,B}can be encoded into a word in {0,1}*. Without loss of generality, we may assume that M isdeterministic. Let us assume that:- the set of states of M is {qi |i‡1}, - the tape symbols 0, 1, and B are denoted by X1, X2, and X3, respectively, and - L (that is, the move to the left) and R (that is, the move to the right) are denoted by 1 and 2,respectively. The initial and final states are assumed to be q1and q2, respectively. Without loss ofgenerality, we may also assume that there exists one final state only.Then, each quintuple, say �qi, Xhfiqj, Xk, m�, of M corresponds to a string of fivepositive numbers <i, h, j, k, m>. It should be the case that i,j‡1, 1£h,k£3, and 1£m£2. Thus,the quintuple �qi, Xhfiqj, Xk, m� can be encoded by the sequence: 1i01h01j01k01m. The various quintuples can be listed one after the other, in any order, so to get a sequenceof the form:000 code of the first quintuple 00 code of the second quintuple 00 � 000.(�)Every sequence of the form (�) encodes one Turing Machine only, while a Turing Machinecan be encoded by several sequences (recall that, for instance, when describing a TuringMachine the order of the quintuples is not significant). We assume that the sequences of 0�s and 1�s which are not of the form (�) are encodings of4.4DECIDABILITY a Turing Machine which recognizes the empty language, that is, a Turing Machine which doesnot accept any word in {0,1}*.Let us now consider the language:LU= {[M]w |the Turing Machine M accepts the word w} ˝ {0,1}*, where [M] is the encoding of M as a word in {0,1}*, w is a word in {0,1}*, and [M]w is theconcatenation of [M] and w. The leftmost symbol of the word w is immediately to the right ofthe three 0�s in the rightmost position of [M].THEOREM 2. LUis recursive enumerable.PROOF. We show that LUis recursively enumerable by showing that there exists a binaryTuring Machine MUwhich recognizes LU.Indeed, we show the existence of a Turing Machine, say T, with three tapes, called Tape1,Tape2, and Tape3, respectively, which recognizesLU. Then from T we construct theequivalent binary Turing Machine MU, called universal Turing Machine, having one one-wayinfinite tape and 0, 1, and B as tape symbols. The machine T works as follows.Initially T has in Tape1 a sequence s in {0,1}*. Then T checks whether or not s is equal tos1s2for some s1of the form (�). If this is not the case, then T halts without entering a final state, and this indicates that Mdoes not accept w (recall that we have assumed that a sequence not of the form (�) encodes aTuring Machine which recognizes the empty language).Otherwise, if the sequence s can be viewed as the concatenation of a sequence of the form(�) which encodes a Turing Machine, say M, followed by a word w in {0,1}*, then T writesw in its Tape2 and �1�in its Tape3 (denoting the fact that M starts its computation in its initialstate q1). The machine T continues working by simulating the behaviour of the machine Mwhose quintuples are on Tape1, on the input word w which is on Tape2, storing theinformation about the states of M on Tape3. In order to recall which symbol of the word w iscurrently scanned by M, the machine T uses a second track of Tape2. The only final state of Mis q2, which is encoded by 11.(a)Knowing the current state, say qi, and the scanned symbol, say Xh, T checks whether ornot 11 (denoting the accepting state q2) is on the Tape3. If this is the case then T stops andaccepts the word w. If it is not the case then T looks for a quintuple on the first tape of theform: 001i01h01j01k01m00, and (a1) if there is one quintuple of that form then T makes the corresponding move by (i)placing 1jon Tape3, (ii) writing 0 or 1 on the scanned cell of Tape2, if the value ofk is 1 or 2, respectively, and (iii) changing the head marker on the second track ofTape2 to the left or to the right of the current one, if the value of m is 1 or 2,respectively. Then, T continues working as specified at Point (a) looking at thecurrent state on Tape3.(a2) If it does not exist a quintuple of the form 001i01h01j01k01m00 then T stops and itdoes not accept the input word because 11 is not on Tape3.It should be clear from the above construction that the machine T simulates the machine M onthe input w in the sense that: (i) T halts and accepts [M]w iff M halts and accepts w, (ii) T haltsand does not accept [M]w iff M halts and does not accept w, and (iii) T does not halt iff Mdoes not halt.nDECIDABILITY 4.5

