CHAPTER 4

Parsing Deterministic Context-Free Languages

We assume that the reader is familiar with the basic notions of context-free languages which he may find in books such as [7, 8]. In particular, the reader may want to recall the notions of folding and unfolding of context-free productions. Now, for the convenience of the reader, we repeat here the definition of nullable symbol.

Definition 4.0.2. [Nullable Symbol] Given a context-free grammar G, we say that a nonterminal symbol A is nullable iff A →^∗_G ε.

4.1. LL(k) Parsers

The LL(k) parsers are parsers for the languages which are generated by the so called LL(k) grammars. Unless otherwise specified, in this section we assume that V_T , V_N , and S denote, respectively, the set of the terminal symbols, the set of nonterminal symbols, and the start symbol of the LL(k) grammars we consider. In those grammars we assume that:

(i) the start symbol S does not occur on the right hand side of any production, (ii) no useless symbols occur in the productions, (iii) ε-productions may be present, (iv) the symbol $ does not belong to V_T ∪ V_N , and (v) the input string to be parsed is terminated by $.

Let V denote the set V_T ∪ V_N .

We begin by giving the formal definition of an LL(k) grammar, for any k ≥ 0. As indicated on page 6, given a string w and a natural number k ≥ 0, we stipulate that: w_k = { w if |w| ≤ k u if w = uv and |u|=k. Definition 4.1.1. [LL(k) grammar] A context-free grammar (possibly with ε-pro-ductions) is said to be LL(k) iff for any given two leftmost derivations of two (possibly different) words xy and xz, we have that, for any x, y, z ∈ V^∗_T and for any α, β, γ ∈ (V_N ∪ V_T )^∗, if (1) S →^∗_{lm} xAα →_{lm} xβα →^∗_{lm} xy and (2) S →^∗_{lm} xAα →_{lm} xγα →^∗_{lm} xz and (3) y_k = z_k then β =γ. 45

An LL(k) language is a language which is generated by an LL(k) grammar. In what follows we also need the following definition of a strong LL(k) grammar.

Definition 4.1.2. [Strong LL(k) grammar] A context-free grammar (possibly with ε-productions) is said to be strong LL(k) iff for any given two leftmost derivations of two (possibly different) words x_1y and x_2z, we have that, for any x_1, x_2, y, z ∈ V^∗_T and for any α_1, α_2, β, γ ∈ (V_N ∪ V_T )^∗:

if (1) S →^∗_{lm} x_1Aα_1 →_{lm} x_1βα_1 →^∗_{lm} x_1y and (2) S →^∗_{lm} x_2Aα_2 →_{lm} x_2γα_2 →^∗_{lm} x_2z and (3) y_k = z_k then β =γ.

One can show that any LL(0) grammar or strong LL(0) grammar generates a language L ⊆ V^∗_T which is either the empty set of words or it consists of one word only.

In view of this fact, unless otherwise specified, when referring to LL(k) grammars or strong LL(k) grammars, we will assume in what follows that k is greater than or equal to 1.

An LL(k) parser, also called a k-predictive parsing algorithm, is a deterministic pushdown automaton (see Figure 4.1.1) which is suitably initialized and performs its moves according to a table T , called a parsing table, as we will indicate.

If the string to parse is the empty string ε, the string given in input to the parsing pushdown automaton is $. The initial configuration of the stack is the string: S $ and S is at the top of the stack. Recall that, unless otherwise specified, we assume that the stack is represented with the top symbol on the left.

Contrary to what we will assume for LR(k) parsers (see Section 4.2), here for LL(k) parsers we do not consider augmented grammars. They are defined as follows.

Definition 4.1.3. [Augmented Context-free Grammars] Given a context-free grammar G with start symbol S, its augmented grammar, call it G^′, is the one obtained by considering: (i) the new start symbol S^′, (ii) a new terminal symbol $, and (iii) the extra production S^′ → S $.

We have that the language L(G^′) accepted by the augmented grammar G^′ is L(G) $, that is, a word w is accepted by G iff the word w $ is accepted by G^′.

Note also that, when describing LL(k) parsers, other textbooks use different conventions. For instance, some authors do not use the symbol $ at the bottom of the stack and do not place $ at the right end of the input string.

4.1.1. LL(1) Parsers.

Let us now consider the case of k = 1, that is, the case of LL(1) parsers and LL(1) grammars. In this case the parsing automaton makes its moves according to a table T which is a matrix whose rows are labelled by the nonterminals (that is, the elements

$ S w_1 w_2 . . . . . . w_n $

: stack

The head moves from left to right

top of the stack ended by $ $ a S A B b × − + nonterminals terminals

LL(k) parser using the parsing table T

: the input string is the string to parse

T :

Figure 4.1.1. A deterministic pushdown automaton for parsing the string w_1w_2 . . . w_n. Initially, the stack has two symbols only: (i) the symbol S on top of the stack, and (ii) the symbol $ at the bottom of the stack. The string to parse is ended by the symbol $. The table T corresponds to an LL(1) parser. For the LL(k) parsers, with k > 1, different tables should be used.

of V_N ), and whose columns are labelled by the terminals (that is, the elements of V_T ). In the table T there is also one extra column which is labelled by the symbol $.

