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Program Transformation for Logic Programs

Transforming programs while preserving semantics

P, = ... = P,
MP) = ... = M(P,)
UNFOLDING
g;g:g”? — n: H—BAR
FOLDING
[ — g H—KAR
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Existential Variables

An Existential Variable occurs in the body of a clause and
not in its head

(recall, VX (p — q(X)) = p < 3Xq(X))

By folding we can eliminate existential variables and, thus,
- reduce nondeterminism
- avoid intermediate data structures
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Optimization by Existential Variables Elimination

Example

String matching: S=L:(P: R)

;. ZE?]TC?(("})S) : a(L, PR, S) A a(P, R, PR) existential
5 AXIXY.XZSD) —  a(xsY.Zs) variables
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Optimization by Existential Variables Elimination

Example

String matching:

1. match(P, S)
2. a([l, X, X)

3. a([X|Xs],Y,[X|Zs])

4.  match(P, S)
5. match(P, [X|S])
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S=L:(P:R)

— a(L,PR,S)na(P,R,PR)
—

— a(Xs,Y,Zs)

| unFoLD 1
—

—

a(P,R,S)
a(L, PR,S) A a(P, R, PR)

existential
variables
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Optimization by Existential Variables Elimination

Example

String matching: S=L:(P: R)

1. match(P, S)

— a(L,PR,S)na(P,R,PR) . .
2. a(], X, X) _ existential
’ v variables
3. a([X|Xs],Y,[X|Zs]) < a(Xs,Y,Zs)
| unFoLD 1
4.  match(P, S) — a(P,R,S)
5. match(P,[X|S]) — a(L,PR,S)Aa(P, R, PR)
|} FoLb s
4. match(P, S) — a(P,R,S)
6. match(P,[X|S]) — match(P, S)
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Optimization by Existential Variables Elimination

4. match(P, S) — a(P,R,S)
6. match(P,[X|S]) — match(P, S)
|} DEFINE; UNFOLD; FOLD
7. match(P,S) —  prefix(P,S)
6. match(P,[X|S]) — match(P, S) no existential
8. prefix([], S) — variables
9. prefix([X|P],[X|S]) <« prefix(P,S)

By eliminating the existential variables

- we avoided the construction of the intermediate list PR

- we reduced nondeterminism
Not every possible application of folding ensure the elimination
of existential variables.

(2)
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Folding for Constraint Logic Programs

v H — C AN G EXISTENTIAL VARIABLE ELIMINATION
50 K — dAB Vars(Kv) C Vars(H)
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Folding for Constraint Logic Programs

v H — C AN G EXISTENTIAL VARIABLE ELIMINATION
5 K <« dAB Vars(Kv) C Vars(H)

I = v = A
Y: H «— en(dABYAR (1) ACAEG < BIANR

(equivalence modulo
Associativity and
Commutativity of A)

(2 DEVY(c < e A dV)
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Folding for Constraint Logic Programs

H « ¢cnG
6: K «— dAB

!
v: H « eA(dABYAR

| FoLoma

nn H « enKVAR
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EXISTENTIAL VARIABLE ELIMINATION
Vars(Kv) C Vars(H)

N = ~If
(1) ACA =G <« BIAR

(equivalence modulo
Associativity and
Commutativity of A)

(2 DEVY(c < e A dV)
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An Example of CLP Folding

v p(X) - 1 _X> 0 A X+Z_1 ZO A Q(Z) EXISTENTIAL VARIABLE ELIMINATION
5: s(Y) « W>0AY+2W-3>0 A q(W) Vars(s(Y)J) < {X}
I =

vioop(Y) «— 1-X>0AN(W>0AY+2W-3>0 A q(W)){Y/2X+1,W/Z}
|l roLpiNG

ne p(Y) — 1-X>0As(Y){Y/2X+1,W/Z}
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An Example of CLP Folding

v p(X) - 1 _X> 0 A X+Z_1 20 A Q(Z) EXISTENTIAL VARIABLE ELIMINATION
5: s(Y) « W>0AY+2W-3>0 A q(W) Vars(s(Y)J) < {X}
I =

vioop(Y) «— 1-X>0AN(W>0AY+2W-3>0 A q(W)){Y/2X+1,W/Z}
|l roLpiNG

ne p(Y) — 1-X>0As(Y){Y/2X+1,W/Z}

We can show that, in this case, v => ' since conditions (1) and (2) of the
definition of = are satisfied

But, in general, B
H—cAG=H<—?A(dAB)?A?

how do we fill the question marks ?
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Our Contribution

