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Abstract. The Two-level Network Design (TLND) problem arises in the topological design of hierar-
chical communication, transportation, and electric power distribution networks. We are given two types
of customers (primary and secondary), an additional set of Steiner nodes and fixed costs for installing
either a primary or a secondary technology on each edge. The TLND problem seeks a minimum cost
connected subgraph obeying a tree-tree topology, i.e., the primary nodes are connected by a rooted
primary tree; the secondary nodes can be connected using both primary and secondary technology. In
this paper we study an important extension of TLND in which additional transition costs need to be
paid for intermediate facilities placed at the transition nodes, i.e., nodes where the change of technology
takes place. We call this problem TLNDF.
The introduction of transition node costs leads to a problem with a reach structure permitting us to
put in evidence reformulation techniques such as modeling in higher dimensional graphs (which in this
case are based on a node splitting technique).
We first provide a compact way of modeling intermediate facilities. We then present several generaliza-
tions of the facility-based inequalities involving an exponential number of constraints. Finally we show
how to model the problem in a more sophisticated graph based on node splitting. As the main result
we show that connectivity constraints on the splitted graph, projected back into the original model,
provide a new family of inequalities that implies, and even strictly dominates, all previously described
constraints. We compare the proposed models both theoretically and computationally.
Keywords: hierarchical network design, connected facility location, Steiner trees, mixed integer pro-
gramming models, LP-relaxations.



1 Introduction

The Two-Level Network Design (TLND) problem arises in the topological design of hierarchical
communication, transportation, and electric power distribution networks. In context of telecom-
munication networks, for example, networks with two cable technologies, fiber optic and copper,
are built. In such a case, telecommunication companies usually distinguish between primary and
secondary customers. The switching centers or important infrastructure nodes are considered as
primary customers (i.e., those to be served by primary, fiber optic connections). Single households
are not considered as being consumers of a high potential and hence they only need to be supplied
using the secondary (copper) technology. The secondary technology is usually much cheaper, but
the guaranteed quality of the connections is significantly below the quality provided by the primary
one.
A large body of work has been done for the TLND and its variations (see below). In this study
we incorporate two realistic features that have not yet been considered in previous studies of the
TLND. Firstly, none of the previous approaches considers the cost of establishing intermediate
facilities at transition nodes, i.e., nodes in which the change of technology takes place. Typically, at
transition nodes, expensive switching devices need to be installed and the respective costs should
not be neglected. Secondly, the previous work on the TLND is based on the assumption that all
nodes in the network belong to the customer set. We relax this assumption, allowing the existence
of Steiner nodes as well. We call the new problem the Two-Level Network Design Problem with
Intermediate Facilities (TLNDF).
This important problem generalizes problems with tree-star and star-tree topology, like e.g., con-
nected facility location, hierarchical network design, Steiner trees or uncapacitated facility location.
We derive a new family of inequalities for TLNDF that generalizes and even strictly dominates the
previously known cases. We show that these generalized inequalities can be separated in polynomial
time, using a node splitting technique. Finally, our computational study demonstrates the practical
relevance of the new inequalities.

1.1 Problem Definition

We consider the following generalization of the two-level network design problem (TLND):

Definition 1 (TLND). We are given an undirected graph G = (V,E) with a root r ∈ V and a
set of customers R ⊆ V \ {r}. To each edge e ∈ E we associate two installation costs, c1e ≥ c2e ≥ 0.
These correspond to the primary and secondary technology, respectively. The set of customers, R,
is partitioned into the set of primary and secondary customers P and S, respectively. Our goal is
to determine a cost-minimal subgraph of G satisfying the following properties:

(P) each primary node in P is connected to the root node by a path consisting of primary edges
only, and

(S) each secondary node in S is connected to the root by a path consisting of primary or secondary
edges, and

(F) facility opening costs fi ≥ 0 are payed for each transition node i ∈ V .