The moves of the parsing automaton are specified as follows (see also Figure 4.1.2).

chop move:

if the input head is pointing at a terminal symbol a and the same symbol a is at the top of the stack, then the input head is moved one cell to the right and the stack is popped;

expand move:

if the input head is pointing at a terminal symbol a and the top of the stack is a nonterminal symbol A then the stack is popped and a new string α_1α_2 . . . α_n is pushed onto the stack if the production A → α_1α_2 . . . α_n is at the entry (A, a) of the parsing table T (thus, the new top symbol of the stack is α_1).

In order to explain how to construct the parsing table of a parsing automaton for the language generated by an LL(1) grammar, we need the following definitions (see, for instance, [2]).

Definition 4.1.4. [The Set First_1(x)] Let us consider a context-free grammar, possibly with ε-productions. First_1 is a function from V ∪{ε} to the set of all subsets of V_T ∪ {ε} defined as follows:

before :

stack input string after : $ a

$ a expand A with production A → B_1B_2 . . . B_k

$ . . .

. . . . . . . . . $ . . . . . .

before :

chop a

stack input string after :

$

. . . . . . . . . $ a

a . . . . . . $

. . . a . . . . . . $

. . . . . .

. . .

. . . . . . A . . . . . . B_1 B_2 Bk

Figure 4.1.2. The chop and expand moves of an LL(1) parser.

(i) First_1(ε) = {ε}. (ii) For a ∈ V_T , First_1(a) = {a}.

(iii) For A ∈ V_N , First_1(A) is initialized to ∅ and modified as we now indicate.

For each production A→B_1B_2 . . . B_{k−1}B_k, where k ≥0 and for i=1, . . . , k, B_i ∈ V_T ∪ V_N : add the elements of First_1(B_1) − {ε} and if B_1 →^∗ ε then add the elements of First_1(B_2) − {ε} and if B_1B_2 →^∗ ε then add the elements of First_1(B_3) − {ε} and . . . if B_1B_2 . . . B_{k−1} →^∗ ε then add the elements of First_1(B_k) − {ε} and if B_1B_2 . . . B_{k−1}B_k →^∗ ε then add ε.

Note that if B_1B_2 . . . B_k →^∗ ε then A →^∗ ε and ε ∈ First_1(A).

By definition, we have that for every x ∈ V ∪{ε}, First_1(x) is a subset of V_T ∪{ε}. We also have that for every x ∈ V , First_1(x) is the set of the terminal symbols in V_T beginning any string β such that x →^∗ β, and we add ε to First_1(x) if either x is ε or x is a nullable nonterminal symbol (see Definition 4.0.2).

We can extend the above Definition 4.1.4 by defining a new function, also called First_1, from V^∗ to the set of all subsets of V_T ∪ {ε}, such that:

(i) First_1(ε) = {ε} (ii) First_1(α) = First_1(x) if α = x α^′ with x ∈ V and α^′ ∈ V^∗,

where First_1(x) is defined as indicated in Definition 4.1.4.

Now we define the set Follow_1(A) for any nonterminal A.

Definition 4.1.5. [The Set Follow_1(A)] Let us consider a context-free grammar, possibly with ε-productions. Follow_1 is a function from V_N to the set of all subsets of V_T ∪ {$} such that the following conditions hold:

(i) Follow_1(S) = {$};

(ii) if there is production A → αBxβ with α, β ∈ V^∗, B ∈ V_N , and x ∈ V then (First_1(x) − {ε}) ⊆ Follow_1(B);

(iii) if (there is production A → αB with α ∈ V^∗ and B ∈ V_N ) or (there is production A → αBβ with α, β ∈ V^∗, B ∈ V_N , and β →^∗ ε) then Follow_1(A) ⊆ Follow_1(B).

Thus, by definition, for any nonterminal A ∈ V_N , Follow_1(A) is the subset of V_T ∪ {$} made out of the symbols which occur in a sentential form derived from S $ immediately to the right of A, that is,

if S $ →^∗ αAbβ for some α, β ∈ V^∗ and b ∈ V_T ∪ {$} then b ∈ Follow_1(A).

We have that for any A ∈ V_N , the empty string ε is not an element of Follow_1(A).

Note also that in LL(k) parsing we do not consider augmented grammars (see Definition 4.1.3) and thus, in particular, we do not consider the new start symbol S^′ and the extra production S^′ → S $. However, we stipulate that Follow_1(S) = {$}.

Condition (i) of Definition 4.1.5 is a consequence of the fact that we have stipulated that the string given in input to the parsing automaton, is the string to parse followed by the symbol $.

In the case of an LL(1) parser the table T is constructed as follows.

Algorithm 4.1.6.

Construction of the table T for an LL(1) parser given an LL(1) grammar G.

For for each production A → α of G with A ∈ V_N and α ∈ (V_T ∪ V_N )^∗, (i) if a ∈ First_1(α) then we place A → α in row A and column a of the table T , and (ii) if ε ∈ First_1(α) or α = ε then for each b ∈ Follow_1(A) we place A → α in row A and column b of the table T .

Once the parsing table has been constructed we can use the deterministic pushdown automaton of Figure 4.1.1 as an automaton for parsing the string w, having initialized the stack by the string S $ (with S as top symbol) and the input string by w $.

If while the parsing automaton is working, it has to use an entry without production then the input string does not belong to the language generated by the given grammar.

If the parsing automaton is pointing to the symbol $ in the input string and the top of the stack is $ (that is, it may make a chop move of $), then we accept the given string w, that is, w belongs to the language generated by the given grammar G.

Note that given any context-free grammar G, we can construct a parsing table T as indicated above and then we can use the pushdown automaton as indicated in Figure 4.1.1 for parsing words. If an entry of the parsing table T turns out to be multiply defined (that is, more than one production has to be placed in the same entry) then the given grammar is not an LL(1) grammar.

We state without proof the following theorem.

Theorem 4.1.7. [LL(1) Grammars and Languages] The LL(1) grammars are exactly those which generate languages can be parsed by a parsing automaton with the parsing table constructed by Algorithm 4.1.6.

The following result which we state without proof, characterizes the LL(1) grammars and the strong LL(1) grammars.

Theorem 4.1.8. [LL(1) Grammars and Strong LL(1) Grammars] (i) A contextfree grammar G is LL(1) iff for every pair of distinct productions A → α and A → β with α ≠ β, and for every string w A σ such that S →^∗_{lm} w A σ with w ∈ V^∗_T and σ ∈ V^∗, we have that:

First_1(α σ) ∩ First_1(β σ) = ∅.

(ii) A context-free grammar G is strong LL(1) iff for every pair of distinct productions A → α and A → β with α ≠ β, we have that:

First_1(α Follow_1(A)) ∩ First_1(β Follow_1(A)) = ∅. As a consequence of this theorem we have the following fact.

Fact 4.1.9. The notions of an LL(1) grammar and a strong LL(1) grammar coincide. Example 4.1.10. [An LL(1) Grammar and Its LL(1) Parsing Table] Let us consider the grammar G whose productions are: S → aAb | b A → a | bSA The axiom is S. We have that:

First_1(a) = {a}, First_1(b) = {b}, First_1(aAb) = {a}, First_1(bSA) = {b}. The parsing table is: a b $ S S → aAb S → b A A → a A → bSA

In Figure 4.1.3 we have depicted the sequence of the input string and stack configurations while parsing the string a b b a b $. The black triangle indicates the symbols at hand in the input string and the top of the stack (as usual, in every stack configuration the top of the stack is the leftmost symbol).

input string: a b b a b $ � a b b a b $ � a b b a b $ � a b b a b $ � expand S

−→^{chop a}−→^{expand A}−→ stack: S $� a A b $� A b $� b S A b $� a b b a b $ � a b b a b $ � a b b a b $ � a b b a b $ � . . .^{chop b}−→^{expand S}−→^{chop b}−→^{expand A}−→ S A b $ � b A b $ � A b $ � a b $ � a b b a b $ � a b b a b $ � . . .^{chop a}−→^{chop b}−→ b $ � $ � Figure 4.1.3. LL(1) parsing of the string a b b a b $. The given grammar has the following productions: S → a A b | b, A → a | b S A. The black triangle indicates the symbol at hand in the input string and the top of the stack (which is always the leftmost symbol).

Now, in the last configuration we have that both the top of the stack and the input head are pointing to the symbol $. Thus, the given string a b b a b belongs to the language generated by the grammar G. □

Example 4.1.11. [LL(1) Parsing of Arithmetic Expressions] Let us consider the context free grammar G with the following productions: E → E + T | T T → T × F | F F → (E) | a and the axiom is E. This grammar is left recursive and thus, it cannot be LL(k) for any k ≥ 0. If we want to use an LL(k) parsing algorithm we have to look for a different equivalent grammar which is not left recursive. One such context free grammar is the following grammar ~G (with ε-productions): E → T ~E ~E → ε | + T ~E T → F ~T ~T → ε | × F ~T F → (E) | a The grammar ~G is an LL(1) grammar as the following LL(1) parsing table shows. In order to construct that parsing table, we have first to compute the following sets:

First_1(ε) = {ε} First_1(T ~E) = {(, a} First_1(+T ~E) = {+} First_1(F ~T ) = {(, a} First_1(×F ~T ) = {×} First_1((E)) = {(} First_1(a) = {a} Follow_1(E) = {), $} Follow_1( ~E) = {), $} Follow_1(T ) = {+, ), $} Follow_1( ~T ) = {+, ), $} The resulting LL(1) parsing table is:

a ( ) + × $ E E → T ~E E → T ~E ~E ~E → ε ~E → +T ~E ~E → ε T T → F ~T T → F ~T ~T ~T → ε ~T → ε ~T → ×F ~T ~T → ε F F → a F → (E) The following Figure 4.1.4 shows the parsing of the arithmetic expression a (thus, the input is the string a $) according to the grammar ~G. □ With reference to Example 4.1.11 note that the following non left recursive grammar H which can be obtained by eliminating left recursion from the given grammar G ( thus, H is equivalent to grammar G and ~G): E → T | T ~E ~E → +T | + T ~E T → F | F ~T ~T → ×F | × F ~T F → (E) | a is not LL(1). Indeed, given the following grammar (which is a simplified version of H): T → F | F ~T ~T → ×F | × F ~T F → (E) | a input string: a $� a $� a $� a $�

expand E

−→^{expand T}−→^{expand F}−→ stack: E $� T ~E $ � F ~T ~E $ � a ~T ~E $ � a $ � a $ � a $ � . . .^{chop a}−→^{expand ~T}−→^{expand ~E}−→ ~T ~E $ � ~E $ � $ � Figure 4.1.4. LL(1) parsing of the string a $ according to the grammar ~G of Example 4.1.11. The black triangle indicates the symbol at hand in the input string and the top of the stack (which is always the leftmost symbol).

with axiom T , we have that:

First_1(F ) = First_1(F ~T ) = {(, a} First_1(×F ) = First_1(×F ~T ) = {×} First_1((T )) = {(} First_1(a) = {a} and we get the following parsing table (there is no need to compute the Follow_1 sets because ε occurs in no First_1 set):

a ( ) × $ T T → F T → F ~T T → F T → F ~T ~T T → ×F T → ×F ~T F F → a F → (T ) □ Example 4.1.12. [A Grammar Which is Not LL(1)] Let us consider the grammar G whose productions are: S → ε | a b A A → S a a | b The axiom is S. We have that:

First_1(ε) = {ε} First_1(a bA) = {a} First_1(S a a) = {ε, a} First_1(b) = {b} Follow_1(S) = {$, a} Follow_1(A) = {$, a} The parsing table is: a b $ S S → aAb S → ε S → ε A A → S a a A → b A → S a a The fact that for the symbol S on the top of the stack and the input symbol a, there are two entries shows that the given grammar is not LL(1). □ 4.1.2. LL(k) Parsers (for k ≥ 1).

In this section we consider the general case of LL(k) parsers and LL(k) grammars with k ≥ 1.

We first need the following definition which is a generalization of Definition 4.1.4. Definition 4.1.13. [The Set First_k(α)] Let us consider a context-free grammar, possibly with ε-productions. For k ≥ 1, First_k is a function from V^∗ to the set of all subsets of V^0_T ∪ V^1_T ∪ . . . ∪ V^k_T . Given a string α ∈ V^∗, we have that:

First_k(α) =_{def} {w | (α →^∗ w β and w ∈ V^k_T and β ∈ V^∗_T ) or (α →^∗ w and w ∈ V^i_T for some 0≤i<k)}.

Note that for any k ≥ 0, if α →^∗ ε then ε ∈ F irst_k(α).

We will also use the following operation on languages.

Definition 4.1.14. [k-bounded Concatenation] Given two languages L_1 and L_2, their k-bounded concatenation ⊙_k, for k ≥1, is defined as follows:

L_1 ⊙_k L_2 = {w | (|w| ≤ k and w ∈ L_1 ▪ L_2) or (|w|=k and ∃z wz ∈ L_1 ▪ L_2)}. where the concatenation operation ▪ on languages is defined as usual (see Chapter 1).

For instance, given the languages L_1 = {ε, abb} and L_2 = {b, bab}, we have that: L_1 ▪ L_2 = {b, bab, abbb, abbbab} and L_1 ⊙_2 L_2 = {b, ba, ab}. Note that in L_1 ⊙_k L_2 with k ≥1, there may be words whose length is less than k.

Now we describe the LL(k) parsing process.

Supposed we are given a string v to be parsed and an LL(k) grammar G. Suppose also that we have parsed the string v until the prefix p, that is, v = p u for some u ∈ V^+_T and the input head is pointing to the leftmost symbol of u. We assume that the sentential form we have generated so far is: p A z, for some z ∈ V^∗, that is, all