A Folding Algorithm which, given

v H « ¢cAnG
0 K « dAB

computes e, ¥, R such that

H—cANG=H—eA(dABYAR

and

EXISTENTIAL VARIABLE ELIMINATION
Vars(Kv) C Vars(H)
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A Two-Step Folding Algorithm

v: H—cAG
0: K—dAB
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A Two-Step Folding Algorithm

v: H—cAG
0: K—dAB
I = Step 1: GOAL MATCHING ACAEG < BanR

H«—cABaANR
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A Two-Step Folding Algorithm

v: H—cAG
0: K—dAB
I = Step 1: GOAL MATCHING ACAEG < BanR

H«—cABaANR

| = step 2: consTRANTMATCHING D =V (€ = e A daf)

H«—eANdaB NBaf AR
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A Two-Step Folding Algorithm

v: H—cAG
0: K—dAB
I = Step 1: GOAL MATCHING ACAEG < BanR

H—cnAnBanR

Il = step 2: cONsTRANTMATCHING D =V (€ < e A daf3)
H«—eANdaB NBaf AR

(3 FOLDING

n H—enKIAR 9 =af
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Step 1 - Goal Matching

Problem: find « and R such that
AC/\ |: G+~ BanR
(+ additional conditions on the substitution «)

Algorithm: start from B/G and apply the following rewritings

L1/\B// GiNLAGo — L1/L27 B//G1/\Gz
a(sy,...,sn)/alty,....tn) = S1/t,....8n/ 1t
a(ss,...,sn)/ X = fail

X /Y, true/R = fail if Yisavariablein R

| {B/G} =" aU{true/R} |
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Step 2 - Constraint Matching

Problem: find a constraint e and a substitution  such that

DEV(c—endp)

(1) e can be computed from ¢ by projecting out the variables not
occuring in H:
e = project(c, Vars(H))

(2) computing 5 is more problematic, even if we stick to linear
constraints on the domain of real numbers R or rational numbers

Q
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We Cannot Use Tarski’s Quantifier Elimination

Find f such that DEVX (c(X) < e(X)ANd(Y){Y/(X)})
Jé]
which is equivalent to

find mand g such that D = VX (¢(X) < e(X) Ad(mX + q))
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We Cannot Use Tarski’s Quantifier Elimination

Find f such that

which is equivalent to

DEVX(c(X)<—e

(X) A d(YV){Y/H(X)})

Jé]

find mand g such that D = VX (¢(X) < e(X) Ad(mX + q))

Case of real numbers R Case of rational numbers Q

VX (c(X) < e(X)Ad(mX + q))
by Cylindric Algebraic
Decomposition

w(m, q)

@ is a nonlinear quantifier-free formula
and, in general, it is impossible to com-
pute explicitly m and q

VX (c(X) < e(X) A d(mX + q))

l

The existence of a general procedure for
the elimination of quantifiers is an open

problem

A Folding Algorithm for Eliminating Existential Variables
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An Example of Constraint Matching

Given c and d,
compute e and 3 such that

1.1-X>0AX+Z-1>0 & 1-X>0AN(Z£>0 A Y4+2Z-3>0){Y/2X+ 1}
c — e A d 5]

2. Vars(Y[3) C {X} (EXISTENTIAL VARIABLE ELIMINATION )
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An Example of Constraint Matching

Given c and d,
compute e and 3 such that

1.1-X>0AX+Z-1>0 & 1-X>0AN(Z£>0 A Y4+2Z-3>0){Y/2X+ 1}
c — e A d 5]

2. Vars(Y[3) C {X} (EXISTENTIAL VARIABLE ELIMINATION )

e = project(1-X>0 A X+Z-1>0,{X})=1-X>0
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An Example of Constraint Matching

Given c and d,
compute e and 3 such that

1.1-X>0AX+Z-1>0 & 1-X>0AN(Z£>0 A Y4+2Z-3>0){Y/2X+ 1}
c — e A d 5]

2. Vars(Y[3) C {X} (EXISTENTIAL VARIABLE ELIMINATION )

e = project(1-X>0 A X+Z-1>0,{X})=1-X>0

1. 1-X>0<1-X>0
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An Example of Constraint Matching

Given c and d,
compute e and 3 such that

1.1-X>0AX+Z-1>0 & 1-X>0AN(Z£>0 A Y4+2Z-3>0){Y/2X+ 1}
c — e A d 5]