THEOREM 3. LUis not recursive.PROOF. We show that LUis not recursive, by showing first that the language LD, we willdefine below, is not recursive. We will show that LDis not recursive by showing that S*— LDis not r.e. using a diagonal argument.Then, by reducingLD to LU we will derive that LUis not recursive.The language LDis constructed as follows. Let us consider a matrix W whose rows andcolumns are labeled by the words of {0,1}* in the canonical order, i.e., e, 0, 1, 00, 01, 10,11, 000, � In position of row i and column j we write �1� if the Turing Machine whose codeis the i-th word in the canonical order, accepts the j-th word in the canonical order. (Recall thatwe have assumed that a sequence not of the form (�) encodes a Turing Machine whichrecognizes the empty language.) Otherwise we write �0�. Let LDbe {w |w is i-th word of the canonical order and W[i,i] = 1} ˝ {0,1}*. That is, wbelongs to LD iff the Turing Machine with code w accepts the word w.We now show that S*— LDis not r.e. Indeed, we have that:(i) w belongs to S*— LD iff the Turing Machine with code w, does notaccept w, and (ii) if S*— LDis r.e. then there exists a Turing Machine, say M, with code [M], such that Mrecognizes S*— LD. Let us now ask ourselves whether or not the Turing Machine with code [M], accepts theword [M]. We have that the Turing Machine with code [M], accepts the word [M]iff (bydefinition of S*— LD) the Turing Machine whose code is [M]does not accepts [M]. This contradiction shows that S*— LDis not r.e. Thus, LD is not recursive. To get the thesis, now it is enough to reduceLDto LU. We do this as follows. Given aword w in S*, we compute the word ww (the first w plays the role of the code of a TuringMachine, and the second w is the word to be given as input to that Turing Machine). Byconstruction we have that w˛ LDiff ww˛ LU. Since LDis not recursive, we get that LUis not recursive. nWe have that the problem corresponding to the language LU, called the Halting Problem, isnot decidable, because LUis not recursive. Thus, to say that the Halting Problem is undecidable means that it does not exists anyTuring Machine that: (i) halts for every input, and (ii) given the encoding [M] of a TuringMachine M and an input word w for M, answers �yes� iff M halts in a final state when startinginitially with w on its tape.By reduction of the Halting Problem to each of the following problems, one can show thatthese problems are undecidable:(i)Blank Tape Halting Problem: given a Turing Machine M, determine whether or not Mhalts in a final state when its initial tape has blank symbols only, (ii)Uniform Halting Problem (or Totality Problem): given a Turing Machine M, determinewhether or not M halts in a final state for every input word in S*, and(iii)Printing Problem: given a Turing Machine M and a tape symbol b, determine whether ornot M prints b during any of its computations.Notice that it is undecidable whether or not a given binary Turing Machine M ever writesthree consecutive 1�s on its tape (the various instances of the problem being given by thechoice of M), while it is decidable whether or not, given a binary Turing Machine M starting4.6DECIDABILITY on a blank tape, there exists a cell scanned by M five or more times (the various instances ofthe problem being given by the choice of M) [Hopcroft-Ullman 79, page 193].2 . RICE�S THEOREM.Let us consider the alphabet Sand the set RE whose elements are the recursive enumerablelanguages, i.e., the recursive enumerable subsets of S*= {0,1}*. Let us consider a subset S of RE, that is, a set of r.e. languages. We say that S is apropertyover RE. The property S is said to be trivialiff S is empty or S is RE itself. Any subset S of RE corresponds to a yes-no problem and an instance of that problem isgiven by an r.e. language for which we want to know whether or not it is S. We need anencoding of an r.e. language as a word in {0,1}*. This can be done by using the encoding ofthe Turing Machine which recognizes that r.e. language. Obviously, an r.e. language is givenas input to a Turing Machine via the encoding of the Turing Machine which recognizes it.The property ˘(that is, the empty subset of RE)corresponds to the yes-no problem �Is agiven r.e. language not an r.e. language?�, and the property RE corresponds to the yes-noproblem �Is a given r.e. language an r.e. language?�.Now we ask ourselves whether or not a given set S, subset of RE, is itself r.e., i.e.,whether or not there exists a Turing Machine MS corresponding to S, such that given any r.e.set X˝S*, MS accepts X iff X˛S.THEOREM 4 (Rice�s Theorem for recursive properties over RE). Aset S of languages, subsetof RE, is not recursive iff it is not trivial (that is, the yes-no problem of determining whether ornot an r.e. language belongs to S is undecidable iff S = ˘ or S = RE).PROOF. Let us consider a non-trivial subset S of languages in RE. We will prove that S is notrecursive. We may consider, without loss of generality, that the empty language (which is obviouslyan r.e. language) is not in S. Indeed, if the empty language belongs to S then we will firstprove that RE—S is not recursive (and we have that the empty language does not belong to RE—S). Thus, if RE—S is not recursive we have that S is not recursive either. (Recall that if aset is not recursive, its complement is not recursive.)Since S is not empty (because S is not trivial) we have that an r.e. language, say L, belongsto S. Let us consider the Turing Machine ML which recognizes the language L.The proof of Rice�s Theorem is by reduction of the Halting Problem (that is, themembership problem for the language LU= {[M]w |the Turing Machine M accepts the wordw}) to the problem of determining whether or not any given r.e. language belongs to S.This reduction is done by showing that for any given Turing Machine M and any givenword w there exists an r.e. language, say A, such that M accepts w iff Abelongs to S, that is,for any given Turing Machine M and any given word w there exists a Turing Machine, sayNA, such that M accepts w iff the language accepted by NAbelongs to S.Indeed, let us consider the following Turing Machine NA(see also Fig. 1). For any given input word v, NAsimulates the Turing Machine M on the input word w. IfM accepts w then NAstarts working on the input v as the machine ML. If M does not accept wthen NAdoes not accept v. Thus, if M accepts w then NAaccepts L (which is a language in S), and if M does notDECIDABILITY 4.7 accept w then NAaccepts no word,that is, NAaccepts the empty language (which is alanguage not in S). Therefore, M accepts w iff the language accepted by NAbelongs to S.

