CHAPTER 6

Higher Order, Typed Functional Languages

e Types

T over Types T = nt | T1 X To | T — T2

e Integers

n,m,...over N ={...,—-2,—-1,0,1,2,...}
e Arithmetic operators

op € {_'_7 ) X}

e Variables

x7y7favaw7--- over Var

1. Syntax
1.1. Eager Language.
e Terms
t over Terms t == n|z|tiopty |

if ¢y then t; else t; |
(t1,t2) | fst(t) | snd(t) |

recy.(Az.t)
1.2. Lazy Language.
e Terms
t over Terms t == n|z|tiopts |

if o then ¢, else ¢, |
(ti.t2) | fst(t) | snd(¢) |
(tl tg) | Ax.t |

recx.t

We will also feel free to denote the function application as t1(t2) or t; to, instead of
(tltg).
75
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1.3. Typing Rules.

Both the Eager and the Lazy languages are typed languages. For all terms ¢ and
types 7, by t : 7 we denote that the term ¢ has type 7.

Now we list the rules which give a type to each term of the Eager language and
the Lazy language (actually, we will have two variants of the Lazy language: the
Lazyl language and the Lazy2 language with the same operational semantics and
two distinct denotational semantics).

One can show that every term can be given exactly one type.

T T (the type 7 is known from the identifier of the variable x)

n :nt for each integer n € N

t1 cnt tg ant

tiop ty :int

to @ int t1: 7T to 1T

if ¢ then tielse tg : 7

t1: 7 ty 1 T t: 7T X7y t: 7T XTy
(t1,t2) : 71 X 72 fst(t) : 7 snd(t) :
T T t:T t1:1M1—71 to:T1

Ar.t T — Ty (t1t2) : T

y: 7 Art:T

recy.(\id) : 7 (for the Eager language) 7 is of the form 7 — 7

x:T t:.T
recatiT (for the Lazy language)

2. Operational Semantics

The operational semantics rules are structural, that is, they are based on the
structure of the syntactic terms.

A context C[_] is a term without a subterm, that is, a term ‘with a hole’. In the
following table we list some contexts with a missing subterm. C|[t] denotes the context
C]_] where we have inserted the term ¢ in the place of the missing subterm.
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context C[_] missing subterm ¢ complete term C[t]
i | LD t (t t1)
(11) [_] op t2 tl tl op tz
(iii) |if [-]then t, else t, to if tothen ¢ else t,
() |[] t t

Note that in Case (iv) the missing subterm is the whole term. In this case the context
is called the empty context.

2.1. Eager Operational Semantics.
e Canonical forms
c over Canonical forms — cu=n| (c1,c2) | Ax.t
where Az.t is a closed term.
Take a closed term t of type 7.
The eager operational semantics relation ¢ —¢ ¢ is defined as follows. The superscript

e stands for eager. For simplicity, we write t — ¢, instead of t —¢ c. If t —°¢ ¢ we
also say that the eager operational evaluation of ¢ yields the canonical form c.

cC — C

l1—c1 ta—c

tiopity — ¢

where ¢ = cyop ¢ and op is the semantic operation corresponding to op

to—0 t1—c1 to—n  ta—c n=#0

if ty then t; else t9 — ¢ if ty then ] else t9 — c9

t1—c1 to —co
(tla t2) - (Cla 02)

t—>(61,02) t—>(01,02)
fst(t) — 1 snd(t) — co

t1—Axt  to—cg  tlea/z] —c

(t1t2) — ¢

recy.(A\x.t) — Az.(t[recy.(Az.t)/y])

NOTE 2.1. The eager operational semantics rules define a so called big-step se-
mantics in the sense that for every term ¢, and to, if t{ —¢ t5 then ¢5 is a canonical
value for the eager operational semantics.

If t; —° ty we will say that ty is the eager operational value of t;. [
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NOTE 2.2. In the definition of the eager operational semantics we do not have a
context rule of the form:

t—c

Clt] — C]c]

for every context C[_].

2.2. Lazy Operational Semantics.
e Canonical forms
c over Canonical forms ¢ u=n| (t1,t2) | Azt
where t1, t5, and Az.t are closed terms.
Take a closed term t of type 7.
The lazy operational semantics relation ¢ —* ¢ is defined as follows. The superscript

¢ stands for lazy. For simplicity we write t — c, instead of t —¢ c. If t —* ¢ we also
say that the lazy operational evaluation of ¢ yields the canonical form c.

cC — C

l1—c1 ta—c

tiopity — ¢

where ¢ = c¢yop ¢ and op is the semantic operation corresponding to op

to—0 t1—C to—n  tg—co n=#0
if ¢y then t; else t9 — 1 if tg then t; else t9 — ¢
t—(tita) ti—a t—(tita) ta—c
fst(t) — 1 snd(t) — ¢

t1— Azt tlte/x] —c

(t1t2) — ¢

tl(recx.t)/x] —c

recz.t — ¢

NOTE 2.3. In the definition of the lazy operational semantics we do not have a
context rule of the form:
t—c

m for every context C[_]. -

NOTE 2.4. In the lazy operational semantics there are no rules for pairs with
conclusion of the form (¢1,t3) — (c1,ce) because for all terms ¢, and o, (t1,%2) is a
canonical form. O
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NOTE 2.5. The lazy operational semantics rules define a big-step semantics in the
sense that for every term t; and to, if ¢; —* t5 then t, is a canonical value for the
lazy operational semantics.

If t; —*ty we will say that ¢, is the lazy operational value of ;. O

NOTE 2.6. Both in the eager operational semantics and lazy operational semantics
the evaluation of the operations op’s is done by evaluating its arguments first. Anal-
ogously, the evaluation of the if ¢y then ¢, else 5 is done by evaluating the condition
to first and then either the arm t; or the arm ¢, according to the value of t,. [

NOTE 2.7. We have the following difference between the eager operational seman-
tics and the lazy operational semantics in the case of pairs.
(i) In the eager semantics the canonical form of a pair is the pair of the canonical forms
of the two components. For any pair ¢, in order to evaluate fst(t) we need to evaluate
the canonical form of both the first and the second component of t. Analogously for
the the evaluation of second component snd(t).
(ii) In the lazy semantics any pair (¢,%y) is already in canonical form, and for any
pair ¢ in order to evaluate fst(¢) we need to evaluate only the canonical form ¢; of ;.
Analogously for the evaluation of the second component snd(t).

We also have the following difference between the eager operational semantics and
the lazy operational semantics in the case of function application.
(i) In the eager semantics in order to evaluate the function application (¢; t3), we first
evaluate t; and t5 to their canonical forms, say ¢; and co, respectively, and then we
apply ¢; to cs.
(ii) In the lazy semantics we evaluate ¢; to its canonical form, say c¢;, and then we
apply ¢ to ts.

Other differences between the eager operational semantics and the lazy opera-
tional semantics are in the syntax and semantics of the rec construct which are
evident from the rules we have given above. ([

NOTE 2.8. The eager operational rule for the rec, that is,
recy.(Az.t) — Az.(t[recy.(Ax.t)/y])

follows from the usual semantics of recursion via unfolding. Indeed, the rule one
expects via unfolding is

(Ax.t)[(recy.(Azx.t))/x] — ¢
recy.(Azx.t) — ¢

and it reduces to recy.(Ax.t) — Az.(t[recy.(A\x.t)/y]) because:

(i) (Az.t)[(recy.(Az.t))/z] is equal to Az.(t[(recy.(Az.t))/z]) (recall that x and y are
distinct variables having distinct types), and

(i) Az.(t[(recy.(Az.t))/z]) —° Az.(t[(recy.(Az.t))/z]) because any term of the form
Az.t is a canonical form in the Eager language. ([

2.3. Operational Evaluation in Linear Form.

The deduction, that is, a proof tree which justifies the operational evaluation of a
given term, will often be written in linear form. This form is obtained by visiting the
proof tree in a preorder way. Thus, for instance, instead of writing;:
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a—a b—V
a+b— c d — d
(a+b)+d — e
we will write:
(a+b)+d — (d'+b)+d — (d+V)+d — c+d — c+d — e.

Analogously, instead of writing:

t1—Axt  to—cg  tleg/r] —c

(ti1t2) — ¢
we will write:
(tite) — (Az.t)te) — ((Az.t) c2) — tlea/z] — c.
In the case of the lazy operational semantics, instead of writing:

tirecx.t/z]) — ¢

recr.t — c
we will write:

recr.t — trecz.t/z]) — c.

REMARK 2.9. When the evaluation of a term ¢ is written in linear form, the term
u occurring in a pair of the form ¢ — u, need not be a canonical form. O

DEFINITION 2.10. [Eager Canonical Form of a Term| We will say that a term
t has the eager canonical form c iff its eager operational evaluation in linear form is
a sequence of the form: t —¢ ... —¢ ¢ and c is a term in eager canonical form.

DEFINITION 2.11. [Lazy Canonical Form of a Term| We will say that a term

t has the lazy canonical form c iff its lazy operational evaluation in linear form is a

sequence of the form: ¢t —¢ ... —* ¢ and c is a term in lazy canonical form.

2.4. Eager Operational Semantics in Action: The Factorial Function.
Let us now show the evaluation, according to the eager operational semantics, of
(fact 2), where fact is the factorial function.

In order to evaluate (fact2) we have to consider the initial term:
((rec f.(A\x.if xthenlelsex x f(z—1)))2).

Here is the evaluation of (fact 2) according to the eager operational semantics.
((rec f.(\x.if xthen lelsex x f(x—1)))2)

— ((Az.if rthenlelsex x ((rec f.(Az.if xthenlelsex x f(x—1))) (z—1)))2)

— if 2thenlelse2 x ((rec f.(Az.if zthenlelsex x f(z—1)))(2—1))

— 2 % ((rec f.(\z.if xthenlelsex x f(x—1)))(2—1)) (€2)
— 2X((Az.if zthen 1 else x x ((rec f.(Az.if zthen 1else x x f(x—1))) (z—1))) (2—1))
— 2% ((Az.if xrthenlelsex x ((rec f.(Az.if zthen lelsez x f(z—1)))(z—1))) 1)
— 2 x (if 1thenlelsel x ((rec f.(Az.if xthenlelsex x f(zx—1))) (1—-1)))
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—2x (I x ((rec f.(Az.ifzthenlelsex x f(z—1)))(1—1))) (el)

— 2 x (1 x ((Az.if x then 1 else xx
((rec f.(Axz.if zthenlelsez x f(z—1))) (z—1))) (1-1)))

— 2x(I1x((Az.if zthen lelsexx((rec f.(Az.if z then 1lelsex x f(2—1))) (z—1)))0))
— 2 x (1 x (ifOthenlelse0 x ((rec f.(Ax.if xthen lelsex x f(z—1)))(0—1))))
—2x(1x1) (€0)
—2x1—2

Note that the derivation between term (el) and term (e0) is similar to the derivation
between term (e2) and term (el).

2.5. Lazy Operational Semantics in Action: The Factorial Function.
Here is the evaluation of fact(2) according to the lazy operational semantics.
((rec f.(A\z.if xthenlelsex x f(x—1)))2)
— ((Az.if rthenlelsex x ((rec f.(A\z.if xthenlelsex x f(x—1))) (z—1)))2)
— if 2thenlelse2 x ((rec f.(Az.if zthenlelsex x f(z—1)))(2—1))
— 2% ((rec f.(\z.if xthenlelsex x f(x—1)))(2—1)) (02
— 2X((Az.if rthen 1 else x x ((rec f.(Az. if z then 1 else x x f(2—1))) )
— 2x(if 21 then 1 else (2—1) x (((rec f.(Az.if x then 1 else zx f(2—1))) ((2—1)—1
— 2x (if 1 then 1 else (2—1) x (((rec f.(Az.if z then 1 else x x f(z—1)
—2x ((2—1) x (((rec f.(Az.if zthen lelsez x f(z—1))) ((2—1)—1
—2x (I x (((rec f.(Az.if zthenlelsez x f(z—1)))((2—1)—1))) (01)

— 2 x (1 x (Az.if rthen1else xx
((rec f.(Ax.if zthenlelsez x f(x—1)))(z—1)) ((2—1)—1)))

—2x (I x (if ((2—1)—1)thenlelse ((2—1)—1)x

((rec f.(Axz.if zthenlelsez x f(z—1))) (((2—1)—1)—1))))
—2x (I x (if(1—1)thenlelse((2—1)—1)x

((rec f.(A\z.if zthenlelsez x f(zx—1))) (((2—1)—1)-1))))
— 2 x (I x (ifOthenlelse((2—1)—1)x

((rec f.(Axz.if zthenlelsez x f(z—1))) (((2—1)—1)—1))))
—2x(1x1) (¢0)
—2x1—=2

Note that the derivation between term (¢1) and term (¢0) is similar to the derivation
between term (£2) and term (¢1).

2.6. Adding the let-in construct: the Operational Semantics.
Let us assume that we have one more syntactic construct:
let xt <t int

with the following typing rule:
r:m t1:mm T

letr <tiint: 7
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and the following eager operational semantics rule:

t1—c1  tley/x]—ec

let r<=t1int — ¢
and the following lazy operational semantics:

tlt1/x] —c
let t<=t1int — ¢

The construct let x < t; in t has the same eager operational semantics as ((Ax.t) t1).
Indeed:

t1—c1  tley/x]—ec 1 At — Azt ty—c tleg/z]—c
an
let r<=t1int — ¢ (Az.t)t1) — ¢

and, obviously, Ax.t — Az.t always holds because Ax.t is a canonical form.

The construct let x <= ¢; in ¢ has the same lazy operational semantics as ((Az.t) t1).
Indeed, we have that:

tt1/x] —c¢ 4 Art — Azt t[ty/x] —c
let z<=t;int — ¢ o (A\x.t)ty) — ¢

and, obviously, Ax.t — Az.t always holds because Az.t is a canonical form.

3. Eager, Lazyl, and Lazy2 Denotational Semantics

Take a closed term t of type 7. For all terms ¢ and types 7, ¢ : 7 denotes that the
type of t is 7.

The domain of values of type 7 is the cpo V.

The canonical form c of a term ¢ of the Eager, Lazyl, and Lazy2 languages is indicated
in Table 1. The corresponding semantic domains are indicated in Table 2 on the next

page.

Type 7 Eager language Lazyl language and Lazy2 language
T = nt n n

=T1 X To (c1,¢2) (t1,t2)

=T — T Azx.t closed \z.t closed

TABLE 1. The canonical forms for the Eager, Lazyl, and Lazy2 languages.
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Type 7 Eager Semantics Lazyl Semantics Lazy2 Semantics
peVar - |J V; |peVar - |J (V). |p€Var — |J V;
T = int V., =N V., =N V., =N,
=71 X Ty =V, xV, = (Vo)L X (Vo)1 =V, xV,
=n—=n| =V = (Vu)d| =I1Va)r = (Ve)ud| =[Vn = V3
[t]°pe (Vo)L [t]"pe (Vo)L [t]%peV:

TABLE 2. The semantic domains for the Eager, Lazyl, and Lazy2 languages.

[n]p = [n]

[z]p = [p(z)]
[troptz]p = [ti]p opr [t2]p
[[iftothentlelset2]]p = Cond([[to]]p,[[tl]]p,[[t2]]p)

[(t1,t2) ] p = letvr <= [tx]p, va — [t2] p o | (v1,02)]
[fst(t) ] p = letv < [t]p . [m(v)]
[snd(t)] p = letv < [t]p . [m(v)]

[tit2]p = leto <= [ti]p, v = [t2] p . p(v)
[Azt]p = [Mv.[t]plv/x]]
[recy.(Az.t) | p = Lfiw (AfAv.[t] plv/z, f/y])]
= fix (\f.[Ax.t] pldown(f)/y])

Eager Denotational Semantics. For simplicity, we write [ ], instead of [ ]°.

(recGlynn)
(recAlberto)

NOTE 3.1. The right hand side of the semantic equation for [Az.t] p cannot be
simplified to |Az.[t] p|]. If we make this wrong simplification, in fact, the eager
semantics value of the application (Az.x)4 in the environment p such that p(z)=1,
is |1], instead of the expected value |4]. Indeed,

[(Az.x)4]
= (Az.([z

p:

Ip)4=

= (Az.[1])4 = [1].
Note also that in the expression (Az.([x]p))4, the binder Az, which is a piece

of semantics, binds the variable z in [« ], which is a piece of syntax, and this is an
indication that the expression Az.([z ] p) is not correct.

O
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NOTE 3.2. The fiz operator in the expression (recGlynn) is different from the
fix operator in the expression (recAlberto) because they have different types (see
below). Actually, there is a fix operator of type [V, — V,] — V] for each type 7. O

NoOTE 3.3. Instead of fiz(Af.e), we will also write pf.e. By definition of the
minimal fixpoint fiz(Af.e) of the function Af.e, we have that: uf.e = (Af.e)(uf.e). O

NOTE 3.4. op, is the strict semantic function in [N, x N, — N | corresponding
to op. Thus, for all  and vy,

vo gt if x=1 or y=1
PLVZY w'+y) i 2=12') and y=1y/] 0

NOTE 3.5. The denotational semantics for the Eager language satisfies the fol-
lowing context rule: for all context C| ] and for all typable, closed terms ¢; and t,
such that Ct;] and C|[ty] are typable, closed terms,

if [t:]p = [ta] p then [Ct1]] p = [C[t2]] - O

NOTE 3.6. Let us assume that in the term recy.(A\z.t) we have that:

(i) Yy T — T
i) =z :n
(i) ¢t :m

Then in Equations (recGlynn) and (recAlberto) we have that:

[recy.(Az.t) [p € [V, = (Vo) ilo
P € Var — le U [‘/;'1 - (‘/;'2>J—]

In Equation (recGlynn) we also have that:
fooelVa = (Vo)
v eV,
[¢]p € (Vo)L
fix €[V — (Vi) = [V = (V) il = Vi — (Vi) 4]

In Equation (recAlberto) we also have that:
f €[V = (Va)ile
[Aet]p eV — (Vo)ily
down(f) € [Vzy — (Vr,) 4]
fix €V = (Va)ile = Ve = (Vo) ulu] = [V = (V) 1]u O
Now we show that, indeed, the two definitions of [recy.(Ax.t) ] p for the eager

semantics are equivalent, that is, they define the same semantic value. Thus, we have
to show that:

Lfiz(Af.d)] = fix(Af.[d[down(f)/[]]) (@)
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where: (i) d is of the form Az.t for some z € V., and some term t € (V,,),, and

(i) d[down(f)/f] is the expression d where each occurrence of f has been replaced
by down(f).
Thus, on the left hand side of (G):

foeVa = (Vo)
d €[Vy = (V)]
fix € [[Viy = (Vo)ul = [V = (V)] = Ve — (Vi) 1]
while on the right hand side:
foelVn = (Vo)
d eVo = (Vo)il  (not [Ve, — (Vo,)1]1)
fiw €[[Vey = (Vo)ule = Vo = (Vo) uu] = Ve = (Vo) 1lu
Thus, in (G) the two occurrences of fiz denote two different operators because their

types are different.
We first show that:

Lfiz(Af.d)] C fix(Af.|d[down(f)/f]]) (G1)
and then we show that:
Lfix(Af.d)] 3 fiz(Af.|d[down(f)/f1]) (G2)

];roof if (G1). Since | | is continuous |fix(Af.d)| =fiz|(Af.d)|. Thus, we have to
show that:
Uicw LAS- @) (L)) E Ui, (AS-Ld[down(f)/ f1])* (L)
and we will prove this by showing that
for all i > 0, [(Af.d) (1)) E Lie, (Af-[d[down(f)/f1])"(L).
The proof by induction on «.
(Basis) We have to show that [ L] T | |, (Af.[d[down(f)/f]]) (L)
This holds because |d[down(f)/f]] # L € [V, — (V4,)1]1, and thus,
[L] E (Af-Ld[down(f)/f11) (L).

To help the reader to better understand this inequality let us consider the types of
its subexpressions. Let V. denote the cpo [V;, — (V,,).]. Then, on the left hand side

1 € V; and on the right hand side the first two occurrences of f are in (V,), while
the third one is in V; and L € (V;),.

(Step) Assume that [(Af.d)'(L)] C fiz(A\f.|d[down(f)/f]]). We have to show that:
(AL d)(Af.d)'(L)] E fix(Af.[d[down(f)/f]]).
Indeed, for the left hand side we have that:
LA D) ((Af.d)'(L)] =
— LAY (L)/ 1] = {by down(lz]) = } =
— |dldown([(\f.d)'(L)])/f1]. (GL1)
For the right hand side we have that:
fiw(\S-|dldown(f)/ 1)) =
= (\f.Ldldown(f)/11)) (fe(Mf.Ldldown(f)/ 1)) =
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=|dldown(fix(Af.[d[down(f)/ f1]))/ f]] (G1.2)

Now we have that (G1.1) C (G1.2), by induction hypothesis, and monotonicity of
down, substitution, and | |. This completes the proof of (G1).

Proof of (G2). We have to show that:
(Ui (Af-d)'(L)] 3 Ueo, (Af-Ld[down(f)/ f1])(L)
and we will prove this by showing that
for all i > 0, [ e, (Af-d)'(L)] 2 (Af-Ld[down(f)/ f1])'(L)-
The proof by induction on «.
(Basis) Obviously, we have that: [| |,c, (A\f.d)'(L)] 3 L e[V, — (Vi,)i]..
(Step) Assume that |fiz(Af.d)| 3 (Af.|d[down(f)/f]])"(L). We have to show that:
fis(\d)) 3 - Ldldown(£)/ £1]) (M- Ldldown(£)/ FI))(L)).
Indeed, for the left hand side we have that:
dlfix(Af.d)/f]] = {by down(|z]) == } =
= ld[down(|fix(Af.d)]) /f]]. (G2.1)
For the right hand side we have that:
(F.Ldldown(£)/11]) (MF-Ldldown(f)/£]])( L) =

=l d[down((Af.[d[down(f)/f1])'(L))/ f]] (G2:2)

Now we have that (G2.1) J (G2.2) by induction hypothesis, and monotonicity of
down, substitution, and | _|. This completes the proof of (G2).

3.1. Computing the Factorial by Eager Denotational Semantics.

Now let us see in action the eager denotational semantics and let us compute the
value of [(rec fact. Az. if x then 1 else xx fact(z — 1)) (2)]. We have:

[(rec fact. Ax. if x then 1 else xxfact(x — 1)) (2)] p =
= let ¢ < [rec fact. Ax. if x then 1 else xxfact(x — 1)] p, v < [2] p. ¢(v) =
= let ¢ <= | v.[if = then 1 else zx fact(z — 1)]

pli/fact, v/x]|, v <= 2] p. p(v) =
= (p. M. [Jif x then 1 else xx fact(x — 1)] p[to/fact, v/x]) (2) (E2)

Now we may proceed by computing by mathematical induction the minimal fixpoint
p A Jif = then 1 else xx fact(z —1)] p[tp/fact, v/z]. A different way of proceeding
is to use the following equation, which holds in the eager semantics:

px.t = (Ax.t)(ux.t) (FizUnfold)
This equation characterizes the fixpoint pux.t and allows us to unfold the fixpoint as
many times as required for its evaluation for any given argument. Now we clarify
this sentence by performing the unfolding of the fixpoint in the case of our fixpoint

pp v [if « then 1 else xx fact(z — 1)] p[vo/ fact, v/x]
with the argument 2.
From (E2) by applying (FizUnfold), we get:

(M. A Jif x then 1 else xx fact(x — 1)] p[t/fact, v/x])

(up. M Jif = then 1 else zxfact(x — 1)] p[vo/fact,v/x]) (2) =
= [if = then 1 else zx fact(x — 1)]
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pl(p M Jif x then 1 else xx fact(x — 1)] p[to/fact,v/x])/fact, 2/x] =

= Cond([z]p[. .., 2/z], [1]pl. .-, 2/z], [xxfact(x —1)]p|..., 2/z]) =

= Cond(|2], [1]p[.-.], [zxfact(z —1)]p[...]) =

= [zx fact(x—1)] p[(pp.Av.[if = then 1 else zx fact(z—1)]

ply/ fact,v/z]) /[ fact, 2/z] =

= [z] pl. .., 2/x] xo [fact(x — D] pl[...,2/x] =

= 2] x, (let ¢ < [fact]p|...,2/x], v < [z —1]p[...,2/z].0(v)) =

= 2] x, (let p < [p. M. [if = then 1 else zx fact(z — 1)] p[v/fact, v/x]],
o= [elol. .. 2/x) - [l .. 2/x] olv) =

= 2] x, ((py. Mo [if = then 1 else zx fact(x — 1)] p[tp/fact, v/x))
(down([2] =1 [1}))) =

= 2] x, ((pyp. Mo Jif x then 1 else xxfact(x — 1)] p[eo/fact,v/z]) (1)) (E1)

Now if we compare expressions (F1) and (E2), we can see that, by performing
from (E1) a sequence of evaluation steps analogous to the sequence which leads
from (E2) to (E1), we eventually get:

12] <1 ([1] xo ((pyp. Mo [if x then 1 else xxfact(x — 1)] p[tp/fact,v/z]) (0)))
Then, after a few more evaluation steps we get:
[2] <o (1] <. [1])

which is equal to [2], as expected.

3.2. Two Equivalent Expressions in the Eager Denotational Semantics.

In this section we will show that the following equality holds in the eager denotational
semantics:

[(Af.(fx)) (recfAz.t)] p = [((recfAx.t) z)] p (RecDef)

For the left hand side of (RecDef) we have:

[((Af-(f2)) (recf.Az.t)] p =
= let o <= [Mf.(fx)] p, v <= [recf.A\zx.t)] p. p(v) =
= let o <= [Ag.[fx] plg/ f]], v <= Lng-Ao- [t plg/ f, v/al]« p(v) =
= (Ag.[f=] plg/ D) (ng-Mo-Tt] plg/ f, v/=]) =
= [flpl(ng-Av-[t] plg/ f; v/x))/ f] =
= let ¢ <= |pg. Mo [t] plg/ f, v/al], v <= |p(x)] p(v) =
= (ug-2v.[t] plg/ f, v/x]) p(x)
For the right hand side of (RecDef) we have:
[((recs-(\et))2)] p =
= let ¢ < [recf.(Az.t)] p, v<=[z] p. p(v) =
= let o <= pg-2v. [t] plg/ f. v/z]], v <= [p(x)]. p(v) =
= (ng-Mv-[t] plyg/ f, v/x]) p(x)
Thus, Equation (RecDef) has been proved. O
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NoTE 3.7. (i) Equation (RecDef) is a consequence of the §-rule in lambda calcu-
lus. However, the G-rule does not hold, in general, in the eager denotational semantics
as we will see later.

(ii) As a consequence of the above Equation (RecDef) we have, for instance, that:

[(Afact. fact(2)) (rec fact. Ax. if x then 1 else xxfact(x — 1))]p =

= [(rec fact. Az. if z then 1 else zxfact(z — 1))(2)]p.