Several observations can be made about the optimal solutions for this problem: i) Since the edge-
and facility-costs are non-negative, the optimal solution is a Steiner tree interconnecting the nodes
from R ∪ {r}. ii) Since c1e − c2e ≥ 0, this Steiner tree obeys a tree-tree topology, i.e., is composed
of a rooted subtree of primary edges (primary subtree) and a union of subtrees of secondary edges
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(secondary subtrees). Each secondary subtree is rooted in a (transition) node of the primary subtree.
iii) If facility opening costs are the same for all facility locations, any leaf of the primary subtree must
be a primary node. Otherwise, if facility opening costs are location-dependent, placing facilities at
locations of Steiner nodes may provide more profitable solutions, i.e., a leaf of the primary subtree
may be any node from V \ {r}. iv) This general definition also covers the case in which potential
facility locations are a true subset of V (which can be modeled by setting fi :=∞ for the non-facility
locations).
As we noted before, the problem discussed here incorporates two new features when compared to
the original definition given in Balakrishnan et al. [3], see also Duin and Volgenant [7]. Firstly, the
need to consider additional transition costs (cf. [13]) due to the presence of two technologies on the
network. The second new feature is that we allow arbitrary subsets of V \ {r} to be considered as
the customer set. This is because in practical applications nodes like street intersections need to be
considered as well.

Literature Review: The concept of two-level network design problems was developed in the 80’s
and early 90’s. The hierarchical network design problem, in which R = V \{r} and |P | = 2, was the
“initial” variant of the TLND introduced by Current et al. [6]. This problem was later generalized
by Duin and Volgenant [7] for |P | > 2. Balakrishnan et al. [3] have proposed several network flow
based models for this latter problem setting and have compared the linear programming bounds of
the proposed formulations. In Balakrishnan et al. [2], the authors have tested a dual ascent method
on the model with the strongest linear programming bound. A more recent approach based on
a different formulation is described in Gouveia and Telhada [12]. The TLND problem belongs to
a class of problems with a tree-tree topology. The reader is referred to [9] where several variants
of related problems such as star-tree, tree-star and star-star problems as well as other variants of
tree-tree problems are described.
The previous studies on TLND do not incorporate additional constraints. As far as we know, the
two exceptions are described in [11] and [8]. In the first one, the authors considered the TLND
with secondary distance constraints stating that each secondary node must not be too far from the
primary network. In the latter work, Gollowitzer and Ljubić [8] considered the connected facility
location problem (ConFL) wich is a TLNDF variant with a tree-star configuration. In [15] a hop
constrained variant of connected facility location has been studied.
For a literature overview on capacity constrained variants of the TLND problem, we refer to a recent
work of Costa et al. [5], where the capacities on facilities and routing costs have been considered
as well.

2 MIP Formulations for the Two Level Network Design Problem

In this section we present cut based formulations for the TLNDF. We start by presenting a cut set
formulation of the TLND problem without modeling the the facility opening costs.

Directed Graphs: It is well known that for rooted spanning or Steiner tree problems, models with
a stronger linear programming bound are obtained by solving the problem on a directed graph
(see, e.g., Magnanti and Wolsey [16]). Thus, we will work on a directed graph G = (V,A) that is
obtained from the original undirected graph G = (V,E) as follows: for each edge e = {i, j} ∈ E we
include two arcs ij and ji in A with the same cost of the original edge. Since we are modeling an
arborescence directed away from the root node, edges {r, j} are replaced by a single arc rj only.
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To model the TLND problem, we will use the following binary variables:

x1
ij =

{
1, if the primary cable technology is installed on arc ij
0, otherwise

∀ij ∈ A

x2
ij =

{
1, if the secondary cable technology is installed on arc ij
0, otherwise

∀ij ∈ A, j 6∈ P

Observe that in any feasible solution there will be no secondary arcs entering a primary node (i.e.,
x2

ij = 0, whenever j ∈ P ). Therefore, variables corresponding to such arcs will not be considered
in our models. However, to simplify the notation, we will allow them in the indexation of the
summation terms.
For any W ⊂ V we denote its complement set by W c = V \W . For any M,N ⊂ V , M ∩N = ∅,
denote the induced cut set of arcs by (M,N) = {ij ∈ A | i ∈M, j ∈ N}. In particular, let δ−(W ) =
(W c,W ) and δ−(i) = (V \ {i}, {i}). For a set of arcs Â ⊆ A, we will write x`(Â) =

∑
ij∈Â x

`
ij , for

` = 1, 2, and (x1 + x2)(Â) =
∑

ij∈Â x
1
ij + x2

ij .
The examples described in the next sections use the following symbols: � represents the root node,
◦ represents a Steiner node. � represents a primary customer, ? represents a secondary customer.
Whenever we solve a problem as the Steiner tree problem, terminals are denoted by 4.