wMMLAN yesstartv yesFigure 1. Construction of the Turing Machine NA.If M accepts w then NAaccepts the language L (which is in S). If M does not accept w then NAaccepts the empty language (which is not in S).From the above reduction of the Halting problem to the problem of determining whether ornot any given r.e. language Abelongs to S, and from the fact that the Halting Problem isundecidable (because the language LU is not recursive) we get that the set S is not recursive.nAs simple corollaries of Rice�s Theorem, we have that:(i) the set {[M] | [M] is an encoding of a Turing Machine M such that L(M) is empty} is notrecursive,(ii) the set {[M] | [M] is an encoding of a Turing Machine M such that L(M) is finite} is not re-cursive,(iii) the set {[M] | [M] is an encoding of a Turing Machine M such that L(M) is regular} is notrecursive, and(iv) the set {[M] | [M] is an encoding of a Turing Machine M such that L(M) is context-free} isnot recursive.We state without proof the following result which is the analogous of the Rice�s Theoremwith respect to the r.e. properties, instead of the recursive properties.THEOREM 5 (Rice�s Theorem for r.e. properties over RE). Asubset S of r.e. languages in REis r.e. iff S satisfies the following three conditions:(1) (r.e. upward closure) if L1 ˝ {0,1}* is in S and L1 ˝ L2 for some L2 which is r.e., thenL2 is in S,(2)(existential finite downward closure) if L is an infinite r.e. language in S, then there existssome finite r.e. language Lfsubset of L such that Lfis in S, and(3) the set of the finite languages which are elements of S, is r.e. nWe have the following simple corollaries of Rice�s Theorem for r.e. properties over RE:(i)the set {[M] | [M] is an encoding of a Turing Machine M such that L(M) is empty} is notr.e. (because condition (1) does not hold),(ii) the set {[M] | [M] is an encoding of a Turing Machine M such that L(M) is S*}, is notr.e. (because condition (2) does not hold), (iii) the set {[M] | [M] is an encoding of a Turing Machine M such that L(M) is recursive} is4.8DECIDABILITY notr.e. (because condition (1) does not hold), (iv) the set {[M] | [M] is an encoding of a Turing Machine M such that L(M) is not recursive}is notr.e. (because condition (1) does not hold),(v) the set {[M] | [M] is an encoding of a Turing Machine M such that L(M) is regular} isnotr.e. (because condition (1) does not hold), and(vi) the set {[M] | [M] is an encoding of a Turing Machine M such that L(M) is made out ofone word only} is notr.e. (because condition (1) does not hold), and(vii) the set {[M] | [M] is an encoding of a Turing Machine M such that L(M) — LUis notempty} is notr.e. (because condition (3) does not hold. Indeed, take a finite set, say D,with empty intersection with LU. The set S* — LU is a superset of D and yet it is not r.e.,because LUis r.e. and not recursive).We also have the following corollaries:(viii)the set {[M] | [M] is an encoding of a Turing Machine M such that L(M) is not empty} isr.e. (and we also have that it is not recursive),(ix)for any fixed k, the set Sk= {[M] | [M] is an encoding of a Turing Machine M such thatL(M) has at least k elements} is r.e.,(x)for any fixed word w, the set Sw= {[M] | [M] is an encoding of a Turing Machine Msuch that L(M) has at least the word w} is r.e.,(xi)the set {[M] | [M] is an encoding of a Turing Machine M such that L(M) ˙LUis notempty} is r.e.3 . POST�S CORRESPONDENCE PROBLEM. UNDECIDABILITY ANDDECIDABILITY PROPERTIES FOR CONTEXT-FREE LANGUAGES.An instance of Post�s Correspondence Problem, PCP for short, over the alphabet S,is givenby two sequences of k words each, say <u1, �, uk> and <v1, �, vk>, where the ui�sand thevi�s are elements of S*. Agiven instance of the PCP has a solution iff there exists a sequenceof indices taken from the set {1,�,k}, say <i1,�, in>, for n ‡ 1, such that this equalitybetween two words of S*, holds: ui1�uin = vi1�vin.One can show that Post�s Correspondence Problem is unsolvable (if the instances are takenusing Sand k such that |S|‡2 and k‡2) by showing that the Halting Problem can be reducedto it. There a variant of Post�s Correspondence Problem, called the Modified Post�s Correspon-dence Problem, where it is assumed that in the solution sequence i1 is 1. Also the ModifiedPost�s Correspondence Problem is unsolvable.If the alphabet S has one symbol only, then Post�s Correspondence Problem is decidable.Indeed, let us denote by |u|the number of symbols of S in a word u. If there exists i, with 1£i£k, such that ui = vithen the sequence <i> is the solution. If forall i, 1£i£k, ui „ vithen there are two cases: (i) either for all i, |ui|> |vi|,or for all i, |ui|< |vi|,and (ii) there exist i and j, with 1£i,j£k, such that |ui|> |vi|and |uj|< |vj|. DECIDABILITY 4.9

