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Laboratoire Bordelais de Recherche Informatique (LaBRI) / INRIA Sud-Ouest
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Abstract
A main result of combinatorial optimization is that clique and chromatic number of a per-
fect graph are computable in polynomial time (Grötschel, Lovász and Schrijver 1981). This
result relies on polyhedral characterizations of perfect graphs involving the stable set poly-
tope of the graph, a linear relaxation defined by clique constraints, and a semi-definite re-
laxation, the Theta-body of the graph. A natural question is whether the algorithmic results
for perfect graphs can be extended to graph classes with similar polyhedral properties.

We consider a superclass of perfect graphs, the a-perfect graphs, whose stable set poly-
tope is given by constraints associated with generalized cliques. We show that for such
graphs the clique number can be computed in polynomial time as well. The result strongly
relies upon Fulkersons’s antiblocking theory for polyhedra and Lovász’s Theta function.
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Many problems concerning mutually non-conflicting or mutually related sub-
sets can be formulated in terms of stable sets or cliques in graphs. In addition, par-
titioning a set into mutually non-conflicting subsets leads to graph coloring which
is also an important concept with a large variety of applications.

The corresponding structures in graphs are defined and related as follows. Given
a graph G, a subset of pairwise adjacent nodes is a clique in G, the order of a largest
clique of G is its clique number ω(G). A subset of pairwise non-adjacent nodes is
a stable set in G, the order of a largest stable set of G is its stability number α(G).
A coloring of a graph G is an assignment of colors to its nodes s.t. adjacent nodes
receive different colors, the least number of required colors is its chromatic number
χ(G). Cliques of a graph G = (V,E) correspond to stable sets in the complemen-
tary graph G = (V, V 2 \E), hence ω(G) = α(G) clearly follows. Colorings can be
seen as partitions of the node set into stable sets, and the clique number is a trivial
lower bound for the chromatic number. Thus, we have ω(G) ≤ χ(G) for any graph
G, but this bound is by far not always tight.

The graphs where both parameters coincide for all induced subgraphs are called
perfect. Perfect graphs have been extensively studied and turned out to be an in-
teresting and important class of graphs with a rich structure (see for instance [5]).
Most notably, the three in general hard to compute graph parameters α(G), ω(G)
and χ(G) can be determined in polynomial time if G is perfect [4]. The latter result
relies on the following polyhedral characterization of perfect graphs.

The stable set polytope STAB(G) is defined as the convex hull of the incidence
vectors of all stable sets of G. A canonical relaxation of STAB(G) is the fractional
stable set polytope QSTAB(G) = {x ∈ R

|V |
+ :

∑
i∈Q xi ≤ 1, Q ⊆ G clique}.

We have STAB(G) ⊆ QSTAB(G) in general and equality for perfect graphs
[1]. Thus, computing α(G) for a perfect graph G could be done by solving the
linear program max1Tx,x ∈ QSTAB(G). However, maximizing a linear objective
function over the fractional stable set polytope does not work directly [4].

For the class of perfect graphs, though, the problem can be solved involving a
geometric representation of graphs introduced by Lovász [6] in 1979. This leads to
the definition of a convex set, the famous Theta-body TH(G), satisfying

STAB(G) ⊆ TH(G) ⊆ QSTAB(G). (1)

The key property of TH(G) is that, for any graph G, the optimization problem
ϑ(G) = max{1Tx : x ∈ TH(G)} can be solved in polynomial time [4]. For per-
fect graphs, STAB(G) and TH(G) coincide and, thus, the stability number equals
α(G) = ϑ(G). This also allows to compute the clique number ω(G) = α(G) and
the chromatic number χ(G) = ω(G) for perfect graphs in polynomial time.
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Our aim is to extend this result concerning the clique number to a superclass of
perfect graphs, introduced in [10] on the base of the following linear relaxation of
the stable set polytope.

A circular-clique Kk/d is a graph having k ≥ 2d nodes 0, . . . , k − 1 and edges
ij if and only if d ≤ |i− j| ≤ k − d. Circular-cliques are also known as antiwebs
in the literature [9] and can be seen as generalizations of cliques since they include
all cliques Kk/1, antiholes Kk/2, and odd holes K2t+1/t.

As natural generalization of the clique constraints, rank constraints

∑
i∈Kk/d

xi ≤ α(Kk/d) (2)

associated with circular-cliques Kk/d ⊆ G are considered. Note that α(Kk/d) = d
holds and that cliques are precisely the circular-cliques Kk/1 with d = 1. The rank
constraint associated with a circular-clique Kk/d ⊆ G is clearly valid for STAB(G)
and defines a facet if and only if Kk/d is prime, i.e., if gcd(k, d) = 1 holds [8].

For a graph G = (V,E), let ASTAB(G) denote the linear relaxation of STAB(G)
given by the rank constraints of its induced prime circular-cliques, so

ASTAB(G) =
{
x ∈ R

V
+ :

∑
i∈Kk/d

xi ≤ d, Kk/d ⊆ G, gcd(k, d) = 1
}
.

By construction, we have STAB(G) ⊆ ASTAB(G) ⊆ QSTAB(G) in general, and
a graph G is a-perfect if and only if STAB(G) = ASTAB(G) holds. The class of
a-perfect graphs includes all perfect graphs and all h-perfect graphs (where rank
constraints associated with cliques and odd holes suffice to describe the stable set
polytope). In addition, all circular-cliques are a-perfect by [9] and a further class
of a-perfect was found in [10]. Hence, a-perfect graphs form a proper superclass
of perfect graphs, as odd holes and antiholes are a-perfect but not perfect.

In order to show that the clique number can be computed in polynomial time
for a-perfect graphs, consider the circular-clique number

ωc(G) = max
{

k
d
: Kk/d ⊆ G, gcd(k, d) = 1

}
.

Obviously, we have ω(G) ≤ ωc(G) as Kk/1 is a usual clique. Moreover, it is known
from [11] that

ω(G) = �ωc(G)� (3)

holds for any graph G. Determining ωc(G) is clearly NP-hard in general and can
be done by optimizing over a suitable polytope. For that, we introduce the circular-
clique polytope

CLIc(G) = conv
{
1/α(K)xK : K ⊆ G prime circular-clique

}
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where xK denotes the incidence vector of K ⊆ G, i.e., xK
i = 1 if i ∈ K and xK

i = 0
otherwise. It is immediate to see that ωc(G) = max

{
1Tx : x ∈ CLIc(G)

}
. In

Section 1, we examine the properties of CLIc(G) and show that for any graph G

STAB(G) ⊆ CLIc(G) ⊆ QSTAB(G) (4)

holds and, moreover, CLIc(G) is the so-called antiblocker of ASTAB(G). The lat-
ter result enables us to establish that CLIc(G) = QSTAB(G) holds if and only if G
is a-perfect (see Section 2). As a consequence, we obtain ω(G) ≤ ϑ(G) ≤ ωc(G)
for any a-perfect graph G and, combining this result with (3), we finally infer that
ω(G) = �ϑ(G)� follows. Therefore, the clique number can be computed in poly-
nomial time for a-perfect graphs. The last section is devoted to some concluding
remarks and open problems.

1 Antiblocking pairs of polytopes

A polyhedron P ⊂ R
n is of antiblocking type if x ∈ P and 0 ≤ x′ ≤ x implies

x′ ∈ P . For any polyhedron P , its antiblocker abl(P ) is defined by

abl(P ) := {y ∈ R
n
+ : yTx ