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Abstract

This paper considers the problem of state estimation for discrete-time systems whose dynamics
switches within a finite set of linear stochastic behaviors. In recent years such systems are
receiving a growing attention because of their importance from an applicative point of view, in
that switching phenomena are normally present in many engineering problems. The solution of
the filtering problem depends on the amount of the a priori information about the switching
process.

In this paper a new approach in filtering the state of a stochastic variable structure system,
driven by a Markovian jump is proposed. By using a state space realization for the Markov
process and the formalism of bilinear systems, a linear filter achieves the best estimate among
all the linear transformations of the measured output. The algorithm can be considered as a
useful key tool to solve the problem of suboptimal estimates, when the system is affected by
non-Gaussian noises, in the framework of polynomial filters.
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1. Introduction

Switching systems, also denoted hybrid systems or variable structure systems, are receiving
a growing attention in recent years because of their importance from an applicative point of
view, in that switching phenomena are normally present in many engineering problems (for a
survey on hybrid systems control and applications see [5,2,10]). Many authors investigated the
problem of state estimation for switching systems. Most papers in literature deal with systems
with a stochastically driven switching sequence, modeled as a finite-state Markov Chain (see
e.g. [1,3, 8,7, 4, 11, 6] for the discrete-time case and [9, 13, 12] for the continuous-time case).

In the framework of discrete-time systems, the problem of filtering the state of stochastic
switching systems was first formulated in [1]. The authors pointed out the complexity of the
exact solution of the problem and proposed an approximate solution. For the same problem
in [7], where a partial observation of the switching process is assumed, an almost-recursive
implementation of the exact solution is derived, whose complexity geometrically grows with
time. In [4] a linear filter is implemented based on a clever use of the characteristic function
associated to the Markovian jump. In [6] different approximate state estimators have been
analyzed, without assuming observations on the switching process. All estimators proposed
in [6] are iterative algorithms over a finite observation time, and do not allow a recursive
implementation.

This paper proposes a linear algorithm in order to estimate the state of a discrete-time variable
structure system driven by a Markovian jump. By using a bilinear approach, the optimal linear
estimate, in the sense of minimum variance is here achieved. The paper develops the case of
a two-state Markov chain, although with some more computations, a more general finite-state
Markov chain could be investigated with the same methodology. The result is particularly useful
to solve the problem of suboptimal estimates, when the system is affected by non-Gaussian
noises, in the framework of polynomial filters.

2. The system to be filtered

The class of systems investigated in this paper is described by the following set of equations:

$(k‘ + 1) = Au(k)$(k) + Bu(k)u(k:) + F/,L(k)NkH x(O) = X, k>0,

(2.1)
y(k) = Cuy (k) + Dyeyulk) + G Ni,

where z(k) is the stochastic state variable in IR™, u(k) is a deterministic known input in IRP,
y(k) is the measured output in JR? and N (k) is a zero-mean white noise standard sequence in
IR®, that is:

IE[N(K)N(R)"] = 6, Vk,h e IN (2.2)

and, moreover, the state noise is supposed to be uncorrelated with the output noise, that is:
Fu)Giny = Onxqs Vk,h € IN (2.3)

The initial state xq is a random variable with mean and covariance matrix available, named x
and ¥q respectively, and is independent of the noise sequence { N(k), ke IN }

The dynamic matrices of system (2.1) are forced to assume values on binary ranges, for
instance: R(Ap(k)) = {Ao, A1}, all according to a two-state Markov chain p(k), with range in
{0, 1}, transition probability matrix II, and a given initial condition P(x(0) = 0) = py.



Remark 2.1. By using the above notation the wide class of failure systems with a working
plant, referred to the zero value of (k) for instance, and a failure plant driven by the Markovian
jump, can be represented with a useful assignment of the II, matrix. Multiple failure systems
and hybrid systems could also be modeled by equations (2.1) with a finite state Markov chain
and a few more computation efforts.