In case (i) there is no solution to Post�s Correspondence Problem, and in case (ii) there is asolution which is given by the sequence of p (‡1) i�s followed by q (‡1) j�s such that:p (|ui|— |vi|) + q (|uj|— |vj|) = 0.We can always take p to be — (|uj|— |vj|)and q to be |ui|— |vi|.If k = 1 then Post�s Correspondence Problem is decidable, and it has a solution iff u1= v1. Using the undecidability of the PCP, the following theorem shows that it is undecidablewhether or not a given context-free grammar G is ambiguous, that is, it is undecidable whetheror not there exists a word w generated by G such that w has two distinct leftmost derivations.THEOREM 6. The ambiguity problem for context-free languages is undecidable.PROOF. It is enough to reduce the PCP to the ambiguity problem of context-free grammars.Consider a finite alphabet S and two sequences of k (‡1) words, each word being an elementof S*:U = <u1, �, uk>, and V = <v1, �, vk>.Let us also consider the set Aof k new symbols {a1, �, ak} such that S˙A„˘, thefollowing two languages which are subsets of (S¨A)*:UL = {ui1 ui2 � uir air � ai2 ai1 | r ‡ 1 and 1 £ i1,i2,�,ir £ k}, and VL = {vi1 vi2 � vir air � ai2 ai1 | r ‡ 1 and 1 £ i1,i2,�,ir £ k}.Agrammar G for generating the language UL ¨ VL is as follows: <S¨A, {S,SU,SV}, P, S>,where P is the set of productions:Sfi SU, SU fi ui SU ai|ui aifor any i = 1, �, k, andSfi SV, SV fi vi SV ai|vi aifor any i = 1, �, k.To prove the theorem we now need to show that the instance of the PCP for the sequencesU and V has a solution iff the grammar G is ambiguous.(�) If ui1�uin = vi1�vinfor some n‡1, then the word w = ui1 ui2 � uin ain � ai2 ai1 isequal to vi1 vi2 � vin ain � ai2 ai1, and w has two leftmost derivations: one derivation whichfirst uses the production Sfi SU, and a second one, which first uses the production Sfi SV.Thus, G is ambiguous.(�) Assume that G is ambiguous. Then there aretwo leftmost derivations for a wordgenerated by G. Since every word generated by SUhas one leftmost derivation only, andevery word generated by SVhas one leftmost derivation only (and this is due to the fact thatthe ai�s symbols force the uniqueness of the productions used when deriving a word from SUor SV), it must be the case that a word generated fromSUis the same as a word generatedfrom SV. This means that we have:ui1 ui2 � uin ain � ai2 ai1 = vi1 vi2 � vin ain � ai2 ai1for some sequence <i1,�, in> of indexes with n‡1, each index being from the set {1,�,k}.4.10DECIDABILITY

Thus, ui1�uin = vi1�vin,and this means that the corresponding PCP has the solution <i1,�, in>.nWe will now consider some more undecidability results about context-free languages. Theycan be proved using properties of the so-called �valid and invalid computations� of TuringMachines.Given a Turing Machine M = (Q, S, G, d, q0, B, F), a string of the formw1#w2R#w3#w4R#w5#�#wnor w1#w2R#w3#w4R#w5#�#wn—1#wnR, where by the word wR we mean �w reversed�, is said to be a valid computationof M iff:(i)each wiis a configuration of M, that is, a string in G*QG*, which does not end by a B,(ii)w1is the initial configuration, that is, w1 = q0u where u belongs to S*,(iii)wnis a final configuration, that is, a string in G*FG*, and(iv)for each i, 1£i<n, wi fiM wi+1.We also assume that # is not in Q ¨G, and Q ˙G= ˘.ATuring Machine invalid computationis a string which is nota Turing Machine valid com-putation.We have that:(i)given a Turing Machine M the set of its valid computations is the intersection of twocontext-free languages (and the two corresponding context-free grammars can be effec-tively constructed from M), and(ii)given a Turing Machine M the set of its invalid computations is a context-free language(and the corresponding context-free grammar can be effectively constructed from M).One can show the following facts.(A)It is undecidable whether or not given two context-free grammars, say G1and G2, wehave that L(G1) ˙ L(G2) is empty. The proof is based on the fact that the problem ofdetermining whether or not a given Turing Machine recognizes the empty language, canbe reduced to this problem. (Recall Property (i) of the valid computations of a TuringMachine.)(B)It is undecidable whether or not given two context-free grammars they generate the samecontext-free language.(C)It is undecidable whether or not a given context-free grammar generates S+(or S* if weassume the possibility of the production Sfi e).DECIDABILITY 4.11

It is decidable whether or not two deterministic context-free languages generate the samelanguage (ICALP 1997:˚paper by G�raud S�nizergues). Languages which are generated by LL(k) grammars for some k‡0, are deterministiccontext-free languages, but not all deterministic context-free languages are generated by LL(k)grammars. For those languages we have that, given two LL(k) grammars G1and G2, forsome k‡0, it is decidable whether or not L(G1) = L(G2).Given the context-free grammar G, it is undecidable whether or not L(G) is a linearcontext-free language, that is, it can be generated by a context-free grammar whoseproductions have right hand sides with at most one occurrence of a non-terminal.It is undecidable whether or not a context-sensitive grammar generates a context-freelanguage. [Aho-Ullman: Theory of Parsing, Translation, and Compiling. Vol. I, 1972, page208] It is undecidable whether or not a context-free grammar generates a deterministic context-free language.Alanguage L is said to be prefix-free(or to have the prefix property) iff no word in L is aproper prefix of another word in L.It is undecidable whether or not a context-free grammar generates a prefix-free language[Harrison 78, page 262]. It is decidable whether or not given k˚(‡ 0) and a context-free grammar G, G is LR(k). It is decidable whether or not given k˚(‡ 0) and a context-free grammar G, G is LL(k).It is undecidable whether or not given a context-free grammar G there exist k (‡ 0) and anLR(k) grammar G1 such that G and G1 generate the same language.It is undecidable whether or not given a context-free grammar G there exist k (‡ 0) and anLL(k) grammar G1 such that G and G1 generate the same language.DECIDABLE PROPERTIES OF DETERMINISTIC CONTEXT-FREE LANGUAGES,WHICH ARE UNDECIDABLE FOR CONTEXT-FREE LANGUAGESLet S be a given alphabet. We assume that |S|‡2. We list now some decidable propertiesfor deterministic context-free languages, which are undecidable for context-free languages. Given a deterministic context-free grammar G whose corresponding language is L, and agiven regular language R, it is decidable whether or not:D1) L = R, D2) R ˝ L,D3) L =S* (that is, the complement of L is empty), D4) S* — L is a context-free language,4.12DECIDABILITY