2.1 Modeling the TLND Problem

The following formulation models the TLND with the set of primary nodes P (that may also be
an empty set), and the set of secondary nodes S without facility opening costs.

(TLND) min
∑
ij∈A

(c1ijx
1
ij + c2ijx

2
ij)

x1(δ−(W )) ≥ 1 ∀W ⊆ V \ {r}, W ∩ P 6= ∅ (x1)

(x1 + x2)(δ−(W )) ≥ 1 ∀W ⊆ V \ {r}, W ∩ S 6= ∅ (x12)

x1
ij , x

2
ij ∈ {0, 1} ∀ij ∈ A (1)

The primary connectivity constraints (x1) ensure that for every primary node i, there is a path
between r and i containing only primary arcs. The secondary connectivity constraints (x12) ensure
that every secondary node is connected to the root by a path containing primary and/or secondary
arcs. We observe that the following in-degree constraints restrict the set of feasible solutions of the
original model, but do not modify the set containing the optimal solution if edge costs are positive.
The same applies for the corresponding LP-relaxation.

x1(δ−(i)) = 1 ∀i ∈ P (2)

(x1 + x2)(δ−(i)) = 1 ∀i ∈ S (3)

(x1 + x2)(δ−(i)) ≤ 1 ∀i ∈ V \ (P ∪ S) (4)

This gives a valid model for the TLND. In [2, 3] a MIP formulation based on network flows has
been presented. It is easy to show that the set of feasible solutions of the LP-relaxation of the
TLND model is the projection onto the space of (x1, x2) variables of this flow model. This result
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follows immediately from the max-flow min-cut theorem. Thus, the two models produce the same
linear programming bound.
For the sake of completeness we note that in any optimal solution of the TLND model, paths
with secondary arcs between primary arcs are not allowed. This is because either a primary node
is located after the secondary arc, in which case one of constraints (x1) is violated, or otherwise,
we obtain a cheaper solution by replacing the primary arcs (after the secondary arc) by cheaper
secondary arcs. Hence, one might incorporate additional primary connectivity constraints (such as
the ones suggested in [10]) to guarantee that the primary network is connected:

x1(δ−(W )) ≥ x1(δ−(i)) ∀i ∈W,W ⊆ V \ {r}.

2.2 Modeling Facility Opening Costs

At each node in which a change of technology takes place, expensive facilities (e.g., multiplexors,
splitters) need to be installed. In order to model these facility opening costs, we will use variables
zi:

zi =

{
1, if a facility is installed in node i
0, otherwise

∀i ∈ V

For a set W ⊆ V , we will write z(W ) =
∑

i∈W zi.

Basic Coupling Constraints: To ensure that a facility is open, whenever a change of technology
takes place, we request that every secondary arc jk ∈ A used in a solution is either preceded by
another secondary arc entering node j, or there is an open facility at node j. Our problem can then
be modeled as follows:

(TLNDF ) min
∑
ij∈A

(c1ijx
1
ij + c2ijx

2
ij) +

∑
i∈V

zifi

zj +
∑

ij∈A,i 6=k

x2
ij ≥ x2

jk ∀jk ∈ A, k 6∈ P (5)

zi ∈ {0, 1} ∀i ∈ V (6)
(x1), (x12),(1)− (4)

We observe that in this model, the indegree constraints (3)-(4) are not redundant even if the
arc- and facility costs are non-negative. These constraints namely prevent building of secondary
cycles that would satisfy (5) without opening a facility at position j. Together with connectivity
constraints (x12), the basic coupling constraints (5) guarantee that if a facility is installed at node
j, then j is the root of a secondary subtree. This model does not prevent opening of facilities along
a secondary path, but this will never be the case in an optimal solution.

Generalized x2 − z Coupling Constraints: Observe that one can generalize the coupling con-
straints (5) in the following way: Let k be any non-primary node and W ⊆ V \ {k}. Then, the
generalized x2 − z coupling constraints can be written as follows:

z(W ) + x2(W c
k ,W ) ≥ x2(W, {k}) ∀k 6∈ P, W ⊆ V \ {k},Wk = W ∪ {k}. (7)

Note that if W = {j}, for j 6= k, we obtain (5). The formulation obtained by replacing con-
straints (5) by (x2-z) is denoted by TLNDF +.
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Observation 1 Let k be a non-primary node and W be a subset of V \{k}, and let [W1, . . . ,W`] be
an arbitrary partition of W . The constraint (7) associated to W is stronger than the one obtained
by summing up constraints (7) for the same k and each particular subset Wi (1 ≤ i ≤ `).