2. Vars(Y[3) C {X} (EXISTENTIAL VARIABLE ELIMINATION )

e = project(1-X>0 A X+Z-1>0,{X})=1-X>0

1. 1-X>0<1-X>0

2. X+Z-1>0< Y+2Z-3>0
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An Example of Constraint Matching

Given c and d,
compute e and 3 such that

1.1-X>0AX+Z-1>0 & 1-X>0AN(Z£>0 A Y4+2Z-3>0){Y/2X+ 1}
c — e A d 5]

2. Vars(Y[3) C {X} (EXISTENTIAL VARIABLE ELIMINATION )

e = project(1-X>0 A X+Z-1>0,{X})=1-X>0

1. 1-X>0<1-X>0

2. X+Z-1>0< Y+2Z-3>0
X+Z-1=Y+4+2Z-3
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An Example of Constraint Matching

Given c and d,
compute e and 3 such that

1.1-X>0AX+Z-1>0 & 1-X>0AN(Z£>0 A Y4+2Z-3>0){Y/2X+ 1}
c — e A d 5]

2. Vars(Y[3) C {X} (EXISTENTIAL VARIABLE ELIMINATION )

e = project(1-X>0 A X+Z-1>0,{X})=1-X>0

1. 1-X>0<1-X>0

2. X+Z-1>0< Y+2Z-3>0

X+Z-1=Y+27-3
Y =X-2Z+2 X
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An Example of Constraint Matching

Given c and d,
compute e and 3 such that

1.1-X>0AX+Z-1>0 & 1-X>0AN(Z£>0 A Y4+2Z-3>0){Y/2X+ 1}
c — e A d 5]

2. Vars(Y[3) C {X} (EXISTENTIAL VARIABLE ELIMINATION )

e = project(1-X>0 A X+Z-1>0,{X})=1-X>0

1. 1-X>0<1-X>0

2. X+Z-1>0< Y42Z-3>0 2X+2Z-2>0 < Y+2Z-3>0
X+Z-1=Y+27-3
Y =X-2Z+2 X
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An Example of Constraint Matching

Given c and d,
compute e and 3 such that

1.1-X>0AX+Z-1>0 & 1-X>0AN(Z£>0 A Y4+2Z-3>0){Y/2X+ 1}
c — e A d 5]

2. Vars(Y[3) C {X} (EXISTENTIAL VARIABLE ELIMINATION )

e = project(1-X>0 A X+Z-1>0,{X})=1-X>0

1. 1-X>0<1-X>0

2. X+Z-1>0< Y42Z-3>0 2X+2Z-2>0 < Y+2Z-3>0
X+Z-1=Y+27-3 2X+2Z-2=Y+27-3
Y =X-2Z+2 X
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An Example of Constraint Matching

Given c and d,
compute e and 3 such that

1.1-X>0AX+Z-1>0 & 1-X>0AN(Z£>0 A Y4+2Z-3>0){Y/2X+ 1}
c — e A d 5]

2. Vars(Y[3) C {X} (EXISTENTIAL VARIABLE ELIMINATION )

e = project(1-X>0 A X+Z-1>0,{X})=1-X>0

1. 1-X>0<1-X>0

2. X+Z-1>0< Y+2Z-3>0 2X4+2Z-2>0 < Y+2Z-3>0
X+Z-1=Y+2Z-3 2X+2Z-2=Y+2Z-3
Y =X-2Z+2 X Y =2X+1
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An Example of Constraint Matching

Given c and d,
compute e and 3 such that

1.1-X>0AX+Z-1>0 & 1-X>0AN(Z£>0 A Y4+2Z-3>0){Y/2X+ 1}
c — e A d 5]

2. Vars(Y[3) C {X} (EXISTENTIAL VARIABLE ELIMINATION )

e = project(1-X>0 A X+Z-1>0,{X})=1-X>0

1. 1-X>0<1-X>0

2. X+Z-1>0< Y+2Z-3>0 2X4+2Z-2>0 < Y+2Z-3>0
X+Z-1=Y+2Z-3 2X+2Z-2=Y+2Z-3
Y =X-2Z+2 X Y =2X+1

3. 1-X>0AX4+Z-1>0—-2>0
Z>X-1 A X—=1>0
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An Example of Constraint Matching

Given c and d,
compute e and 3 such that

1.1-X>0AX+Z-1>0 & 1-X>0AN(Z£>0 A Y4+2Z-3>0){Y/2X+ 1}
c — e A d 5]

2. Vars(Y[3) C {X} (EXISTENTIAL VARIABLE ELIMINATION )

e = project(1-X>0 A X+Z-1>0,{X})=1-X>0

1. 1-X>0<1-X>0

2. X+Z-1>0< Y+2Z-3>0 2X4+2Z-2>0 < Y+2Z-3>0
X+Z-1=Y+2Z-3 2X+2Z-2=Y+2Z-3
Y =X-2Z+2 X Y =2X+1

3. 1-X>0AX4+Z-1>0—-2>0
Z>X-1 A X—=1>0

B={Y/2X+1}
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A Three-Step Algorithm for Finding