In this paper the filtering problem is solved by using a suitable state space model for the
Markovian jump:

Lemma 2.2. Let {vo(k), ke IN}, {vl(k), ke ]N} be white noise independent sequences, both
assuming values in {0, 1}, with distribution P(vo(k:) =1) =eo, P(vl(k:) = 1) = &1 respectively;
let {u(k‘), k € ]N} be the following stochastic sequence, assuming values in {O, 1}:

pu(k +1) = p(k) + (1 = p(k))vo(k) — p(k)vi(k), p(k) € {0,1},  kelN
1(0) = po, P (o = 0) = po.

with po independent of {vo(k),vi(k), k,h € IN}. Then {u(k), k € IN} is a two-state Markov
chain, with transition probability matriz II,, such that:

(2.4)

P(u(k+1) = 0lu(k) = 0)  P(u(k+1) = 0lu(k) = 1 1 - '
- | Ple — Ol 0) (e —Oln 1)]_[ ~ 1851} (2.5)

Proof. The proof that { wk), k € IN } is a Markov chain strictly follows from the recur-
sive equations (2.4), in that for each k,h € IN, it comes that the conditional random vari-
able p(k + h)|u(k) is a Borel function of {vo(i),v1(j), 4,5 = k,...,k + h — 1}, independent
of { w(l), 1 < k} The coefficients of matrix II, easily come from probability computation.

|

Remark 2.3.  The sequences {vi(k), ke IN }, i = 0,1 are not zero-mean. It is useful for
the sequel to rewrite the recursive Markov equations (2.4) introducing zero-mean sequences, so
that they change in:

ulk+ 1) = (1L~ o — e0)u(k) — (VoK) +Va(R)) (k) + Vo(k) +20.  (0) = po. (26)
with Vz(k‘) = Uz(k’) - E[Ul(k')] = Ul(k') — &j.

Remark 2.4. Suppose that system (2.1) models a failure system. Then, according to Remark
2.1, €9, €1 can be considered, respectively, as the probability of failure occuring from a working
plant, and the probability of failure vanishing from a failure plant.

Remark 2.5. According to the Markov chain theory, a suitable choice for the initial
distribution pg of yo allows a constant value for the probability masses of j(k). That means, if
Po is such that:

€1

1-— go+e

I —po €0 I—e1 ] \1=po 1 —po en
eoter

wu(k) has a stationary distribution:

P(u(k) =0) = (2.8)



Remark 2.6. The Markovian jump model (2.1) can be written by using the following bilinear
formalism:

o(k+1) = (Ao 4 (A — Ao)ﬂ(k:)>x(k:) + (BO + (B — Bo)u(k:))u(k:)
+ (Fo + (Fy = Fo)u(k) ) N (k),
y(k) = (Co+ (€1 = CoJu(k) ) (k) + (Do + (D1 = Do)k Julk)

+ (Go + (G1 = Go)ulk) ) N (k),

(2.9)

with p(k) as in (2.6).

3. The filtering algorithm

The filtering problem is solved by estimating the following extended state:

§1(k) x(k)
¢(k) = gggk; = | wk)x(k) | € R, & (k), & (k) e R™, &(k) € R. (3.1)
&3 (k

Theorem 3.1. The evolution of (k) is given by a time-varying discrete-time bilinear system
of the type

= ($g7 MO%T; MO)T

§(k +1) = AK)E(R) + B(k, £(k),n(K)) +U(k) + D(k)n(k),  £(0)
y(k) = C(RK)E(k) + M(E(R), n(k)) + W(k) + Rn(k), k>

o

(3.2)
where n(k) is a suitable zero-mean white noise sequence, B(k,&(k),n(k)), M(E(k),n(k)) are
bilinear forms, U(k) and W(k) are deterministic terms and A(k), D(k), C(k) and R are suitable

matrices.

Proof. The proof is constructive. The evolution of £ (k), &2(k) and £5(k) are given by:

§i(k+1) = Ao&i(k) + (A1 — Ag)&2(k) + (B1 — Bo)u(k)&3(k) + Bou(k)
+ (F1 — Fo)N(k)&3(k) + FoN (),

(3.3)
§2(k+1) = eoAoéi (k) + ((1 —e1)A; — €0A0>§2(k) + ((1 —e1)B1 — €OBO>UU€)§3(]€)

+ eoBou(k) — Bou(k)&3(k)Vo(k) — Biu(k)&s(k)Vi(k) + Ao&i(k)Vo(k)
— Ao&2(k)Vo(k) — A1&2(k)Vi(k) + (1 — e1) FAN(K)§3(k) — eoFo N (k)&3(k)
— FIN(k)Vi(k)&3(k) — FoN(k)Vo(k)&s(k) + Bou(k)Vo(k) + FoN(k)Vo(k) + eoFoN (k).

gg(k + 1) = (1 — &0 — 81)53(]{3) — (Vo(k’) + Vl(k’))gg(k’) + Vo(k’) + <o (35)



By defining the following stochastic sequence:

x1 (k) N (k)
xa (k) Vol(k) m = 3b+ 2,
nk)= | xs(k) | = Vi (k) e R™, xi(k) € R®, i=1,4,5, (3.6)
X4(k) VO(k)N(k) Xz(k) €ER, =23,
X5 (k) Vi(k)N (k)

equation (3.2) is achieved with the time-variant matrix A(k) given by:

AO Al — AO (B1 — B())U(k])
A(k) = | e0do (1 —e1)A1 — 0o ((1 —¢e1)B1 — 50Bo>u(k) ) (3.7)
Ol><n Ol><n (1_60_61)

the time-variant bilinear form:

B(k, &(k), n(k)) = (BQ(

with

Bi(§(k),n(k)) = (F1 = Fo)xa(k)&s(k)

(3.9)
and
FO OnXl On><1 On><b On><b Bou(k)
D(k) = | eoFo Bou(k) Onxi  Fo  Onxs | U(k) = | eoBou(k) (3.10)
O1xp 1 0 Oixe Oixp €0

The measurements equation in (3.2) comes by defining

C(k)=[Co C1—Cy (D1—Do)u(k)], W(k) = Dou(k), R=1[Go Ogxop+ny] (3.11)

M(&(k),n(k)) = (G1 — Go)x1(k)&s (k). (3.12)

From Remark 2.3 it easily comes that 7n(k) is a zero-mean sequence. In order to show the
whiteness of n(k), it has to be verified that

E[x:(k)x;(h)"] = 04, Vi, j=1,...5, Vk # h (3.13)

where O;; is a null matrix of suitable dimensions, according to (3.6). Some of (3.13) conditions
are clearly satisfied by construction or definition (i = 1,...,3, j =1i,...,3). All the others are



easily achieved by using the whiteness properties of N or V; as it is shown by the following
computation: let i =4, j =5 and k # h:

Bxa(k)xs(h)"] = E[Vo(k)N (k)N (h)"Vi(h)] = I [Vo(k)Vi(h)N (k)N (h)]

; (3.14)
= EMo(k)Vi(W]IE[N(F)N(h)'] = Oy

|
For the sequel, it is useful to rewrite the extended system (3.2) with respect to a zero-mean
state variable

C(k) = &(k) — £(k), (3.15)
with £(k) = E[(k)].

Theorem 3.2. The evolution of the zero-mean sequence ((k) defined in (3.15) is given by the
following equations:

C(k+1) = A(k)C(R) + F(k), ¢(0) = ¢o = £(0) — £(0),

() = CURG(E) +G(k) + Z(1 10
with _
() = B(b. (). (k) + B(k. (k). n(b) + Dk (k) -
G(k) = M(C(k), (k) + M(E(K), n(k)) + Rn(k) '
zero-mean white noise uncorrelated sequences. Z(k) = C(k)E(k) + W(k) is a deterministic
term.

Proof. Substitute £(k) = (k) + £(k) in (3.2). After some easy computations it comes:
C(k+1) = A(k)C(k)+B(k, C(k), n (k) +B(k, &(k), n(k)) +D(k)n(k) — I [B(k,§(k), n(k))] (3.18)
Let us prove that the last term IE[B(k, £(k),n(k))] is null. The first n components mean is:
BB (§(k),n(k))] = (F1 — Fo) E[pu(k)N (k)] = 0 (3.19)

as it comes from the independence of the sequences 1 and N. The second n components mean
is given by the following eight terms:

I [Bs(k, &(k), (k)] = —Bou(k)E[p(k)Vo(k)] — Bru(k) I [pu(k)V1 (k)]
+ A E[Vo(a(k)] — Ao [Vo(Ru(k)a (k)] — Ay E[Vy (0)u(k)(b)]
+ (L= 20) R — eoFo ) E[u(k)N (k)]
— BBV ()N ()] — FoTB [u(k)Vo (k)N ()]
(3.20)
As it can be seen by taking a look at equations (2.6) and (2.9), u(k) and x(k) are Borel functions
of {po,Vi(h), i=0,1; h=0,...,k—1} and {0, po, Vi(h), N(j), i =0,1; h=0,...,k—2; j =
0,....k— 1} respectively, and moreover N is a stochastic sequence independent of V;, so that
all the components of the eight terms in (3.20) are uncorrelated, and so (3.20) is null. The same

can be repeated to prove that IE|[Bs(£(k), n(k))] = 0.
To show that F(k) is a white noise sequence, note that it can be written as:

F(k) = Bk, (k) n(k)) + D(k)n(k) (3.21)



where D(k), the time-variant deterministic matrix such that D(k)n(k) = B(k,&(k),n(k)) +
D(k)n(k), is given by:

@ll(k) ~On><1 anl ~On><b ~On><b
Da1(k) Daz(k) Das(k) Da(k) Dos(k) (3:22)
leb D32(k) D33(k) Ol><b leb

with:
Dui(k) = (1 - &(k)) Fo + & (k) Fr, Dos(k) = (1 — &(k)) Fo,
Do (k) = e0(1 — & (k) Fo + (1 — e1)&(k) F, Dos (k) = &3(k) F1,
Daa(k) = Ao (§1(k) — &a2(k)) + Bou(k) — Bou(k)és(k), Dsa(k) =1 — &(k),
Das(k) = —A1&x(k) — Bru(k)E(k), Dys(k) = —E3(k).
(3.22)

To show the whiteness of F(k) it has to be proved that the first sequence in (3.21) is white
and, moreover, that it is uncorrelated with n(k) at different instants as it has been proved in
Theorem 3.1 that n(k) is a white noise. Let b;(k) = B;(k,((k),n(k)). by is clearly a white noise
sequence, as 1 and N are independent sequences. by is the sum of eight white noise sequences,
uncorrelated at different instants. To show the effectiveness of the previous statement it is
here reported the proof that the term Ap(a(k)x2(k), at time k, is uncorrelated with the term
Foxa(h)(s3(h), at time h < k. Note that:

Cz(kf):@1(/1/0,.T0,VZ(]),N(J), Z:07177 Jzoak_1)7
C3(h):g02<,u’07vl(])7 Z:07177 jzoah_l)a

where ¢, and (y are suitable Borel functions.

E[x2(k)¢s(h) AoCa(k)xa(h)" Fy | = AoIE[Vo(k)Vo(h)Cs(h)C2(R)N (h)T] Fy
:%EMWJ[(>WMM(Hﬁ¥am
(3.25)
as Vp(k) is independent of the other components in (3.25). By using the same procedure it is
easy to show that also b3 is a white noise sequence and that by, b, b3 and n are uncorrelated
at different instants.
The measurement equation in (3.16) easily comes by substituting £(k) = ((k) + (k) in the
output equation of (3.2). According to the state noise sequence (3.21), also the output noise
sequence G(k) can be put in the form:

(3.24)

G(k) = M(C(k),n(k)) + R(k)n(k), (3.26)
where
R(k) = [(G1 — Go)&(k) + Go  Oguzorn)). (3.27)

By wusing the same procedures previously adopted, it is easy to prove that also G
is a white noise sequence and, moreover, that F and G are uncorrelated sequences.
|

Remark 3.3. Note that, according to Theorem 3.1:

E(k + 1) = A(R)E(K) +U(R). §0) =& =, 0 -p)af. 1-p)" (329



Remark 3.4. Without a loss of generality, the bilinear term B(k, {(k),n(k)) can be expressed
in the form:

B(k,¢(k Z 1i (k) B; (k)¢ (k), (3.29)

where 7;(k) stands for the i-th scalar component of n(k) and B;(k) are time-variant matrices
in B(2n+1)><(2n+1).

Definition 3.5. Consider the vector Y* of all measurements y up to time k, defined as
y(0)
vh=1 1 | e RI*D, (3.30)
y(k)
and let L(Y*) denote the Hilbert space of all the linear transformations of the extended measured

output Y*. Then the optimal linear estimate of system (2.1), driven by the Markovian jump
defined in Lemma 2.2, is intended to be:

#(k) = [In O] (HCHILOS)] +E(R)). (3.31)

where the first term of the sum is given by the projection of the zero-mean extended state ((k)
onto L(Y¢) and the second term is the mean value of (k).

