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Goals of this work

- Establish a correspondence between
Theorem Proving and Program Transformation

- Exploit this correspondence for performing
software verification
by means of
program transformers, program specializers, ...

Long term goal: Design of a uniform framework based on unfold/fold
transformations for software development (synthesis, verification,
transformation, specialization).



A Case Study: Monadic Second Order Logics

Monadic second order (MSO) logics are logics of membership to sets
of strings. Very expressive, decidable. [Biichi 60, Thatcher-Wright 68, Rabin 69] |

MSO logics are useful for the automatic verification of finite state
Systems. [MONA, Klarlund et al. 96]

We will propose methods based on unfold/fold transformations for:

- proving WS1S formulas (a fragment of MSO), thereby yielding a
‘completeness’ result for unfold/fold transformations w.r.t. WS1S;

- synthesizing definite logic programs from WS1S specifications.




M odelling a multiprocess system

The number of processes of the system may change dynamically.
A processisidentified by a natural number.

A state S of the system is represented by a pair [W,ULbf sets of processes:
(1) the set W of processes waiting for aresource
(2) the set U of processes using aresource

reach(S) « nit(S)

reach(S) ~ create(S1,S) L reach(S1)
reach(S) — use(S1,S) Lreach(S1)
reach(S) ~ release(S1,S) U reach(S1)

where init, create, use, release represent the transition relation and
are specified by WS1S formul as.



The Transition Relation

Initial state:
Init(W,U0 = empty(W) Oempty(U)

Create a new process:
cre(fW,ULIW1,Ul10) =
[V (Z=WUU [
((empty(Z) UW1={0}) O
(mempty(Z) O M (max(Z,M) OW1=W[L{M+1})))) U
Ul=U

Use the resource:
use((W,ULIW1,Ul0) =

[N (NOW OL[Z (Z=WQOU Omin(Z,N)) OW1=W-{N} [
U1=UL{N})
Release the resource:
rel((W,ULIW1,U10) =
wWi=w O
[N (NOU O U1=U-{N})



Verification and Synthesis Examples

We will present automatic methods based on unfold/fold
transformations for

- proving WS1S formulas, such as:
W OU OW1 OU1 (use(tW,ULIW1L,UlD - —empty(Ul))

- synthesizing terminating definite logic programs from WS1S
specifications, such asinit, create, use, release:

use(TW,UJW1,U10) =
N (NOW O [Z (Z =WOU Omin(Z,N)) OW1=W-{ N} OU1=UO{N})

Also empty, [, -, min, have WSLS specifications.



Overview

» Weak monadic second order theory of one successor (WS1S)
* Encoding WS1S into stratified logic programs

* The unfold/fold proof method:
- transformation rules
- transformation strategy

e Termination of the strategy
e The unfold/fold synthesis method

o Optimizations: Discarding useless types, Determinization,
Minimization, Deletion of useless clauses

 |mplementation




WS1S: Syntax

The Weak Monadic Second Order theory of one successor (WSLS) is
the theory of membership to finite sets of natural numbers.

Syntax (2-sorted)

Individual variables. N inlvars

Set variables: Sin Svars

Functionsymbols. 0, s()

Predicate symbols. [

Individual terms: n::=0| N | sn)

Formulas: ¢::=nUS| ¢ | d1Udo | INO | SO

Weadsouse [ -, «, []asabbreviations.

We consider afirst order presentation.
. For asecond order presentation, write S(n) instead of n(IS.




W S1S: Semantics

Semantics

Interpretation [

e Domainof [I:  Nat U Pgn(Nat)  whereNat=4{0,1,2,...}

o 0 isinterpreted as the zero of Nat
s( ) is interpreted as the successor function +1

[1 is interpreted as the membership relation on Nat x P¢n(Nat)

o |Fwsis® Iff U|=0¢

|=wsis ¢ 1 decidable [Buchi 60, by using automata-theory]




WS1S

W SIS specifications (i.e. open formulas)

set equality: S1=S2 =[N (NOSL « NOS2)

Sis’downward’ closed
order over numbers:

N1<N2 = 0S (N20S OON3 (s(N3)0S — N30S) |- N10S)

WS1S properties (i.e. closed formulas)

Every finite set of natural numbers has a maximum el ement:

0S CN(NOS O-[N1 (N10S 0-N1<N))

There exists no finite set which is nonempty and ’'upward’ closed:
= [S(CN1 (N10S) OON2 (N20S - s(N2)11S))