The previous observation suggests that the feasible set of the LP-relaxation of TLNDF + is strictly
contained in the polytope defined by the LP-relaxation of the TLNDF model.

Lemma 1. Let PTLNDF+ and PTLNDF denote the polytopes associated with LP-relaxations of mod-
els TLNDF + and TLNDF , respectively. Then, PTLNDF+ ⊆ PTLNDF and there exist instances for
which the strict inequality holds.

To see that the strict inequality in the previous lemma holds, consider the example shown in
Figure 1.
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Fig. 1. All primary arc costs are 1, secondary arc and facility
costs are 1/2. Consider the LP-optimal solution for TLNDF
in which primary arc variables for r2 and 24 are 1, secondary
arc variables for 45, 57, 46 and 67 are 1/2 and z4 = 1/2.
υLP (TLNDF ) is then 3.25 but constraint (x2-z) is violated for
W = {4, 5, 6} and k = 7 and constraint (x1-z) is violated for
W = {5, 6, 7}. υLP (TLNDF+) = 3.5.

These constraints can be rewritten in several equivalent ways which permit an easier comparison
with other inequalities. In fact, by adding x2(W c, k) to both sides, we can rewrite (7) as follows:

z(W ) + x2(δ−(Wk)) ≥ x2(δ−(k)) ∀k 6∈ P,∀W ⊆ V \ {k},Wk = W ∪ {k}. (x2-z)

Now, using the in-degree constraints (3), we can also rewrite the generalized x2 − z coupling con-
straints (x2-z) as follows:

z(W ) + x1(δ−(k)) + x2(δ−(Wk)) ≥ 1 ∀k ∈ S,W ⊆ V \ {k},Wk = W ∪ {k}. (8)

Generalized x1 − z Coupling Constraints: We have shown how to relate variables z and x2. We
show next how to relate variables z and x1: For a given k ∈ S and W = V \ {k} we can rewrite
inequalities (x2-z) as z(V \ {k}) ≥ x2(δ−(k)), and by using the in-degree constraint (3), we obtain:

z(V \ {k}) + x1(δ−(k)) ≥ 1 ∀k ∈ S

The latter constraints can be generalized for subsets W ∩ S 6= ∅ in the following way:

z(W c) + x1(δ−(W )) ≥ 1 ∀W ⊆ V \ {r},W ∩ S 6= ∅ (x1-z)

These new inequalities describe the fact that for any subset W containing a secondary node, ei-
ther there is a primary path between a node from W and r, or there is an open facility in the
complementary set W c.

Observation 2 The set of inequalities (x1-z) cannot replace the coupling constraints (5) in the
model TLNDF , i.e. (x1-z) are not sufficient for modeling the TLND problem with facility nodes.
However, (x1-z) can be used to strengthen the model TLNDF +.
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In the following, we will denote the model TLNDF + extended by (x1-z) as TLNDF +
x1−z.

In what follows we will show that connectivity constraints (x12), (x1) and both groups of generalized
coupling constraints are special cases of a more general group of constraints that can be derived if
we model the problem in a new graph obtained by splitting the facility nodes.

3 The Node-Splitting Model

We can model the TLNDF problem as the Steiner arborescence problem in a slightly modified
graph GNS = (VNS , ANS ) with the root r′ and the set of terminals RNS , as follows:

VNS :=V ′ ∪ V ′′ ∪ S where ANS :=A′ ∪A′′ ∪Az ∪AS where
V ′ := {i′ | i ∈ V }, A′ := {i′j′ | ij ∈ A},
V ′′ := {i′′ | i ∈ V }, A′′ := {i′′j′′ | ij ∈ A},
S is the set of secondary nodes; Az := {i′i′′ | i ∈ V },

RNS :=P ′ ∪ S where AS := {i′i | i′ ∈ V ′, i ∈ S}
P ′ = {i′ | i ∈ V ′, i ∈ P}; ∪ {i′′i | i′′ ∈ V ′′, i ∈ S}.