D5) L is a regular language (that is, it is decidable whether or not there exists a regularlangauge R1 such that L =R1).D6) It is decidable whether or not a deterministic context-free grammar G generates alanguage which is prefix-free [Harrison 78, page 355].nUNDECIDABLE PROPERTIES OF DETERMINISTIC CONTEXT-FREE LANGUAGES,WHICH ARE UNDECIDABLE ALSO FOR CONTEXT-FREE LANGUAGESWe list below some undecidable properties for deterministic context-free languages whichare undecidable also for context-free languages.Given the deterministic context-free grammars G1and G2, whose corresponding languagesare L1and L2, respectively, it is undecidable whether or not:U1) L1˙L2= ˘,U2) L1˝L2,U3) L1˙L2 is a deterministic context-free language,U4) L1¨L2 is a deterministic context-free language,U5) L1 L2is a deterministic context-free language ,U6) L1* is a deterministic context-free language,U7) L1˙L2is a context-free language.nGiven the context-free grammar G = <T, V, P, S> (where T is the set of terminal symbols,V is the set of non-terminal symbols, P is the set of productions, and S is the axiom), it isdecidable whether or not L(G) is infinite. Indeed, it is enough to derive an equivalent grammar,say CG, in Chomsky normal form, without useless symbols, and to construct a directed graphwhose nodes are the non-terminals of CG. (Recall that a symbol X in the set V of the non-terminal symbols, is useful iff there is aderivation S fi* aXb fi* w for some a, bin (T¨V)*, and some w in T*. X is useless iff it isnot useful.)In that graph we then construct an edge from node n1to node n2iff there exists a pro-duction in CG such that n1fi n2v or n1fi vn2for some non-terminal v. L(G) is infinite iff in that graph there exists a cycle ([Hopcroft-Ullman 79], page 137). We now present a theorem which is the analogous of Rice�s Theorem for context-freelanguages. We need first two definitions.DEFINITION 7. We say that a class C of languages iseffectively closedunder concatenationwith regular sets and union iff given the encoding (as a string in {0,1}*) of any twolanguages, say L1and L2, in C, and the encoding of a regular language, say R, we have thatthe languages (i) R¥L1, (ii) L1¥R, and (iii) L1¨L2are in C, and it is possible to produce theencodings of those languages.nDEFINITION 8. Given an alphabet S, a language L˝S*, and a symbol b˛S, we say that theset {w |wb ˛L} is the quotient languageof L w.r.t. b.nDECIDABILITY 4.13

THEOREM 9 (Greibach�s Theorem). Let us consider a class Cof languages which is effec-tively closed under concatenation with regular sets and union. Let us assume that for that classCthe problem of determining whether or not L = S* for any sufficient large cardinality of S , is undecidable. Let P be a non-trivial property of C, that is, P is a non-empty subset of Cdifferent from Citself.If P holds for all regular sets and it is preserved under quotient w.r.t. any symbol in S,then P is undecidable for C.nWe have that:-the class of context-free languages is effectively closed under concatenation with regular setsand union, and for context-free languages it is undecidable the problem of determiningwhether or not L = S* for|S|‡2,-the class of regular languages is a non-trivial subset of the context-free languages,-the property of being a regular language obviously holds for all regular languages, and-the class of regular languages is closed under quotient w.r.t. any symbol in S(it is enough todelete the final symbol in the corresponding regular expression). Thus, by Theorem 9, it is undecidable whether or not a given context-free grammar definesa regular language (see property D5 above).Theorem 9 allows us to show that also inherent ambiguity for context-free languages isundecidable. We recall that a context-free language L is said to be inherently ambiguous iffevery context-free grammar G generating L is ambiguous (that is, there is a word of L whichhas two distinct leftmost derivations according to G).4 . ARITHMETICAL HIERARCHY.Let us consider properties, that is, subsets, of the set of natural numbers N. We may alsoconsider properties of arity n>1, in which case they can be viewed as subsets of Nk. However,by the bijection between Nk and N, we may consider any property of arity n‡1 to be a subsetof N.We say that a property (or a predicate) R(x) of N is decidable(or recursive, or solvable) iffthere exists a Turing Machine M that always halts and for any input value x in N, M tells uswhether or not R(x) holds by entering or not entering a final state.This notion of decidability of a property is consistent with the notion of decidability of aproblem. Indeed, the language corresponding to a problem is a subset of S* and it can beviewed as a property which is enjoyed by some elements of S*. We say that a property P(x) of N is semidecidable(or semirecursive, or r.e., or semi-solvable) iff there exists a Turing Machine M such that for any input value x in N for whichP(x) holds, we have that M enters a final state and halts.Semidecidability is a particular �degree of undecidability�. There are, indeed, variousdegrees of undecidability, and they can be structured in the so-called Arithmetical Hierarchy(see Fig. 2). 4.14DECIDABILITY