Encoding WS1SintoLP (1)

Natural numbers: 0, S(0), s(s(0)), . . .
Finite sets. [bg,by, .. ., bn] wherebjin{t f}

$4(0) belongsto[by, . . ., by iff O<k<m and b=t
{0,3,4} isrepresentedby [t f.f,t,t] andasoby [t ,f.f,t,t f]
(] isrepresentedby [] andasoby [f,. .. f]

Program Natset

nat(0) — O<N ~

nat(s(N)) — nat(N) S(N1) < s(N2) -« N1<N2
set([ ]) OO[t]S «

set([t |S]) ~ set(S) s(N) O[B|S] - NOS
set([f [S]) ~ set(S)




Encoding WS1Sinto LP (2)

| GiventheWsiSformula: ¢ = ON1 [N2 N1<N2

Rewrite as: P =-[CN1-N2 N1<N2
Apply the LIoyd-Topor transformation starting from the statement f —

h(N1) — N1<N2

Addtypes | = _ g

Cls(f.0): |9 — nat(N1) O~ h(N1) Stratified

program
N(N1) — nat(N1) Onat(N2) 0N1<N2 f>g>h




Semantics of Definite Logic Programs

» Every definite logic program (no negation in bodies) has aleast Herbrand
model.

e B : theset of all ground atoms in the first order language L used for writing
programs and formulas

e Interpretation: asubset Oof B, (i.e. 0025
O=A iff ADD and O=-Aiff AOD

* Immediate conseguence operator: Tp: 9BL _, 9BL

Tp(L)={A|A « Ly U...OLxIsaground instance of aclausein P,
and, fori =1,...,n, U|J|=L;}

» Tpisacontinuous operator on the lattice 2BL of all Interpretations. The

least Herbrand model of Pis: M(P) = Ifp(Tp) = Tp(D).



Nonmonotonicity and Semantics of Negation

 For general logic programs (with negated atoms in bodies) Tp Is
nonmonotonic and some programs have no least Herbrand model.
For instance:
P < ~(
has two minimal models: {p} and {q}

* We can associate a program with a unigue model (possibly not least)

by ordering the atoms: g < p.
We compute the model bottom-up wrt < :

1. The least model of the clauses with head g is 1 and g is false in [I.
2. Assuming that g is false, the least model of p —« =q is {p}.



Stratified Logic Programs

e A level mapping isafunction a: B - wwhere wisthe set of natural
numbers. a(-A)=c(A)

e Aclause H ~ Lq0...0OLpisstratified wrt o iff
for 1=1,...,n, If Lj iIsan atom then a(H) = o(L;)
If Lj Isanegated atom then o(H) > o(L;)
(no recursion through negation)

o A program Pisstratified iff there existsalevel mapping o such
that every clause of Pis stratified wrt o

*P. p~ -q issratified (wrt any level mapping o such that o(p) > o(q))
d<49

* P — —p Isnot stratified: there is no level mapping o such that a(p) > a(p)



Perfect Model

 Immediate consequence operator Tpp: U (BL) — U (By)
where P is astratified program and nlJw

Tpn(L)={A|A « L1 U...OLyisaground instance of aclausein P,
o(A)=n, andfori=1,...,n if g(Lj)=nthen|=L;
elseif a(Lj)=m<nthenIfp(Tpm) |- Li}

Tp (L) isthe set of atoms at level n that are one-step consequences
(using the clauses in P) of the literals that are true in J and of the literals
that are true at any level m<n

* For every ordinal nUw, Tpp, Isacontinuous operator on the lattice
9BL The perfect mode of Pis defined as

M(P) = Linow Ifp(Ten)

* P p~qQ M(P)={p}
q-g




Lloyd-Topor Transformation

Apply as long as possible the following transformations
(C[W] denotes a formula of the form: ... Oy [I...)