Lazyl Denotational Semantics. For simplicity, we write [ ], instead of [ ]".
[n]p = [n]

[«]p = p(x)

[troptz]p = [ti]p opr [t2]p

[if tothent;elsety | p = Cond([to] p,[t:1] p, [t2]pr)

[t )] = [(Ttalp, [t210)]
[fst(t)] p = letv < [t] p .« m(v)
[snd(t)]p = letv < [t] p . m(v)

[tit2] p = leto <= [t ] p « ([t2]p)
[Azt]p = [Mv.[t]plv/x]]
[recat]p = fix(Af.[t] plf/])

Lazy2 Denotational Semantics. For simplicity, we write [ ], instead of [ ]*.
[n]p = [n]

[z]p = p(x)

[tropta]p = [ti]p opr [t2]p

[iftothent elsets ] p = Cond([to] p, [t1]p,[t2]p)

[t t2)]p = ([t ]ps [22]0)
[fst(t)]p = m([t] p)
[snd(t)] p = m([t] p)
[t1it2] p = ([alp)([t2]p)
[Axt]p = ]t]pv/x]
[reca.t [p = fir(Af[t] plf/x])

NOTE 3.8. As in the case of the denotational semantics for the Eager language,
the denotational semantics for the Lazyl language and Lazy2 language satisfy the
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following context rule: for all context C| | and for all typable, closed terms t; and
ty such that C[t;] and C|[ty] are typable, closed terms,

it [t:]p = [t2] p then [Ct] ] p = [C[t2]] . O

3.3. Computing the Factorial by Lazyl Denotational Semantics.

Now let us see in action the lazyl denotational semantics and let us compute the
value of [(rec fact. Az. if x then 1 else xx fact(xz — 1)) (2)]. We have:

[(rec fact. Ax. if x then 1 else xxfact(x — 1)) (2)] p =
= let ¢ < [rec fact. Ax. if x then 1 else xxfact(x — 1)] p. ¢([2] p) =
= let ¢ < (pp.[Azx.if x then 1 else zx fact(x — 1)] p[t/fact]) . (|2]) =

= (up.[Az.if x then 1 else xx fact(x — 1)] p[tv/fact]) (|2]) (L1.2)
Now we proceed by using the equation which holds in the lazyl semantics:
px.t = (Ax.t)(ux.t) (FizUnfold)

Thus, from (L1.2) by applying (FizUnfold), we get:
(A [Az.if = then 1 else zx fact(x — 1)] p[y/fact])
(. [Ax.if = then 1 else xx fact(z — 1)] p[v/fact]) (|2]) =
= [Az.if = then 1 else X fact(x — 1)]
pl(pp.[Az.if x then 1 else zx fact(x — 1)] p[tv/fact])/fact] (|2]) =
= | \v. [if z then 1 else zxfact(z — 1)]
pl(p).[Az. if x then 1 else x X fact(x—1)] p[v/ fact])/ fact, v/x]] (|2]) =
= [if « then 1 else zxfact(x — 1)]
pl(p).[Az.if x then 1 else zx fact(x — 1)] p[tp/fact])/fact, |2]/x] =
Cond([xll..../fact, |2)/al, [ol.../fact, 21/2),
[xxfact(x — 1)] pl. .. /fact, |2]|/z]) =
= Cond([2], |[1],
12| % (utp.[Az. if x then 1 else zx fact(x —1)] p[to/fact])(|2| -1 |1])) =
= 2] X (u.[Ax.if = then 1 else X fact(z — 1)] p[t/fact])(|1])) = (L1.1)

Now if we compare the expressions (L1.1) and (L1.2), we can see that, by performing
from (L1.1) a sequence of evaluation steps analogous to the sequence which leads
from (L1.2) to (L1.1), we eventually get:

12] <1 ([1] xo (. [Ax.if = then 1 else zx fact(x — 1)] p[vo/fact]) (|10])))
Then, after a few more evaluation steps we get:

12] x1 (|1] x. 1)) =[2], as desired.

3.4. Computing the Factorial by Lazy2 Denotational Semantics.

Now let us see in action the lazy2 denotational semantics and let us compute the
value of [(rec fact. Az. if x then 1 else xx fact(z — 1)) (2)]. We have:

[(rec fact. Ax. if x then 1 else xxfact(x — 1)) (2)] p=

= ([rec fact. Ax. if x then 1 else xxfact(x — 1)] p) ([2] p) =

= (pp.[Az.if x then 1 else xxfact(x — 1)] p[tv/fact]) (|2]) (L2.2)
Now we proceed by using the equation which holds in the lazy2 semantics:
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prt = (Ax.t)(pz.t) (FizUnfold)
Thus, from (L2.2) by applying (FizUnfold), we get:

(A [Az.if = then 1 else zx fact(x — 1)] p[y/fact])
(. [Ax.if = then 1 else xx fact(z — 1)] p[v/fact]) (|2]) =
= [Az.if = then 1 else zxfact(z — 1)]
pl(p).[Az.if x then 1 else zx fact(x — 1)] p[tv/fact])/fact] (|2]) =
= M. [if = then 1 else x X fact(z — 1)]
pl(p).[Az.if x then 1 else zx fact(x — 1)] p[tv/fact])/fact, v/x] (|2]).

Note that with respect to the evaluation of the lazyl semantics, in the above expres-
sion there is no lifting. The evaluation proceeds as in the case of the lazyl semantics
and we then get:

[if = then 1 else zxfact(z — 1)]
pl(pp.[Ax.if x then 1 else xx fact(z — 1)] p[y/fact])/fact, |2|/z] =

Cond([lpl. .. /fact, 21/2], [Upl.../fact, [2)/a],
[xxfact(x — 1)] pl. .. /fact, |2]|/z]) =
= Cond([2], |1},
12| %) (pp.[Az. if x then 1 else X fact(x—1)] p[to/fact])(|2| -1 |1])) =
= 2] x  (u.[Ax.if = then 1 else X fact(z — 1)] p[¢/fact])(|1])) = (L2.1)

Now if we compare the expressions (L2.1) and (L2.2), we can see that, by performing
from (L2.1) a sequence of evaluation steps analogous to the sequence which leads
from (L2.2) to (L2.1), we eventually get:

12] <1 ([1] xo (. JAx.if = then 1 else zx fact(x — 1)] p[tp/fact]) (10])))

Then, after a few more evaluation steps we get:

12] <o ([1] xu [1]) =1]2], as expected.

3.5. Adding the let-in construct: the Denotational Semantics.
Let us assume that we have the syntactic construct:
let x <t;int

we have introduced in Section 2.6. We want to have the equivalence of the deno-
tational semantics of let x < t; in ¢ and the denotational semantics of ((Az.t)t).
Thus, in the eager denotational semantics we should have:

[let x <ty in t] p = [t] pldown([t:1]p)/x]
and in the lazyl and lazy2 denotational semantics we should have:

[let z < t, in t] p = [t] pl[t1]p/z].
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4. The alpha rule

o The a-rule does not hold in the eager operational semantics. The same for the
lazy operational semantics.

Indeed, both for the eager operational semantics and the lazy operational semantics
Az.t and \y.t[y/x] are different canonical forms. (As usual, t[y/z] denotes the term
t where each free occurrence of the variable z is replaced by y.)

e The a-rule holds in the eager denotational semantics, in the lazyl denotational
semantics, and in the lazy2 denotational semantics.

Let us consider the case of the eager denotational semantics. The cases of the lazyl
and the lazy2 denotational semantics are similar. We have that:

[Met] p = | Mv.ft] plv/z]] and
[Ny-tly/=]lp = [Aoftly/]] plv/y]]  and
the right hand sides of the above two equations are equal.

5. The beta rule

e The (-rule does not hold in the eager operational semantics.

It is not the case that:
(Azt)e) — ¢ iff tle/z] — ¢
Indeed, take t =1 and e = ((recy.Az.(yx))5). We have the following Points (i)
and (ii).
(i) No canonical form ¢ exists such that (Az.1)e — ¢, because no canonical form ¢,

exists such that e — c¢y. Indeed, since e is an application, by the following rules of
the eager operational semantics (see the table on page 77)

t1—Axt  to—cg  tlea/z] —c

(tity) — ¢ (app)

recy.(Az.t) — Ax.(t[recy.(Ax.t)/y]) (rec)
we have that:
there exists a canonical form ¢y such that e — ¢y iff

{by (rec)}

there exists a canonical form ¢ such that A\z.((recy.\z.(y 7)) xz)5 — c iff
{by (app)}
there exists a canonical form ¢ such that ((recy.\z.(y7))5) — ¢

Now, since e is the term ((recy.A\7.(yx))5), there is no proof that shows that there
exists a canonical form ¢, such that e — c».

(ii) We have that tle/z] — 1le/x] — 1 atnd 1 is a canonical form.

e The (-rule holds in the lazy operational semantics.
It is the case that:
(Azt)e) — ¢ iff tle/z] — ¢
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because we have the following derived rule for the lazy operational semantics (see the
table on page 78) when t; is Az.t and t; is e:

tle/x] —c
(Ax.t)e) — ¢

o The (B-rule does not hold in the eager denotational semantics.
We have that:

[(Az.t) el p 7 [t] pllelp/x]
Indeed,
[Ot)elo =
= let ¢ < [Mo.[t]plo/x]], v <= [elp. p(v) =
= let v <= [e]p. (A0.[t]p[v/x])(v) =
= let v < [e]p. [t]p[v/x]
which is different from [[t]p[[e] p/x] whenever [e]p = L.

Indeed, take t=1 and e=((recy.\z.(yx)) 5).
We have that y : int — int and =z :int
We have that

[(Az.1) ((recy.Az.(yx))5)] p # [1] pll((recy.Az.(y x)) 5)]p/x]. (1)
left-hand-side of (1) =

= let v < [(recy. \z.(yx)) d]p. [t]plv/x] =

= let v <= (let p<=[recy.\z.(yx)]p, v<=[5]p. (v)). [t]plv/x] =

{by Remark 5.1 below}

= let v < (Az.L) 5. [t]plv/x] =

=1e&N,;, and
right-hand-side of (1) =

= [ pll(recy Az.(y x)) 5]p/a] = [1] .

REMARK 5.1. Here is the proof that [recy.\x.(yz)]p = [ z.L].
[recy.Az(yz)]p € [N — Ni]1.
We have that:
[recy.Az(yz)]p =
= [up.Nv. let y' <= [ylplv/z, ¢/yl, 2’ <= []plv/z, ¢/y]. y'(2")] =
= |pp. )| = |fir(Ap.dv.p(v))] = {see below} =
= |Az.L] €[N — N,],.
Indeed, we have that fiz(Ap. \v.p(v)) = A\x.L, with Az.L € [N — N, ], because we
have that:
Llso(Ap-Av. ()" (L) = [ ],50 7" (L) for 7 = Ap.Mv.p(v) with L € [N — N],.
(L) =Az.L € [N — N|] and
(L) = Mv.((Az.L)(v)) which is M.l € [N — N,].
where L € [N — N,|, on the left hand sides, and 1 € N, on the right hand sides.
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Thus, [ ],5¢(Ap-Av. @(v))"(L) = v.L € [N — N_]. O

e The (B-rule holds in the lazyl denotational semantics.
We have that:
[(Az-t) el p =

= let ¢ < |Ad.[t]pld/x]] - o([e]p) =

= (Ad.[t]pld/x] ([e]p) =

= [tlollelp/x].
e The (B-rule holds in the lazy2 denotational semantics.
We have that:
[(Az.t)e] p = (Ad.[t]pld/x]) ([e]p) = [t]plle]p/=].

6. The eta rule

e The n-rule does mot hold in the eager operational semantics.

Let us consider the term Az.(fz) where x is not free in f. This term is a canonical
form and it may be the case that there is no canonical form ¢ such that f — c.
Consider, for instance, f = ((recy.Az.(yx))5). Indeed,

f—ciff \x.((recy A\z.(yZ))z)5 — ciff ((recy.A\T.(yx))5) — ¢
and thus, there is no finite proof which shows that there exists a canonical form ¢
such that f — c.

e The n-rule does not hold in the lazy operational semantics.

The proof is as in the case of the eager operational semantics, but consider the term
f = recw.w, instead of f = ((recy.\zx.(yx))5).

e The n-rule does not hold in the eager denotational semantics.

Consider z:0 fio—T Ax.(fx): 0 — 7 with x not free in f.
We have:

[f1p, Mz (f2)]p € Vo — (Vo)LL

e plx) €V, [x]p € (Vy)1.
Assume [f]p= L with L € [V, — (V;).]..
We have:

D (fo)] p =

= [Aw. let ¢ <= [f]plw/z], v <= [z]plw/z]. p(v)] =
= [Mw. let o <= [flp, v <= |w]. o(v)] =

= [ \w. let o <= [f]p. p(w)| (where w € V, and ¢ € [V, — (V;)1]) = (*)
= {because [f]p=1} =
= [ Aw.L]

which is different from L € [V, — (V;),]..
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Note that if we assume that [f]p # L with L € [V, — (V;).]. then the n-rule
holds in the eager denotational semantics. Indeed,

[Me.(fz)] p = {see (*) above} =
= [Mw. let o <= [f]p+ p(w)| = {evaluating the let expression} =
= [ \w.(down([f]p) w)] = {the n-rule holds in mathematics} =

= [down([f]p)] = {since [f]p#L} =
= [f1p-

e The n-rule does mot hold in the lazyl denotational semantics.

Consider z:0 fio—T Ax.(fx): 0 — 7 with x not free in f.
We have:

[T, Dae(f2)lp € (Vo) — (Vo)LL
x:o  plx)eV, [z]p e (Vo)L.
Assume [f]p= L with L € [(V,)L — (V;).]L.
We have:
[Aa.(f2)] p =
= |Ad. [fz]pld/z]] (where d e (V,), and ¢ € [V, — (V;)1]) =
= (M. let ¢ < [f]pld/]« o([xlpld/a])]  (where o € [(Vo)L — (V2)1]) =
= [Ad. let o <= [f]p. ¢(d)] = (**)
= [Ad.L], with [Ad.L] € [(V,)L — (V;).lu
which is different from L of [(V,), — (V;).]..

Note that if we assume that [f]p # L with L € [(V,),L — (V;)1]. then the n-rule
holds in the lazyl denotational semantics. Indeed,

[Me.(fz)] p = {see (**) above} =
= |\d. let ¢ < [f]p. p(d)] = {evaluating the let expression} =
= | Ad.(down([f]p) d)] = {the n-rule holds in mathematics} =
— [doun([f]p)] = {because [flp# 1} =
= [flp.

e The n-rule holds in the lazy2 denotational semantics.

Consider z:0 fio—T1 Ae.(fz) 0 — 7 with  not free in f.
We have:

[f]p. [Mz.(fz)]p € [Vo — V7]
T:0 p(x) €V, [x]p € V.
We have:
[Mz.(fz)] p =
= Ad.([fz]pld/z]) =
— A(([f1pld/=]) (Telpld/a))) =
— \(([f1p) d) =
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= {the n-rule holds in mathematics} =

= [f1p-

7. The fixpoint operators

In the Eager language, given the terms =z :«, t: (3, Axt:7, and y :7, with
T = a — [3, there exists a term R : (7 — 7) — 7 such that:

[R (A\y.Az.t)]p = [recy.(Az.t)]p (E)
We will show that the term R can be taken to be recw. Af Azx.((f(wf))x) where
w:(r—71)—>71, f:7—7,and r:, with 7=a — f.
Other choices for R are possible.

In the Lazyl language and the Lazy2 language, given the terms y:7, and t¢:7,
there exists a term R : (7 — 7) — 7 such that:

(R (wt)lp = [recy.tlp (L)
We will show that in the Lazyl language and the Lazy2 language the term R can be

taken to be recw Af.(f(wf)) where w:(r — 7) - 7 and f:7 — 7.
Other choices for R are possible.

In the Eager language we have that:
[Rlp = M. Lfiz(down o )] ] € [V — (V)u] = (V)]s (RE)
with p € [V, — (V;).], fixe[[V; — V;] — V;], and
down € [(V;), — V;].

In the Lazyl language we have that:
[Rlp = |A¢. fir(down )] € [[(V7)L — (Vo)L — (Vo) 1]u (RL1)

with o € (Vo)L — (Vo)) fiw € [[(Vo)L — (Vo)i] — (V)u], and
down € [[(Vz)L — (Vo) lL — [(Vo) L — (V2) L]

In the Lazy2 language we have that:
[R]p =fixr e[|V, — V] = V] (RL2)

In the case of the Lazy2 language we require that the cpo V; is a cpo with the bottom
element. This hypothesis is required, in particular, in the proof of (RL2), where we
need the bottom element of the cpo [[V; — V;| — V;] (see page 97).

The terms R are called fizpoint operators because for any given term F : 7 — T,
in the Eager language we have that:

[RF]p = [F(RF)]p € (Vr)r if down([F]p) # (Ae.L) € [V; — (V;).]  (EF)
in the Lazyl language we have that:

[BF]p = [F(RF)]p e (V2)1 (LF1)
in the Lazy2 language we have that:
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[RF]p = [F(RF)]p € V; (LF2)

In (EF) the condition down([F]p) # (Az.L) € [V; — (V;).] is equivalent to the
conjunction of the following two conditions:

(i) [Flp#Le[V:—(V;)1]L where L is the bottom element in [V; — (V;),]., and
(ii) [Flp# (Az.L) e[V, — (V)] where €V, and L is the bottom element in (V;), .

First we show (RE), (RL1), and (RL2).

Proof of (RE). We have to show that [R]p = | Ag. | fix(down o y)]].
We have that [R]p € [[V; — (V7)1 — (V2)1]L.
Since R is recw. Af Az.((f(wf)) ), we have that:
[R]p = | fix (Au.dp.| down (let v <= u(p). (v v))])]
with o € [V, — (V,)1], u € A, and fiz € [[A — A] — A],
where A stands for [V, — (V7). ] — (V;).].
Thus,
[Rlp = | ,eo X" (L)) with x = Au.Xp. [ down (letv <= u(p).(pv))] and
X €[V = (Vo)ul — (Vo)ul — [[Ve = (Vo) ] — (Vo) ]l
We have that:
(L) = L with both L’s belonging to [[V; — (V)] — (V)]
=Xp.L with L € (V;),
XHL) = Ap.| down (letv <= L. (pv))| =
= Ap.[down (pLl)] =
= Ap.|[(downoyp)L|
where on the left hand side L € [[V; — (V;).] — (V;).] and on the right hand sides
Le (V)L
(L) = Ap.
= \p.

down (let v <= X\p. | (down o @) L|(¢).(pv))| =
down (letv < |(downo)L|.(pv))]| =

down (¢((downop)Ll))| =

= Ap. | (downo p)((downoyp)l)] =

= Ap.[(downo ¢)*(L)]

where on the left hand side L € [V; — (V)] — (V;).] and on the right hand sides
1 e (VT)J_,

= \p.

rr

and, by induction, one can show that for all n > 0, we have that:
X"(L) = Ap.[(downoyp)"l)]

where on the left hand side L € [V, — (V;).] — (V;).] and on the right hand side
1 € (V;),. Thus,



7. THE FIXPOINT OPERATORS 97

[B]p = [ Lhew x"(L)] =
L,eo A-[((downo@)*L)|] = {lub’s of functions are computed pointwise} =
Ao peo L((down o)™ L)]| = {by continuity of | |} =
L Unes, (downo)™ L) || = {by definition of fixr = Af. | |,., f"(L)} =
Ap.| fix (down o p)]]. 0

Proof of (RL1). We have to show that [R]p = [ Ag. fix(down ¢)].
We have that [R]p € [[(Vz)L — (Vo)L — (Vo) 1]1.
Since R is recw . \f.(f(wf)), we have that:

[Rlp = fir(Au.[Ap.(down () ((down(u))p)])

with ¢ € [(V2)L — (Vz)1]L and w € [[(Vr)L — (Vo)LL — (Vo)u]L
(Note that the two down oprators are different because they have different types.)
Thus,

[Rlp = [ e, X" (L) with x = Au. | Ap.(down (¢))((down(u))e)] and
x €[[(Va)r — Vo)l — (Vo) — [[(Va)r — (Vo)) — (Va)o]o)
We have that:

xX°(L) = L with both L’s belonging to [[(V;)1 — (V;)1]. — (V.)1]L
X' (L) = [Ap.(down (¢)L)]

where on the left hand side L € [[(V;). — (V7)1]. — (V;).]1 and on the right hand
sides L € (V;)1.

X*(L) = [Ae.(down (¢))((down ([ Ap.(down (@) L)]))p) | =
= [Ae.(down (@) ((Ap.(down (@) L)) | =
= [Ap.(down () ((down () L))] =
= [Ap.(down (0))*(L)]

where on the left hand side L € [(V;), — (V;)1]. — (V-).1]1 and on the right hand
sides L € (V;),. By induction on n we have that for all n>0,

X"(L) = [Ap.(down(p))"(L)]

where on the left hand side L € [[(V;). — (V;)1]. — (V7).1]1 and on the right hand
side L € (V;),. Thus,

[R]p = Unew X" (L) =

= pewlAp-(down(p))*(L)] = {by continuity of | |} =
= [LneAe-(down(p))"(
= 2@ Upe, (down())™(
= |Ap.fiz(down(p))].

= |
= |
= [y
= |

)
)
)

1)] = {lub’s of functions are computed pointwise} =
1)] = {by definition of fir = Af. ||, f"(L)} =

~— ~—

Proof of (RL2). We have to show that [R]p = fiz, where R: (1 — 7) — 7.
We have that [R]p € [V, — V] — V;].
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Since R is recw . Af.(f(wf)), we have that:
[R]p = [recw.Af.(f(wf))]p =
= fiw (Mw.[Af.(f (wf)]plw/w] =
= fir AwAf.[f(wf)]plw/w, f/f] ={by renaming of bound variables} =
— fir (\w S f(w])).
Thus,
[Rlp = | e, X" (L) with x = Aw.Af.f(wf) and
xellV: =V = V] = [[V;: = V] = V).
We have that:
(L) =1
X'(L) = QAwAf.f(wf)) (L)
(L) = (AwAf.f(wf)) (
(L) = (AwAff(wf))(
where all L’s belong to L € [[V; —
all n>0, x"(L) = Af.f"(L). Thus,

[Rlp = Unew X" (1) = Uneo Af- (L) = fiz O

= A\f.L

ML) =M. f(L)

Af (L) = Aff(F(L))
v,

7] — V;]. By induction on n we have that for

Proof of (E). For the Eager language we have to show that
[R (A\y.A\x.t)]p = [recy.\z.t]p (E)
with R =recw Af z.((f(wf))z) and R : (1 — 7) — 7. By (RE) and the definition
of the eager denotational semantics of recy.A\x.t, we have to show that
let o= | \p. | fiz(downo ) ||, v=[Ay x.t]p. p(v) = [fix (Au. v.[t] plu/y, v/x])],
that is,
let v <= | M. xt]plu/y]]« Ao. |fix(downop)|)(v) = |fir Au v.[t] plu/y, v/z])].
Now, this last equality holds because:
let v <= [ Az t]plu/y]|« (Ap. |fix(downop)])(v) =
— AL fis(down o p)] (. [Ae.tlplufy) =
— | fiw(down o (. [\ plu/9])) | =
| fix(down o (Au.|  v.[t]plu/y, v/x]]))] = {see (13) below} =
= [fix (AuXv.[t] plu/y, v/x])].
Thus, the proof is completed if the following equality holds between elements of the
cpo [V, — V,|:

down o (Au.| \v.[t]plu/y, v/z]]) = M v.[t] plu/y, v/x] (13)
where u : 7, v : «, and t : 3, with 7 = o — 3. Indeed, for all r and s, we have that:

(down o (Au.|r|))s = down((Au.|r|)s) = down|r[s/u]] = r[s/u] =

= (Au.r)s
Then, by instantiating this equality (down o (Au.|r]))s = (Au.r)s for r equal to the
term Av.[t]plu/y, v/x], we get the desired equality (3). OJ

Proof of (L) for the Lazyl language. We have to show that
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[R (Ay-t)]p = [recy.t]p (L)
with R = recw Af.(f(wf)) and R: (1 — 7) — 7. By (RL1) and the definition of
the lazyl denotational semantics of recy.t, we have to show that:

let g < [Ap. fir(down @) |+ &([My-t]p) = fir (Mu.[t] plu/y))-
This equality holds because:

let o < | M. fix(down @) |+ @([My.t]p) = {by definition of the let construct} =

= fiz(down ([Ay.t]p)) = {by definition of [Ay.t]p} =

— fia(down | Xu.[t]o[u/s])) = {by down|z] = a} —

— fia (. [4] plu/g). .
Proof of (L) for the Lazy2 language. We have to show that:
[R (Ay-t)]p = [recy.t]p (L)

with R = recw Af.(f(wf)) and R: (1 — 7) — 7. By (RL2) and the definition of

the lazy2 denotational semantics of rec y.t, we have to show that:
fiz([Ayt]p) = fix(Au.[t] plu/y]).
This equality holds in the lazy2 denotational semantics because:
[My-tlp = A t] plu/y]. O

Proof of (EF). Consider F': 7 — 7 and R : (T — 7) — 7. For the Eager language
we have that:

[F]p e Ve — (Vo)LL

[Rlp € [[V: = (Vo)L = (Vo)u]u

fixe [[Vr = Vo] — V]

peVe— (Vo)L

downoy € [V, — V]

[Blp = [¢.Lfiz(down o p)] ]|
We have to show that:

[RFp = [F(RF)lp i down([Flp) # (Ar. 1) € [V, — (Vi) (EF)
For the left hand side of (EF) we have that:
[RF]p=let r < [R]p,v<=[F]p.rv) =

{by definition of the let construct}

— (down([R]p)) (down([F]p)) =

{by definition of [R]p}
= |fiz(down o (down([F]p)))| =

{by definition of fiz and o}

— Ldown((down([F]p)) (fis(down o (down([F1p)))))] = (1)
{by |down(z)| = x for x # L € (V;),}
= (down([F]p))(fix (down o (down([F]p)))). (12)

This last step from expression ({1) to expression (12) is justified by the fact that
the argument of the leftmost down in (i1) is different from L € (V,), because, by
hypothesis, down([F]p)) # (A\x.L) € [V, — (V)]
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For the right hand side of (EF) we have that:
[F(RF)]p=let f <= [F]p, x < (let r < [R]p, v<=[Flp.r@)) f(z)) =
{by definition of the let construct}
= (down([F]p)) (down((down([R]p)) (down([F]p)))) =
{by definition of [R]p}
= (down([F]p)) (down((down|rp.|fix(downop]]) (down([F]p)))) =
{by down(|z]|) = x and function application}
= (down([F]p)) (down(|fiz(down o (down([F]p))])) =
{by down(|z]) =z}

= (down([F]p)) (fiz(down o (down([F]p)))). (3)
Since (12) = (13) the proof is completed. O

Proof of (LF1). Consider F': 7 — 7 and R : (T — 7) — 7. For the Lazyl language
we have that:

[Flp e [(Ve)r — (Vo)L
[Rlp € [[(Ve)r = (Vo)L — (Vo)ulu
fir€ (Vo)L — (Vo)) — (Vo))
[R]p = fix
We have to show that:
[RE]p = [F(RE)]p € (V7).
This equality holds because we have that:
[RE]p = letp <= [R]p- o([F]p) =
= let ¢ < [Ap.fir(down )|« o([F]p) =
= (Mg fiz(down ©))([F]p) =
= fiz(down ([F]p)), (14)
[F(RE)lp = let o <= [Flp. p([RF]p) = {see ({4)} =
= letp <= [Flp. p(fix(down ([F]p))) =
= (down ([F]p)) (fix(down ([F]p))), and
for all z, fixz = x (firx x). O
Proof of (LF2). Consider F': 7 — 7 and R: (1 — 7) — 7. For the Lazy2 language
we have that:
[[F]]p S [Vtr - VT]
[Rlp € (Vs = V7] = V7]
fiw € [[Vz = Vi] = V7]
[Blp = fix
Since in the Lazy2 language we have that [t1t2 ] p = ([t1]p)([t2]p), we have to show
that [RF]p = [F(RF)]p, that is,

fir([Flp) = ([F]p) (fi([F]p))
Indeed, this equality holds because for any = € [V, — V,| we have that fixz =
z (fix x). O

~— T
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7.1. Operational Semantics of Fixpoint Operators.

7.1.1. Eager Operational Semantics.
Let R denote the fixpoint operator recy.(Af.Az.((f(yf))x)) of the eager operational
semantics.

We show that in the eager operational semantics for all terms F' : 7 — 7,
(i) if F" has no canonical form then both RF' and F(RF') have no canonical form, and
(ii) if " has canonical form then RF has canonical form, while F(RF') may or may
not have canonical form.
Point (i) is immediate because in the eager operational semantics the evaluation of
an application (1t5) requires that both subterms ¢; and ¢, have canonical forms.

In order to show Point (ii) let us consider the term F' = Aw.t which is a canonical
form. We have that:

RF = (recy.(Af x.((f(yf))x))) Au.t) —
— (AfAz.((f(yf))z) [recy. (AgAv.((9(yg))v)) /y]) (Aut) —
— Az (((Aut)(y(Au.t)))z) [recy. (AgAv.((g(yg))v))) / Y] (a)
which is a canonical form. Let us call it o. We also have that:
F(RF) = (Au.t) ((recy.(AfAz.((f(yf))z))) (Aut)) — ... — (Au.t) o — tla/ul

If in F' we take t to be 1 then RF — «(1/t] and F(RF) — 1. Thus, we get the
two distinct canonical forms a[1/t] and 1. We have that RF and F(RF) have the
same canonical form if in F' we take t to be u. In that case, in fact, the terms o and
tla/u] are both equal to afu/t].