The graph GNS is composed of several components: i) a subgraph G′ = (V ′, A′) which corresponds
to the primary network (it contains nodes and arcs that may be included in the primary subtree);
ii) a subgraph G′′ = (V ′′, A′′) that corresponds to the secondary network (it contains nodes and arcs
that may be contained in the secondary subtrees); iii) arcs linking nodes in G′ to the corresponding
copy in G′′ and representing potential facilities and iv) another copy of the secondary nodes with
arcs incoming from their representatives in graphs G′ and G′′ (see Figure 2). Arc costs Cij , ij ∈ ANS

are assigned accordingly to the arcs in G′, G′′. The arcs linking the two subgraphs are assigned
costs Ci′i′′ := fi, for all i ∈ V . To the arcs of the set AS costs of zero are assigned.
If, for a primary node i ∈ P , its copy i′′ ∈ V ′′ belongs to the optimal solution, there will be no
ingoing arcs from V ′′ into i′′ (with the only exception of i′i′′). Therefore, we can reduce the size of
GNS , by removing all ingoing arcs of primary nodes in V ′′. This corresponds to setting x2

ij := 0 for
all ij ∈ A and j ∈ P , as already described in Section 2.

Lemma 2. The TLNDF problem can be modeled as the Steiner arborescence problem on the graph
GNS with the root r′ and terminal set RNS .

To provide an ILP model, we assign binary variables Xij to all arcs ij ∈ ANS . Denote by X(δ−(W̃ ))
the sum of X variables that belong to the directed cut (W̃ c, W̃ ) in GNS . The classical cut set model
for Steiner trees (cf. [4]) then induces the following ILP formulation:

(SA) min
∑

ij∈ANS

CijXij (9)

s.t. X(δ−(W̃ )) ≥ 1 ∀W̃ ⊆ VNS \ {r′}, W̃ ∩RNS 6= ∅ (10)
X(δ−(k)) ≤ 1 ∀k ∈ VNS (11)

Xij ∈ {0, 1} ∀ij ∈ ANS (12)

We will extend this model by the following inequalities that cut off feasible solutions, but that are
valid for any optimal solution of the TLNDF problem:

X(δ−(i′)) = Xi′i and X(δ−(i′′)) = Xi′′i ∀i ∈ S.
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Let Projx1,x2,z(PSA) denote the projection of the polytope obtained as the convex hull of the LP-
solutions of the SA formulation into the space of (x1, x2, z) variables. In this projection, we set
x1

ij := Xi′j′ , x2
ij := Xi′′j′′ for all ij ∈ A and zi := Xi′i′′ for all i ∈ V . The next results show that the

SA formulation is strictly stronger than the previously defined formulation TLNDF +
x1−z.

Theorem 1. We have Projx1,x2,z(PSA) ⊆ PTLNDF+
x1−z

and there exist instances for which the
strict inequality holds.

To prove this result, we need to analyze the cut set inequalities defined in the SA model and their
projection onto the original graph G.

Lemma 3. Cut set inequalities (10) such that δ−(W̃ ) ∩AS 6= ∅ are redundant in the model SA.

Proof. To show this, let us consider a cut set W̃ ⊆ VNS \{r′}, W̃ ∩S 6= ∅, such that δ−(W̃ )∩AS 6= ∅.
Let i ∈ S be a secondary node such that i ∈ W̃ ∩S. We will show that in that case, X(δ−(W̃ )) ≥ 1
is dominated by another cut set inequality X(δ−(Ũ)) ≥ 1 where Ũ is defined as stated below. We
need to distinguish the following two cases:

i) If for all i ∈ S ∩ W̃ , i′i ∈ X(δ−(W̃ )) and i′′i 6∈ X(δ−(W̃ )), a dominating cut is given for
Ũ = W̃ ∪

⋃
i∈W̃ {i

′}.
ii) For all other W̃ the dominating cut is obtained by removing nodes i ∈ S from W̃ if i′′ ∈ W̃ and

i′ 6∈ W̃ and adding nodes i′ and i′′ to W̃ for i ∈ S ∩ W̃ such that i′, i′′ 6∈ W̃ .
ut

We will refer to the cut set inequalities such that δ−(W̃ ) ∩ AS = ∅ as the non-dominated cut set
inequalities.

Generalized Cut Set Constraints: We will now define the generalized cut set constraints for the
TLNDF that are obtained by projecting the non-dominated cut set inequalities (10) into the space
of (x1, x2, z). For an arbitrary cut set W̃ ⊂ VNS \ {r′}, W̃ ∩ RNS 6= ∅, let us denote the projected
subsets of the original graph G as follows:

W ′ = {i ∈ V | i′ ∈ W̃} and W ′′ = {i ∈ V | i′′ ∈ W̃}

Then, the projected cut set inequalities (10), that we will refer to as generalized cut set constraints,
can be written as:

x1(δ−(W ′)) +x2(δ−(W ′′)) + z(W ′′ \W ′) ≥ 1 r 6∈W ′, (W ′ ∪W ′′)∩S 6= ∅ or W ′ ∩P 6= ∅. (x12-z)

Observe that all the previously studied inequalities are special cases of this constraint (see Figures 2
and 3):

i) If W ′′ = ∅, we obtain the primary connectivity constraints (x1).
ii) If W ′ = W ′′, we obtain the secondary connectivity cuts (x12).
iii) If W ′′ = V , we obtain the generalized coupling constraints (x1-z).
iv) For a given k ∈ S, and a subset W ⊆ V \{r, k}, we observe that the generalized (x2-z) constraint

corresponds to (x12-z) for W ′ = {k}, k ∈ S, and W ′′ = W ∪ {k}.

The previous four cases suggest several new special cases that can be derived from (x12-z).

v) First note that ifW ′′ ⊂W ′ we will obtain an inequality that is dominated by the constraint (x12)
in which W ′′ = W ′.
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vi) In (iv) we consider the case with W ′′ ⊃ W ′ and |W ′| = 1. In fact, generalized versions of
the inequalities (x2-z) can be obtained by maintaining W ′′ ⊃ W ′ and considering subsets W ′

with cardinalities different from one. For example, for W ′ = ∅, (x2-z) leads to the following
inequalities:

x2(δ−(W )) + z(W ) ≥ 1 W ⊆ V \ {r},W ∩ S 6= ∅ (13)

We conclude this section by noting that even more general classes of inequalities can be obtained
by considering non-trivial cases in which W ′ ∩W ′′ 6= ∅,W ′,W ′′.
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Fig. 2. a) Instance of TLNDF ; b) Transformed instance and illustration of cuts (x1) for W = {1}
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Fig. 3. Illustration of cuts (x12) for W = {3, 4} and (x1-z) for W = {2, 3, 4}

Lemma 4. The generalized connectivity constraints (x12-z) can be separated in polynomial time.

To separate the constraints (x12-z), one needs to apply the max-flow algorithm on the splitted
graph GNS as described in the next section.
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4 Computational Study

4.1 The Branch-and-Cut Algorithm

To implement our models, we used the Gurobi [1] Branch-and-Cut framework, version 3.0.2. For
obtaining feasible solutions, we rely on the default heuristics of the framework. All experiments
were performed on a Intel Core2 Quad 2.33 GHz machine with 3.25 GB RAM, where each run was
performed on a single processor.

Initialization: As the Gurobi MIP solver requires a compact model for initialization, we used the fol-
lowing Miller-Tucker-Zemlin connectivity constraints (14)-(17) and trivial degree-constraints (18):

ur = 1 (14)

|V |(x1
ij + x2

ij) + (|V | − 2)(x1
ji + x2

ji) + ui − uj ≤ |V | − 1 ij ∈ A, j 6∈ P (15)

|V |(x1
ij) + (|V | − 2)(x1

ji) + ui − uj ≤ |V | − 1 ij ∈ A, j ∈ P (16)∑
ij∈A:i 6=k

x1
ij ≥ x1

jk j 6= r (17)

∑
ij∈A

x1
ij ≥ zj j ∈ F \ {r} (18)

In addition, our model comprises in-degree constraints (2)-(4) and coupling constraints (5).