HeClmyl O H. Clu

H — C[-newp(Xy,....Xk)]
newp(Xy,....Xk) « Y12
where Xi,...,Xk are the free variables of Y12

H « Cl-(ir2)] D{

H — C[-newp(Xy,....Xk)]
newp(Xy,...Xk) « W
where Xi,...,Xi are the free variables of

HeCl-OXy] O {

H — C[EX Y] O H <~ C[y{X/Y}] whereY isanew variable




Addition of Types

H < nat(Nq) O... Onat(Ny) O

set(Sy) O... Oset(Sy) O
Aq ... OA : inai
1 n \ Set variables occurri ngin
H- AO...0A,



Correctness of the Encoding

Theorem

Fwsis® 11T M(Natset U CIs(f,9)) [= 1

Perfect (= Standard = Stable = Well-founded) model




L imitations of SL DNF-resolution (Prolog)

fe-g
Cls(f,0): g « nat(N1) - h(N1)
h(N1) — nat(N1) Onat(N2) ON1<N2

Sl FS— .- SL DNF-resolution does not ter minate

nat(N1) 0- h(N1)

/\

- h(0) nat(N1) - h(s(N1))

v
failure - h(ls(O)) nat(N1) U- h(s(s(N1)))

faill v
alure 00




Limitations of Tabled Resolution (XSB)

f—=g
Cls(f,$): g « nat(N1) 0= h(N1)
h(N1) « nat(N1) Onat(N2) ON1<N2

No repeated goal.
tabled resolution does not terminate

nat(N1) O- h(N1)

/\;

- h(0) nat(N1) - h(s(N1))

\4
failure - h(ls(O)) nat(N1) (1= h(s(s(N1)))

faill v
alure 00




. Proving WS1S via Program Transformation

level 2

unfolding

folding

level 3

unfolding

[ M(Natset U Cls(f,9)) |- f
[1 by the correctness of the encoding and the correctness of the
transformations,

[|:W81S¢ j




The Unfold/Fold Proof M ethod

Let ¢ beaclosed WS1S formula.

Step 1. (Encoding into stratified LP)

¢ T >~ Cls(f,9)
Lloyd-Topor transformation + type addition

Fwas® 1ff M(Natset U Cls(f,0)) |- f

Step 2. (Unfold/fold transformations)
Natset O Cls(f, ) — ... — T

unfolding and folding rules applied according to a strategy

M(Natset L1 Cls(f,9)) [=f iff f « belongstoT




Rule-based Program Transformation

« Weconsider stratified normal logic programswith the Perfect
Model (= Standard Model) semantics.

* Program transformation: Construct a sequence of programs

wher e Py +1 Isderived from Pk by applying a transformation rule.

e Thetransformation rules preservethe Perfect M odel.

[ M (Pg U Defs,) = M(Pp) J

wher e Defs, isthe set of new definitions introduced during
program transformation.




The Unfold/Fold Transformation Rules

 Construct atransformation sequence, that is, a sequence of programs

where P+ is derived from Pk by applying atransformation rule

 Transformation Rules:
- R1. Definition Introduction

- R2. Unfolding (w.r.t. positive or negative literals)
- R3. Folding

- R4. Tautologies



LT Transformation: Less-or-Equal Example

P: O<N « nat(0) —
S(N1) < s(N2) — N1<N2 nat(s(X)) « nat(X)

d: [IN N<s(N)
Rewrite ¢ as. [N = N<s(N)

Introduce the statement:  f — = [N- N<s(N)

\ LT transformation + type addition

: Locally stratified
Cls(f,0): { g < na(N) O- N<s(N) ocally Ifi

Note:
[IN (g « nat(N) - N<s(N)) = g « [N(nat(N) - N<s(N))



Definition Introduction: Less-or-Equal Example

Po: O<N ~
S(N1) < s(N2) —« N1<N2
nat(0) —
nat(s(X)) — nat(X)

Definition Introduction (twice): 01: g « nat(N) - N<s(N)

v 62 f — ﬂg
P> O<N Defsy = { 01,02}
S(N1) < s(N2) —« N1<N2
nat(0) —

nat(s(X)) — nat(X)
01: g « nat(N) 00—~ N<s(N)
62: f mle



R1. Definition Introduction

|ntroduce a new definition, that Is, a clause

o. newp(X1,...,Xn) « L10...0Lp

where:
* newp isanew predicate symbol

e X1,...,Xparedistinct variables occurring in L1 0... 0L
* the predicate symbolsof Lq0...0Lp occur in Pk

Ple1=PcO{3} |

Defs, isthe set of definitions introduced up to step k

No recursive definitions, no multiple clause definitions



Positive Unfolding: Less-or-Equal Example

P> 0<N ~
S(N1) < s(N2) —« N1<N2
nat(0)| —
nat(s(X)) |~ pat(x)

51: g < nat(N)|J- N<s(N)
f =g

replace l Unfolding 0; wrt [nat(N)

P32 O0O<N Defsg = {01,020}
s(N1) < s(N2) « N1<N2
nat(0) —
nat(s(X)) — nat(X)

A g« - O<S(O) {N/C}

SNV nat(X) [1- s(X)ss(s(X)) | {N/s(X)}




R2". Positive Unfolding

Given aclausein Py

take all clausesin P, whose head H; unifieswith A via an mgu 6;

Hl(—

Hml

(H — G1OBody;|0Gy) 61
Perr =(P\{A}) 0§ - }
(H « Gq DBodyH0Go) O

If m=0 then delete A from Py



Negative Unfolding: Less-or-Equal Example

P3Z O< N| <
S(N1) < S(N2) [« N1 N2
nat(0) —

nat(s(X)) — nat(x)

A1 g « [~ 0<5(0)

A2t g « nat(X) Op §(X)<g(s(X)) ||

f(—_lg

Unfolding A1 wrt [= 0<s(0) | and
repace 1 Na Wit} SOO=SS)

s(N1) < s(N2) — N1<N2 Defsy = { 01,02}
nat(0) —
nat(s(X)) « nat(X)
_g —=0<50) { N/O}
A3: g« nat(X) Op X=9(X) {NL/X, N2/X}
f—-g




R2 . Negative Unfolding

Given a clause in Py AN H - GORAIDG)

take all clauses in P, whose head H; unifies with A via an mgu 6;

Hy| Hm|< [Bodyy
if (1)A=H10:=...=Hn 08, (Aisaninstance of Hy, ..., Hpy)
(2) Bodyq, ..., Bodyy have no existential variables

then take the disjunctive normal form

Per=P\ AN O{H [@] ..

If m=0 then delete —=A from the body of A; if AB — is a clause in Pk then delete A.




Negative Unfolding: Example

h(X) « nat(X) 0= p(s(X))
p(0)

p(s(X))| — [1X)
P (X) Q5 Elga X))




Folding: Less-or-Equal Example

: 0N Defsy: d1:1g < [nat(N) 0O~ N<s(N)
S(N1) < s(N2) —« N1<N2 O f « =g
nat(0) —

nat(s(X)) — nat(X)

- g < [nat(X) = X<9(X)

f(—_lg

l folding Az wrtnat(X) = X<s(X)

: 0<N <

S(N1) < s(N2) — N1< N2
nat(0) —

nat(s(X)) — nat(X)




R3. Folding

Given aclausein Py M H- G OGPpOGs

and a definition in Defsk 0

If (1) 8 =6, 6, where:
- 8, and 0, share no variables
- 0, Isarenaming of the existential variables of 0

and (2) o has been (or will be) unfolded w.r.t. apositive literal

then | P =(P\{A}) O{H < Gy New

Similar to [ Tamaki-Sato 84, Seki 91], except for (*)

(*)



Folding: Condition (2)

Po: PX) « p(X)

p(X) < q

q — fail
P1: newp « = p(X) definition introduction
Po: newp « = p(X) = q unfolding wrt = p(X)
P3:  newp « newp - q folding

newp L M(Pg U Defsg) = M(P1) and newp O M(P3)



Tautologies: Less-or-Equal Example

Ps: O<SN ~
S(N1) < s(N2) —« N1<N2
nat(0) —
nat(s(X)) < nat(X)

a9 ~g H « HOG isatautology
f «— _lg

Finally, by unfolding f — - g we get (thereis no clause for g):

P7Z O<N <~
S(N1) < s(N2) -« N1<N2
nat(0) — f — belongsto P,
nat(s(X)) « nat(X) = fOM(Py)

f = M(Pg) |= ON (nat(N) — N<s(N))



Tautologies

[ Pc+1 = (Pk \ Cs) U Ds }

where Cs 1 Dsisan instance of one of the following rewritings:

[H< AO-ADOG)
{(H< HOG}

{H< G OL, 0L, OGy
(He LOLOG)

{H «— G]_,
H ~ Gy UGy}

[H < ADG,OGy,
H < -A0Gy)

[]

O OO O 0O

[]
[]

{H < G OL,OL; O0Gy}
{H<LOG)

H < =A 0Gy}



A Derived Rule: Propositional Simplification

Suppose that in Pk a predicate p depends on nullary predicates only.
Then p U M(Px) is decidable and,by unfolding and tautologies,

if pOM(PK) then (P =(Pc\Dp) O{p « })