If in F we take t to be ((recy.(Af.(f(yf)))) (Av.t;)) for some term ¢; then RF has
the canonical form « with ((recy.(Af.(f(yf)))) (Av.t1)) instead of ¢, and F(RF') has
no canonical form in the eager operational semantics. Indeed, in the eager operational
semantics the application:

(recy.(Af-(f(yf)))) Av.tr)
where recy.(Af.(f(yf))) is the fixpoint operator of the lazy operational semantics,

has no canonical form.
7.1.2. Lazy Operational Semantics.

We show that in the lazy operational semantics for all terms F' : 7 — 7 and every
canonical form ¢, RF — c iff F(RF) — ¢, where R denotes the fixpoint operator
recy Af.(f(yf)) of the lazy operational semantics. Indeed, we have that:

RF — ¢
{by definition of R}
iff (recy Af.(f(yf)) F —c
{by operational rule for rec}
iff Af.(f((recy.Ag.(9(y9)))f)) F— c
{by operational rule for function application}
iff F((recy.(A\g-9(y9)))F)—c
{by definition of R}
iff F(RF) — c.



102 6. HIGHER ORDER, TYPED FUNCTIONAL LANGUAGES

8. Adequacy
Let us introduce the following definition.

DEFINITION 8.1. Given a cpo V;, a predicate p, : V., — {true, false} is said to be
canonically consistent iff for all terms ¢ of type 7 and all environments p,

p-([t]"? p) = true iff
there exists a canonical form c of type 7 such that [t]” p = [¢]* p.

We have that for each type 7, there exists a unique canonically consistent predicate
from V, to {true, false} which we call halt,.
We also need the following notations. For any closed, typable term ¢ of type 7,

(i) t |© (pronounced, ¢t converges in the eager operational semantics) iff
there exists a canonical form ¢ such that ¢t —€ ¢,
where —¢ denotes the eager operational semantics relation.

ii) t |* (pronounced, t converges in the lazy operational semantics) iff
g Y
there exists a canonical form ¢ such that ¢t —¢ ¢,
where —¢ denotes the lazy operational semantics relation.

(iii) ¢ J¢ (pronounced, ¢t converges in the eager denotational semantics) iff
there exists v € V; such that for all environments p, [t]¢p = [v].

(iv) t % (pronounced, ¢ converges in the lazyl denotational semantics) iff
there exists v € V;, such that for all environments p, [t]* p = |v].

(v) t I (pronounced, t converges in the lazy2 denotational semantics) iff
for all environments p, halt, ([t]? p) = true.

Note that the definition of convergence ¢ |\*? in the lazy2 denotational semantics (see
Point (v) above) cannot be given in a way which is analogous to that of convergence
in the lazyl denotational semantics (see Point (iv) above), because for any term ¢ of
type 7, [t]? p is of type V;, and not of type (V;).. (Note, however, that for any term
of type int, [t]* p belongs to Vj,; which is N, not N.)

Now we introduce the notion of adequacy of the denotational semantics w.r.t. the
operational semantics for the following three languages:
(i) the Eager language,
(ii) the Lazy language with the lazyl denotational semantics, called Lazyl, and
(iii) the Lazy language, with the lazy2 denotational semantics, called Lazy?2.

These three definitions of adequacy follow the same pattern and they can be derived
one from the other by making the changes indicated in the following Table 3.

DEFINITION 8.2. [Adequacy of the Eager Denotational Semantics| The
eager denotational semantics [ ¢ is said to be adequate w.r.t. the eager operational
semantics —¢ iff
(A°) for all closed, typed terms ¢, t |©iff ¢ ||¢, and
(B¢) for all closed, typed terms ¢, there exists a canonical form ¢ such that

t —¢c implies [t]°p = [c]°p-
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BEager Lazyl Lazy2

operational semantics and e e ¢ I ¢ K
operational convergence

denotational semantics and . . a 1 /o /o
operational convergence [1° ¥ 1] 4 [_1] halt

TABLE 3. Notations for operational semantics, denotational semantics,
and convergence. Note that Lazyl and Lazy2 languages have the same
operational semantics.

DEFINITION 8.3. [Adequacy of the Lazyl Denotational Semantics| The
lazyl denotational semantics [ ] is said to be adequate w.r.t. the lazy operational
semantics —* iff
(A*) for all closed, typed terms ¢, t |*iff ¢ %}, and
(B®) for all closed, typed terms ¢, there exists a canonical form ¢ such that

t —Y ¢ implies [t]* p = [c]* p.

DEFINITION 8.4. [Adequacy of the Lazy2 Denotational Semantics| The
lazy2 denotational semantics [ ] is said to be adequate w.r.t. the lazy operational
semantics —* iff
or all closed term t of type 7, i , an

A2) for all closed t toft t [Yiff t %2, and

(B"2) for all closed, typed terms ¢, there exists a canonical form ¢ such that
t —*c implies [t]p = [c]* p.

With reference to the above Definitions 8.2, 8.3, and 8.4, we have the following
theorem.

THEOREM 8.5. For every closed term t of type int,
(i)  (A®) is equivalent to (B¢) with ‘implies’ replaced by ‘ift’ and
(i)  (A%) is equivalent to (B') with ‘implies’ replaced by ‘iff”  and
(iii) (A®) is equivalent to (B?) with ‘implies’ replaced by ‘iff’.
PROOF. (i) We have to show that:
(i.1) (A°) implies (B¢) with ‘implies’ replaced by ‘iff’, and
(i.2) (B®) with ‘implies’ replaced by ‘iff’, implies (A€).
For (i.1) we have that (B¢) with ‘implies’ replaced by ‘iff’, is proved in Corol-
lary 11.15 [6, page 200]. For (i.2) we have to show that:
dn e N.t =°niff In € N.[t]°p = |n] (C1)
because the canonical forms of type int are the elements of N. Now, Equivalence (C1)
is a consequence of Corollary 11.15 [6, page 200] and thus, we get the thesis.

(ii) The proof of this point is analogous that of Point (i), but we have to refer to
Corollary 11.24 [6, page 209, instead of Corollary 11.15 |6, page 200].

(iii) We have to show that: (iii.1) (A%?) implies (B%?) with ‘implies’ replaced by ‘iff’,
and (iii.2) (B) with ‘implies’ replaced by ‘iff’, implies (A%?).
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For (iii.1) we have that (B*) with ‘implies’ replaced by ‘iff’, is proved in Exer-
cise 11.28 (3) [6, page 217|. For (iii.2) we have to show that:
In € N.t = n iff halt ([t]%p) = true (C2)

that is, In € N.t —* n iff In € N.[t]"?p = |n], because the canonical forms of
type int are the elements of N. Now, Equivalence (C2) is a consequence of Exer-
cise 11.28 (3) [6, page 217| and thus, we get the thesis. O

We also have the following theorem.
THEOREM 8.6. For some closed, typed terms t; and t5 both of type int — int,
(i) [t1]¢p =[t2]¢p does not imply t; —€ty and
(i)  [t]% p=[ta) p does not imply ¢, —t,  and
(iii) [t1]%? p = [t2]®p does not imply t; —* ¢,.
PROOF. (i) Let us consider the terms Az.z4+0 and Az.z. We have that: [Az.z40]° p =
[Ax.z]¢ p. However, since in the eager operational semantics Az.x+0 and Az.x are

both canonical forms, it is not the case that \z.x+0 —° \z.x.
The proofs of (ii) and (iii) are analogous to the proof of (i). O

As a consequence of this Theorem 8.6, the above Theorem 8.5 cannot be extended
to the case where the type of the term ¢ is not int. In particular, (A°) holds, while (B¢)
with ‘implies’ replaced by ‘iff’, does not hold (because of Theorem 8.6). Analogously,
for /1 and /2, instead of e.

THEOREM 8.7. [Adequacy of the Eager Denotational Semantics| The eager
denotational semantics [ ]¢ is adequate w.r.t. the eager operational semantics —¢.

PROOF. Omitted. O

THEOREM 8.8. [Adequacy of the Lazyl Denotational Semantics| The lazyl

denotational semantics [ ] is adequate w.r.t. the lazy operational semantics —*.

PROOF. Omitted. O
As a consequence of Theorems 8.5, 8.7, and 8.8 we have the following corollary.

COROLLARY 8.9. For every closed term ¢ of type int and n € N,
(i) t—n iff [t]cp =[n]°p and
i) t—='n iff [{]%p=[n]"p and
(iii) t—ln iff [t]?p=[n]?p.

Recall that for any n and p, we have that: [n]¢p = [n]" p = [n]?p = |n].

Let us consider the following two terms of the Lazy language:
(i) rec w.w, also denoted €2, where the variable w is of type int — int and the term
recw.w is of type int — int, and
(ii) Az.((recw.w) x), also denoted Az.(Q2x), where the variable z is of type int, the
variable w is of type int — int, and the term A\z.((recw.w) x) is of type int — int.

We have the following lemma and theorem.
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LEMMA 8.10. For any p, [Q]%p=[\z.(Qz)]?p (both sides belong to [N, — N,]).