We say that the subset Aof N is a Snset (or simply Sn) iff for some n‡0, there exists arecursive predicate R(x,y1,�,yn) on Nn+1, such that A= {x | $y1"y2� R(x, y1, y2, �, yn)}.(All yi�s are alternatively quantified.)We say that the subset Aof N is a Pn set (or simply Pn) iff for some n‡0, there exists arecursive predicate R(x,y1,�,yn) on Nn+1, such thatA= {x | "y1$y2� R(x, y1, y2, �, yn)}.(All yi�s are alternatively quantified.)In order to understand the definition of the classes Sn and Pn, the reader should also recallthat a contiguous sequence of universal quantifications is equivalent to one universalquantification only. The same holds for existential quantifications. Thus, in the definitions ofthe classes Sn and Pn, it is important both (i) the nature of the outermost quantification, and(ii) the number of alternations in the quantifications.As a consequence of the above definitions we have that an r.e. subset of N is an element ofS1. Thus, the following is an alternative definition of an r.e. set.Aset Ais said to be r.e. iff there exists a decidable predicate R(x,y) such that x ˛ Aiff $y.R(x,y). The predicate R can be taken to be primitive recursive [Cutland 80, page 124]. Given an r.e. set {x | P(x)}, the set {x | not(P(x))} is co-r.e. The set P1is by definitionthe set of all co-r.e. subsets of N. We have that S0 ˙P0 is the set of the recursive subsets of N. S 1S 2P 1P 2¨˙¨˙ = co-r.e.r.e. =S 0P 0˙S 1P 1=== recursive ¨

�{x | "y. $z. R (x,y,z)}3{x | $y. "z. R (x,y,z)}3{x | $y. R (x,y)}2{x | "y. R (x,y)}2

DfinDneDeprf�s with finite domain prf�s with non-empty domain prf�s with empty domain

Total prf�s

= Total===Figure 2. The Arithmetical Hierarchy. R2and R3are recursive predicates.Turing Computability is below the dashed line. prf�s stands for �partial recursive functions�.Containments are all strict.For any given n‡1, we have that ([Rogers 67], page 305) (see also Fig. 2): DECIDABILITY 4.15

(i){x | P(x)} is in Sniff {x | not(P(x))} is in Pn,(ii)Sn, Pn are both proper subsets of Sn ¨Pn,(iii)Sn ¨Pn is a proper subset of Sn+1 ˙Pn+1, and(iv)Sn+1 ˙Pn+1 is a proper subset of both Sn+1 and Pn+1.An example of a recursive predicate is the so-called Turing Predicate T(i,x,y,t). T(i,x,y,t)means that the Turing Machine whose encoding is the natural number i, given the input x, afterexactly t steps, enters a final state and produces the output y. Given a recursive property R2(x,y) we get a semirecursive property by considering itsexistential closure w.r.t. one of the two variables. The set Domne of partial recursive functions with non-empty domain, is in S1, becauseDomne= {i | $x$y $t. T(i,x,y,t)}.The set Dome of partial recursive functions with empty domain, is in P1, becauseDome= {i | "x"y "t. not(T(i,x,y,t))}.The set Domfin of partial recursive functions with finite domain, is in S2, becauseDomfin = {i | $max "x"y "t. not(T(i,x,y,t)) or x<max},because$max "x.if ($y$t. T(i,x,y,t)) then x<max iff$max "x"y "t. (not(T(i,x,y,t)) or x<max).The set Totalof partial recursive functions which are total, is in P2, becauseTotal = {i | "x$y $t. T(i,x,y,t)}.The set RBound of total partial recursive functions with finite image, is in S3 ˙ P3, becauseRBound= {i | ($max"x $y $t. T(i,x,y,t) and y<max) and "x$y $t. T(i,x,y,t)}.As it is written, the predicate relative to the definition of RBound, indicates that RBound is inS3 ˙ P2, but since P2˝P3, it is also true that RBound is in S3 ˙ P3.We have seen that the above sets Dome,Domfin, and Total are examples of P1,S2, and P2sets. They are, so to speak, significant examples, as we now illustrate. Given two subsets, say Aand B, of N, we say that Ais 1-reducibleto B, and we write A£1B, iff there exists an injective function f such that "a˛A. a˛Aiff f(a)˛B. Given a class Cof subsets of N, and a reducibility relation £, we say that a set Ais hardw.r.t. Cand £ (or C-hardw.r.t. £, or £-hardin C) iff "X˛C. X £ A.4.16DECIDABILITY