If pUM(Px) then [Pk+1 = (P« \ Dp)]

where Dy, isthe set of clausesin Pk with head p



Correctness of the Unfold/Fold rules

Theorem: Let Py, . . ., P, be atransformation sequence. Let Defs, be the
set of definitions introduced in that sequence. Then

[ M(Pg U Defs,) = M(Pp) J




The Unfold/Fold Transformation Strategy

PU Cls(f,p) =S U ... O S isafinite partition into levels where:

- &): P
- the predicatesin S depend only on predicatesin Sp O ... 0 S

. YES (" Propositional Final Program
Simplification for level i
l NO

@nfold & Tautolog%s unfold all clausesin InDefsw.r.t. al
1 positive and negative literals

(Defi ne and FO@

\

fold all non-unit clausesif possible;
Introduce new definitionsin InDefs
otherwise




Termination

Theorem. For all WS1S formulas ¢, the unfold/fold strategy
Natset I Cls(f,¢) terminates and the final program T contains either

f — ornoclausefor f.

Proof. Only afinite number of new definitions are generated (no
generalization is needed).

By construction, all clausesin T are definite clauses of the form:

P(ty, ..., t) « aqu(Xq, ..., Xy O. .. Oge(Xy, - . . Xw)
where: t:=0[(N) [[]|[BIS] and

, T

X1y Xj, .t

,Xj, ..., Xgaredistinct variables occurring inty, . . .

In particular, if pisO-ary, then we derive a set of propositional clauses

for p, and by the propositional simplification the final program T
contains either p — or no clause for p.




The Transformation Strategy (Example 1)

Cls(f,b):

f(——lg

g <« nat(N1) O0- h(N1)

h(N1)

h(N1) —

h(0)

h(S(ND))

h(0) —
h(s(N)) — h{N)

level 1

unfolding

folding




unfolding

folding

level

unfolding

1 M(Natset O CIs(f,0)) |= f

[1 by the correctness of the encoding and the correctness of the
transformations,




Program Synthesis from WS1S Formulas

Example (Maximum of a set).

¢ = NOS O-[N1 (N10S 0-N1<N

free variables
Apply the Lloyd-Topor transformation starting from the statement:

max(S,N) « NOS - [ENT(NIEISFi-N1sN)
and add types
‘max(SN) — set(S) Onat(N) ONOS O - newp(SN)
newp(SN) ~ set(S) Unat(N) [nat(N1) INILS - NI1<N




... Program Synthesis from WS1S Formulas

Apply the unfold/fold transformation strategy starting from:

Natset [1 Cls(max, ¢)

and derive aprogram for computing the maximum of a set:

max([t |5],0) — newl1(S)
max([t |S5],s(N)) — max(S,N)
max([f |5],s(N)) — max(S,N)
newl([]) <

newl([f [S]) « newl(S)




The Unfold/Fold Synthesis M ethod

Let ¢ beaWSLS formulawith free variables X4, . .., Xp.

Step 1. (Encoding into stratified LP)
¢ — ClIs(f,p) Lloyd-Topor transformation + type addition

for al ground termsty, . . ., t,,
Fwas ®{ X1/t1, . . ., Xpftp} 1ff M(Natset U CIs(f,0)) |=f(tq, ..., tp)

Step 2. (Unfold/fold transformations)

Natset O Cls(f,¢) — ... — T unfold/fold strategy

for al ground termsty, .. ., t,,
M(Natset O CIs(f,9)) |=f(ty, ..., ty) iff M(T) |=1(tq, ..., tn)




Optimizations: (1) Discarding uselesstypes

Some type atoms can be discarded.

Example:

¢ = NOS 0-[N1 (N10S 0-~N1<N)

max(S,N) « set(S) [ ngt(’]() [INLS = newp(S,N)

o [leWp(S’N) ~ a1(S) Tnat(N) T natNl) NS 0-N1s<N

because  M(Natset) |= ON OS (NOS - nat(N))




Optimizations. (2) Deter minization

The program derived by the u/f strategy may be nondeterministic

p(s(X)) < q(X)
p(s(X)) « r(X)
q0)

q(s(X)) < r(X)
r(s(X)) < aX)

new(X) < |g(Xx)
new(X) < r(X)

new(0) —
new(s(X)) < F(X)
new(s(X)) — ax)

new(0) —

new(s(X)) — new(X)

multiple clause
definition

unfolding

multiple clause
folding




Optimizations. (3) Minimization

The programs derived during the unfold/fold strategy may contain
equivalent predicates.

p(0)
p(s(X)) < |a(X)
q0)
q(s(X)) « [p(X) |

p and g have the same definition modul o predicate names.
M(P) |= UX(p(X) < a(X))

p(0)
P(s(X)) « |p(X) goal replacements
q0)
q(s(X)) « [a(X)




Deletion of Useless Clauses

Suppose that P is a definite program.

Px = Prop(Px)
p(...) < a(..) P« Q

If p O M(Prop(Px)) then [Pk+1 = (Px\ Dp)]

where Dy, isthe set of clausesin Pk with head p

Example: Px - Prop(Px)
p(s(X)) < a(X) P-d
a(s(X)) < p(X) q-p

the clauses for p and q can be deleted



Incremental Verification

To prove the WS1S formula:
Ow OU OW1 00Ul (use(tW,ULIW1,U10 - —empty(Ul))

where:
use(fW,ULIW1,Ul0) =
[N (NOW O Z (Z=WLU Omin(Z,N)) OW1=W-{N} OU1=UO{N})

Synthesize programs for:
- set union

-min

- set difference

- singleton

- empty set

- use

Add the synthesized programs to Natset and prove the WS1S formulain the
derived program



| mplementation

The unfold/fold proof and synthesis methods have been implemented
on the MAP transformation system, available at
http://www.iasi.rm.cnr.it/~proietti/system.htmi

Reasonable efficiency for small formulas.




Program Verification using CLP

(Given a locally stratified CLP(D) program P and

a first order formula ¢

Check whether or not M(P)E ¢

1. Apply Lloyd-Topor transformation starting from :
f—¢
and derive alocally stratified program CIs(f,¢)
s.t. M(P) ¢ iff M(P UOCIs(f, o) E £

rules =

2. Apply rules according to a strategy: P [ Cls(f,0) T
s.t. either f —« isin T (in which case M(P) ko)
or no clause for fisin T (in which case M(P) F¢)




Verifying a Semaphore 1

(Program P:

1. down(X1) —« X1=X+1 1= down(X)

2.up(0, 0) ~

3.up(X1, 0) « X1=X+1 Odown(X)
4.up(X1, Y1) « X1=X+10Y1=Y+1 OX>Y Oup(X1,Y)
¢ : OX,Y (X>Y OX2=X+2 0up(X,Y) - up(X2, 0))

up |0,0 (2,00 2,1 4,00 4,1 4,2 43 | 6,0 ... 6,5 | 8,0 ...

|dOWIl 1 3 5|

Westart from :
f < OX,)Y (X>Y UX2=X+2 Oup(X,Y) - up(X2, 0))
After Lloyd-Topor we get .

61: «— 1 g
7.9 « X>Y OX2=X+2 0up(X,Y) 0= up(X2, 0)




Program Synthesis

(Given a locally stratified CLP(D) program P and

a first order formula ¢[X]

Derive an efficient program S defining s(X) s.t.
[ ground term t

MP)E o[t] iff M(S)E s(t)

1. Apply Lloyd-Topor transformation starting from :

s(X) < ¢1X]
and derive a possibly inefficient, locally stratified program Cls(s,d)
s.t. 0 ground term t, M(P) F¢[t] iff M(P U Cls(s,0)) E s(t)

rules % S

2. Apply rules according to a strategy: P U Cls(s,9)

[ Kowalski’s Festschrift 2002 ]



Synthesis of max 1

Program P :

LIlist([]) <

2. list([X[X9]) « list(Xs)

3. member (X, [A|AS]) « X=A

4. member (X, [AJAS]) —« member (X,AS)

\.

¢[L,M] : list(L) Umember(M,L) LLX (member (X,L) - X<M)

Wedtart from :
max(L,M) ~ list(L) Omember(M,L) LLX(member (X,L) - X<M)

After Lloyd-Topor we get :

6. max(L,M) < list(L) Omember(M,L) L0~ newl(L,M)
7.newl(L,M) — member(X,L) - X<M



Synthesis of max

Synthesized Program :

16. max([A|As], M) « new2(A, As, M)

17. new2(A,[],M) « M =A

21. new2(A, [B|AS], M) -« B<A [Onew2(A, As, M)
22. new2(A, [B|AS], M) « A <B new2(B, As, M)