Remark 3.6. Definition 3.5 considers only the case of filtering the state z(k) of system (2.1).
However, the methodology proposed is able to estimate also the Markovian jump, if the input
suitably excites the system.

Theorem 3.7. According to Definition 3.5, the optimal linear state estimate of system (2.1)
s given by:

((k+1) = C(k+ 1k) + K(k+ 1) [y(k + 1) — C(k + 1){(k + 1|k) — Z(k +1)],
C(k + 11k) = A(k)C(F), 6(0|_f 1) =[] =0 (3.32)
E(k+1) = A(k)E(k) +U(K), £(0) = &o,
#(k) = [In Onx(nin)] (C(k) +E(K))

where C(0] — 1) is the minimum variance a priori prediction and the gain matriz K (k) is given
by the following Riccati equations:

Pp(k+1) = Ak)P(k)A(E)T + U £(k), k>0
K(k+1)=Pp(k+ 1)Ck+1)7(Clk+1)Ppk+ 1)Ck+1)T + Ug(k+ 1)) (3.33)
(k+ 1) = ( K(k+1)C(k+ 1)) Pp(k + 1) '
Pp(0) = ¥ (0)
with ¥z (k) and Yg(k) the covariance matrices of the noise sequences F and G given by:
Ue(k+1) = A(k)‘l’c(k')A(k)T + Ur(k), U¢(0) = cov(&o)
U (k) = D(k) Z YU (k)Bi(k)T, U, = cov(n(k)) (3.34)

Vg (k) = R(K)T,R(K)" + (G1 = Go)(Gr — Go) g, (k).



10.

Proof. The filter and Riccati equations (3.32), (3.33) come out by applying the Kalman filter
to system (3.16). According to (3.21) and (3.29), the extended state noise covariance matrix
U (k) is given by:

+ Y Bk E[ni(k)¢(k)n(k)T]D(k)T + ) D) E [mi(k)n(k)C (k)] Bi(k)"

i=1 i=1
(3.35)
The last two terms in (3.35) are null, as (k) is uncorrelated to (k) and, moreover, they are
both zero-mean sequences. As far as W, (k), it is easy to show that it is a diagonal matrix, given
by:
I
o go(l—gg) .
(k)= |- er(l1—e) _ (3.36)
. o(1 — o)1,
: 81(1 — 81)Ib

5. Simulations

In order to test the theory developed in this paper, numerical simulations have been produced.
Without loss of generality, the system to be filtered has been supposed with no deterministic
drift, that is equations (2.1) are considered with B, k) = Opnxp, Vu(k) € {0,1}. Numerical data
are the following:

0.1 O 1

0
AOZ 0 0.2 0.5 , Coz {065 1 _(2)}, Fo: —-0.6 0 3 GO: {8 015}
| —01 1 05 L 0 '
(02 0 1 010
0.1 0.1-08 ’ —13 0 '
(3.37)
The Markovian jump transition matrix has been chosen as the following:
0.8 0.3
= {0.2 0.7] (3:3%)

In order to show the efficiency of the algorithm, the noise sequence N (k) is a zero-mean sequence,
whose distribution is the following:

(3.39)



The pictures below report the filtered state compared with the real one.

—— the real state
———————— the estimated state

10 20 30 40 S50 o0 70 80 o0 100
Fig. 4.1 — True and estimated state: the first component.

—— the real state
———————— the estimated state

10 20 30 40 50 GO 7O 80 S0 100

Fig. 4.2 — True and estimated state: the second component.

—— the rcal state B
———————— the estimated state

10 20 30 40 50 [sl0) 70 |0 SO 100

Fig. 4.3 — True and estimated state: the third component.

11.



12.

6. Conclusions

In this paper a new approach in filtering the state of a stochastic variable structure system,
driven by a Markovian jump is proposed. By using a state space realization for the Markov
process and the formalism of bilinear systems, the optimal linear filter, in the sense of minimum
variance, achieves the best estimate among all the linear transformations of the measured out-
put. The algorithm can be considered as a useful key tool to solve the problem of suboptimal
estimates, when the system is affected by non-Gaussian noises, in the framework of polynomial
filters. Numerical simulations show the goodness of the theoretical results.
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