ProOOF. This lemma is a consequence of the fact that the n-rule holds in the Lazy?2
language (see page 94). We have that for any p,

[2)%p = [recw.w]?p = fix(Ad.[w]?pld/w]) =
= fir(A\d.d), with fix € [N, =N, ] = [N, —>N|]] — [N.—=N,]] =
= Ad.L, with de N, and LeN,.
Recall that Ad.L is the bottom element in [N — N, ]. O

REMARK 8.11. For any p, [Q]%p # [A\2.(Qz)]"p (both sides belong to [N, —
Ni]1). Indeed, for the left hand side we have that:

[2]"p = [recw.w]® p = fix(Ad.[w]" pld/w]) =
= ﬁl’()\dd), with ﬁl’ S [HNJ_—>NJ_]J_ — [NJ__)NJ_]J_] — [NJ__)NJ_]J_] =
=1, with L € [NJ_—>NJ_]J_.
For the right hand side we have that:
[Az.(Qz)]p = [ M.([Qz]" p[d/x])| € [N, - N,], withd € N, =
= [Ad.(let p <= [Q)" pld/x] . o([x]" pld/]))] =
= {since [Q]“p=_L € [N, - N,], (as we have now shown) we have that
QOZ)\TLJ_ € [NJ__)NJ_]} =

= A (L([x]" pld/]))] =
= L)\dJ_J S [NJ_—>NJ_]J_. O

THEOREM 8.12. |[The Lazy2 Denotational Semantics is not adequate]
The lazy2 denotational semantics [ ]* is not adequate w.r.t. the lazy operational

semantics —?t.

PROOF. Let us assume, by absurdum, that the lazy2 denotational semantics [ ] is
adequate w.r.t. the lazy operational semantics —*. In particular, we assume that:

Q4ifFQ 2 and (1)
Ar.(Qz) |°iff Ao (Qax) |2 (12)
We have that:
Q| {by (1)}
iff Q* {by definition of {}*2}
iff  halti i ([Q]%p) {by Lemma 8.10}
iff  haltin—ins([A2.(Q22)]%p) {by definition of {}**}
iff  Az.(Qx) % {by (12)}

iff  Az.(Qx) |

Now, it cannot be the case that: Q |*iff Az.(Qx) |*, because:

(i) Az.(Qx) is a lazy canonical form, being an abstraction, and thus, Az.(Qz) —
Az.(Qx), and

(ii) no lazy canonical form c exists such that Q —¢ ¢ because the only way of deducing

recw.w —‘c is to prove recw.w —* ¢ (see the lazy operational rule for rec). [



106 6. HIGHER ORDER, TYPED FUNCTIONAL LANGUAGES

Now we sum up the main notions and results we have presented in this section.
Let us consider a closed, typed term t. Let t be of type 7. t : any means that the
term t is of any type and t : int means that the term ¢ is of type int.

In the Eager, Lazyl, and Lazy2 languages

t | stands for there exists a canonical form ¢ such that t — c.

In the Eager and Lazyl languages
t stands for Fv e V.. [t]p = |v].

In the Lazy2 language for any t : int
t | stands for In e N, .[t]p = |n].

The following Table 4 sums up the results of this section.

Eager | Lazyl | Lazy?2
e Property Al: t:any t| iff ty yes yes no
Property Alint: | t:int t| iff ty yes yes yes
e Property A2: t:any t— c implies [t]p = [c]p yes yes yes
Property A2*int: | t:int t—n iff [tlp = |n] yes yes yes

TABLE 4. Adequacy of the Eager and Lazyl languages (that is, Prop-
erties A1 and A2 hold). The Lazy2 language is not adequate. In
Property A2 ‘implies’ cannot be replaced by ‘iff” because in the Eager,
Lazyl, and Lazy2 languages, [A\x.z]p = [Az.x+0]p and it is not the
case that A\z.x — Az.z+0.

Adequacy of the denotational semantics with respect to the operational semantics is
the conjunction of Property Al and Property A2. Note that in Property A2 the term
t is of any type, not necessarily of type int.

Table 4 indicates that: (i) the eager denotational semantics is adequate with
respect to the eager operational semantics, (ii) the lazyl denotational semantics is
adequate with respect to the lazy operational semantics, while (iii) the lazy2 deno-
tational semantics is not adequate with respect to the lazy operational semantics.
Indeed, in the case of the lazy2 denotational semantics Property Al holds only for
terms t of type int, and not for terms of any type.

9. Half and Full Abstraction

Let us consider a generic, higher order operational semantics relation, denoted — —_,
and a generic, higher order denotational semantics function, denoted [_] p. For every
closed, typed term t, we write t | iff there exists a canonical form ¢ such that ¢t — c.

Let us also consider the following two formulas, which are assumed to have as
parameters two terms ¢; and ¢, with the same type:
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Op(t1,t2) which holds iff for every context C[-]such that C[t;] and C|ts]
are typable, closed terms, Cft;] | iff C[ts] |

Den(ty,ty) which holds iff for every environment p, [t1]p = [t2]p-

The name of the function Op derives from the fact that its definition refers to the
operational semantics. Analogously, the name of the function Den derives from the
fact that its definition refers to the denotational semantics.

The following definitions relate the convergence of the operational semantics to
the equality of the denotational semantics. These definitions are meaningful because
through contexts we can establish equality of denotational values. For instance, in
the Eager language for any term t of type int, for any n € N, we have that:

t —¢n iff if (t—n) then 0 else @ —n

iff [t]p = [n].
Analogous properties hold for the Lazyl and Lazy2 languages.

DEFINITION 9.1. [Half Abstraction of a Denotational Semantics with re-
spect to an Operational Semantics| A denotational semantics [_] is said to be
half abstract w.r.t. the observation of convergence of the operational semantics — (or
simply, w.r.t. the operational semantics —) if

for all terms t; and t2,  Op(t1,t2) if Den(ty,ts).

DEFINITION 9.2. [Full Abstraction of a Denotational Semantics with re-
spect to an Operational Semantics| A denotational semantics [_] is said to be
fully abstract w.r.t. the observation of convergence of the operational semantics —
(or simply, w.r.t. the operational semantics —) if

for all terms t; and to,  Op(ty,ta) if and only if Den(tq,ts).

THEOREM 9.3. [The Eager Denotational Semantics is Half Abstract| For
the eager semantics [_]° which is adequate w.r.t. —¢, we have that for all terms t;
and ty of the same type, Op(t1,ts) if Den(ty,ts).

PROOF. Let us consider the terms ¢; and ¢y of type 7. If [t1]¢p = [t2]¢p we get that:
for every context C[_], [C[t1]]°p = [C|[t2]]°p- Now there are two cases.

Case (i): [C[t1]]¢p # L € (V)1 and Case (ii): [C[t1]]p = L € (V;)1.

In Case (i), from [C[t1]]°p = [C[t2]]p # L, by adequacy, we get that: C[t;] | and
Clta) |-

In Case (ii), from [C[t1]]°p = [C[t2]]¢p = L, by adequacy, we get that: = C[t;] | and
- C[tQ] l .

Thus, in both cases we have C[t;] | iff Clts] | . O

THEOREM 9.4. |[The Lazyl Denotational Semantics is Half Abstract| For
the lazyl semantics [_]* which is adequate w.r.t. —¢, we have that for all terms #;
and ty of the same type, Op(ty,t2) if Den(ty,ts).

PROOF. Similar to the proof of Theorem 9.3. O

THEOREM 9.5. [The Lazy2 Denotational Semantics is not Half Abstract|
For the lazy?2 semantics [_]* which is not adequate w.r.t. —*, it is not the case that
for all terms t; and ¢5 of the same type, Op(t1,t2) if Den(ty,ts).
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PROOF. Let us consider the terms Q and Az.(Q2x) both of type int — int. We have
that:
(1) [Q]%p = [Az.(22)]p,
(i) Az.(Qx) —¢ A\z.(Qx), and
(iii) no lazy operational canonical form c exists such that Q —* c.

Thus, by Point (i), Den(Q2, Az.(Qx)) holds, and by Point (ii), it is not the case that
Q |Fiff Ax.(Qx) % and thus, Op(2, A\z.(Qx)) does not hold because if we take the
context C|[_] to be empty context, it is not the case that C[Q] [ iff C[Az.(Qz)] |¢. O

THEOREM 9.6. |[The Eager Denotational Semantics is Not Fully Abstract|
The eager denotational semantics [_]¢ is not fully abstract w.r.t. the eager operational
semantics —¢.

PROOF. Omitted. O

THEOREM 9.7. |[The Lazyl Denotational Semantics is Not Fully Abstract|
The lazy1 denotational semantics [_]* is not fully abstract w.r.t. the lazy operational

semantics —?t.

PROOF. Omitted. O

THEOREM 9.8. [The Lazy2 Denotational Semantics is Not Fully Abstract|
The lazy2 denotational semantics [_] is not fully abstract w.r.t. the lazy operational

semantics —¢.

PRrROOF. It is a consequence of Theorem 9.5. O

Tables 5 and 6 on the facing page summarize the results of Sections 5, 6, 8, and 9.
‘yves’ means that the rule (or the property) holds, while ‘no’ means that the rule (or
the property) does not hold.

operational
. a-rule | B-rule | p-rule
semantics
BEager no no no
Lazy no yes no

TABLE 5. Validity of the a-rule, -rule, and n-rule in the eager and
lazy operational semantics.
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denotational | | | Alint adequacy | abstraction
semantics || e | Arule ) mrule g yowint | A1& A2 | half  full
Eager yes no no yes yes yes 1o
Lazyl yes yes no yes yes yes 1o
Lazy2 yes yes yes yes no no no

TABLE 6. Validity of the a-rule, 5-rule, n-rule, adequacy, half abstrac-
tion, and full abstraction in the eager, lazyl, and lazy2 denotational
semantics. Properties A1, A2, Alint, and A2*int are defined in Ta-
ble 4 on page 106. Half abstraction and full abstraction are defined in
Definition 9.1 on page 107 and Definition 9.2 on page 107, respectively.