Separation We separate violated cut set inequalities (x1),(x12) and (x12-z) in every node of the
the Branch-and-Bound tree (BnB). To obtain inequalities (x1), we solve a maximum flow problem
on the graph G = (V,A). The capacities on each arc are set to the value of the x1-variable for the
respective arc in the current fractional solution. Cut set inequalities (x12) are obtained in similar
fashion. The capacities are equal to the sum of variables x1 and x2 for each arc. To obtain violated
constraints of the largest and strongest group (x12-z), we solve the maximum flow problem on
graph the GNS . The weights for arcs in A′, A′′ and Az are set to the value of the corresponding
variable in the current fractional solution. For arcs in AS , the weight is set to 1, as cuts containing
these arcs are dominated by others (cf. Lemma 3).
To improve the computational efficiency of our separation, we search for nested minimum cardinality
cuts. To do so, all capacities in the respective graph are increased by some ε > 0. Thus, every
detected violated cut contains the least possible number of arcs. The LP is resolved after adding
at most 50 violated inequalities of type (x1) and (x12) and at most 10 violated constraints of
type (x12-z). Finally, we randomly permute the order in which customers are chosen to find violated
cuts. To ensure comparability, we fix the seed value for the computations reported in Section 4.3.

4.2 Instances

For our computational study we transform instances of the Steiner tree problem (STP) using the
following procedure:

– First, 30% of STP terminals are chosen as primary customers, the remaining 70% are defined
as secondary customers. The primary customer with the lowest index is set as root node.

– The Steiner nodes in the STP instance are Steiner nodes in the TLNDF instance.

10



– As potential facility nodes we chose the root node, primary and secondary customers.
– Primary edge costs equal edge costs of the STP instance. For each secondary edge e, the cost
c2e is defined as qc1e, where q is uniformly randomly chosen from [0.25, 0.5].

– Facility opening costs are uniform and equal 0.5 times the average primary edge costs.

The sets C, D and E of the Steinlib library [14] have been used in our computational study.

4.3 Results

We compared the computational performance of three different settings: i) The first one was the
model TLNDF in which the basic coupling constraints (5) are inserted at once and the (x1)
and (x12) cuts are separated within the branch-and-bound (BnB) tree. ii) For the second one,
generalized connectivity constraints (x12-z) are separated as well. We searched for this latter kind
of cuts as soon as no more inequalities (x1) and (x12) were found in the current node of the BnB-
tree. iii) In the third setting we refrained from separating the inequalities (x12) on the original
graph G, but rather separated them as subset of cuts (x12-z).
In Table 1 we show the key figures of our computational study. The first column contains the name
of the instance group, in columns 2, 3 and 4 we state the number of nodes, edges and terminals (i.e.
union of primary and secondary customers) of the largest instance of each group, respectively. In
the third segment of the table we report on the number of optimal solutions (#OPT ) found within
1 000 seconds of running time and the number of instances (#FEAS ) for which the integrality gap
could not be closed. The running times stated in the third segment are reported as average values
on the subsets of instances that were solved to optimality. The number of BnB nodes needed to
solve the respective instances are given in the rightmost segment of the table.

#OPT/#FEAS t [s] #BnB
Instances |V | |E| |P |+ |S| i) ii) iii) i) ii) iii) i) ii) iii)
c1-c20 500 12500 250 11/7 10/8 14/4 365.2 332.0 78.4 93.4 65.4 16.2
d1-d15 1000 5000 500 9/3 10/2 10/2 266.0 251.8 190.0 93.0 36.5 19.8
e1-e15 2500 12500 1250 4/6 4/4 6/3 461.5 433.7 232.8 24.5 18.2 7.2

Table 1. Computational comparison of three different branch-and-cut settings.

One observes that the separation of (x12-z) cuts is not only computationally tractable, but that it
also outperforms the standard compact approach of modeling facility nodes (variant i)). The third
approach in which only (x12-z) cuts are separated showed the best performance by far, solving 30
out of 50 instances to optimality in one fourth of the time the other two approaches needed for the
same task and with a significant reduction of the size of the BnB tree.

5 Conclusions

We conclude this work with several open questions. Complexity: Does the proposed TLNDF prob-
lem combining facility location and network design decisions belong to the APX-class of NP-hard
problems? Polyhedra: Under which conditions are the proposed generalized connectivity constraints
facets of the TLNDF polytope? Computations: How would a problem-dependent primal heuristic
incorporated into the proposed branch-and-cut framework influence the computational performance
of the proposed approach? How would a more efficient separation of constraints (x1-z), (x2-z) and
(13) influence the performance of the algorithm?
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[8] S. Gollowitzer and I. Ljubić. MIP models for connected facility location: A theoretical and
computational study. Computers & Operations Research, 38(2):435–449, 2011.
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