Step 1. Find an injection from to

A CK AN AN VAN

A . A
— —
Variables: X X
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A Three-Step Algorithm for Finding

Step 1. Find an injection from to
VANIVAN — VANIAN A VAN
. — — —
Variables: X X Y
7“~\>
\\> \\\ > e

A Folding Algorithm for Eliminating Existential Variables

Senni, Pettorossi, Proietti



A Three-Step Algorithm for Finding

Step 1. Find an injection from to

VA —

xI[”

Variables:
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A Three-Step Algorithm for Finding

Step 1. Find an injection from to

A —

xI|”

Variables:

We obtain a set of formulas of the form
-(p>0-qg>0) (INJECTION)

-(p1>0A...A >0—-0q>0) (EXTRA CONSTRAINTS)

Senni, Pettorossi, Proietti A Folding Algorithm for Eliminating Existential Variables



A Three-Step Algorithm for Finding

Step 2. Replace formu/as by sets of equations and inequations on
variables in X and Y and some new variables V, V4, ..., Vg1, ...

—~ELM. (p>0-qg>0) = {Vp—q=0,V>0}

—ELIM. (p1 >0A...Apk>0—qg>0) = (by Farkas’ lemma)
{Vipi + ...+ Vipk + Vkp1 — g =0,V1>0,..., Vi1 >0}

. —_
solve equations w.r.t. Y
=SOLVE aYi+f(Yier,...,Ym, X,V) =0 = Vi = L(f(Yiir,..., Ym. X, V))
decompose bilinear polynomials into /inear polynomials

ZELIM. (V)X ...+ H(V)Xa =0 = {A(V)=0,...,H(V) =0}
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A Three-Step Algorithm for Finding

Step 2. Replace formu/as by sets of equations and inequations on
variables in X and Y and some new variables V, V4, ..., Vg1, ...

—~ELM. (p>0-qg>0) = {Vp—q=0,V>0}

—ELIM. (p1 >0A...Apk>0—qg>0) = (by Farkas’ lemma)
{Vipi + ...+ Vipk + Vkp1 — g =0,V1>0,..., Vi1 >0}

. —_
solve equations w.r.t. Y
=SOLVE aYi+f(Yier,...,Ym, X,V) =0 = Vi = L(f(Yiir,..., Ym. X, V))
decompose bilinear polynomials into /inear polynomials

ZELIM. (V)X ...+ H(V)Xa =0 = {A(V)=0,...,H(V) =0}

Step 3. Solve the set of linear constraints on V’s

We obtain ( of the form {Y;/g1(X), .., Yin/gm(X)} |
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Admissibility

The algorithm is complete for admissible constraints

Admissible constraints have a unique constraint-representation

A non-admissible
constraint:

Admissibility is decidable
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Theorem Proving by Existential Variable Elimination

prop: -3L-3U-3IX(XelL A X > U)

“every list of rational numbers has an upper bound”

(1) Encode prop as a stratified constraint logic program

1 prop «— -p

2. p — list(L)y A= q(L)

3. q(L) « list(L)yn—=r(L,U)

4. r(L,U) < X > UNAnIist(L) N member(X,L)

(2) Eliminate existential variables bottom-up by using the unfolding
and folding rules and obtain a propositional program

1. prop «— -p
5. p «— pi
6. pl «— pi

We use folding to perform quantifier elimination
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Implementation Timings and Complexity

Example DO DA D2 D3 D4
Number of Foldings 1 1 1 1 1
Number of Variables 10 4 8 12 16
Time (in seconds) 0.01 0.01 0.08 3.03 306
Total-Time (in seconds) 0.02 0.02 0.14 4.89 431

Example N1 N2 N3 N4
Number of Foldings 2 4 4 16
Number of Variables 4 8 12 16
Time (in seconds) 0.02 0.08 023 1.09
Total-Time (in seconds) 0.03 49 1016 11025

Table: Execution times of the Folding Algorithm for various examples.

- If we assume that constraint projection takes constant time then our
Folding Algorithm is in NP

- Since in Q and R constraint projection takes O(2") time (where v is the
number of projected variables) we get that the complexity is O(2")
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Open Issues

@ Extension to non-admissible constraints
@ Extension to the domain I of the Integers

@ Can our algorithm be lifted to an algorithm for solving
the problem of restricted matching modulo Q (or R)?
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