Given a class Cof subsets of N, and a reducibility relation £, we say that a set Aiscompletew.r.t. Cand £ (or C-completew.r.t. £, or £-completein C) iff "X˛C. X £ Aand A˛C.We have that ([Wagner-Wechsung 90], page 43):(i)K = {i | $y $t. T(i,i,y,t)} is S1-complete w.r.t. £1,(ii)Domeis P1-complete w.r.t. £1,(iii)Domfinis S2-complete w.r.t. £1, and(iv)Total is P2-complete w.r.t. £1.The notion of hardness and completeness w.r.t. a class Cof subsets of N and the reduc-ibility relation £1, can also be defined w.r.t. other classes of sets and other (reflexive andtransitive) reducibility relations. For instance, in the literature one finds the notions of NP-hard problems or NP-completeproblems. They are given w.r.t. the class of NP problems and the polynomial-time (or logar-ithmic-space) reductions between the languages corresponding to those problems [Hopcroft-Ullman 79]. Fig.3 below shows that in different classes of sets, like PRF (indexes, or encodings ofpartial recursive functions from N to N), CF (context-free languages over S={0,1}*), andREG (regular languages over S={0,1}*), the �relative difficulty�of some problems is pre-served. For instance, (i) in PRF the Membership Problem is in S1, while the �more difficult�Totality Problem is inP2,(ii)in CF the Membership Problem is in S0(that is, it is decidable), while the �more difficult�problem of determining whether or not a given language L is equal to S*,is in P1, and (iii)in REG the Membership Problem can be solved in polynomial time, while the �moredifficult�problem of determining whether or not a given language L is equal to S*,ispolynomial-space complete w.r.t. logarithmic-time reductions ([Hopcroft-Ullman 79],page 370).P 2f PRFf is total :S 1P 1x Dom(f) :f is alwaysundefined :L = S*:L = S*: PSCL CFL REGw L : PT L = ˘ : PT

w L : L = ˘ :S 0S 0P 1

PSC : polynomial-space complete (w.r.t. polynomial-time reductions)PT : polynomial time

˛˛˛˛˛˛Figure 3. Comparing problem difficulties in various classes of sets. The time and spacecomplexities PT and PSC are w.r.t. the size of the regular expression defining L. Recall that PSC ˝DTIME(2p(n)) where p(n) is a polynomial in n.DECIDABILITY 4.17

REFERENCES[Cutland 80] Cutland, N. J.: �Computability: An Introduction to Recursive Function Theory�,Cambridge University Press, 1980.[Davis 58] Davis, M.: �Computability and Unsolvability� McGraw-Hill, New York, 1958.[Harrison 78] Harrison, M.A.: �Introduction to Formal Language Theory� Addison-Wesley,1978.[Hermes 69] Hermes, H.: �Enumerability, Decidability, Computability�, Springer Verlag,1969.[Hopcroft-Ullman 79] Hopcroft, J. E., and Ullman, J. D.: �Introduction to Automata Theory,Languages, and Computation� Addison-Wesley, 1979.[Mendelson 87] Mendelson, E.: �Introduction to Mathematical Logic�3rd Edition,Wadsworth, Monterey, California, 1987.[Rogers 67] Rogers, H. Jr.: �Theory of Recursive Functions and Effective Computability�,McGraw Hill, 1967.[Wagner-Wechsung 90] Wagner, K., and Wechsung, G.: �Computational Complexity�, D.Reidel Publishing Co. Dordrecht, 1990.4.18DECIDABILITY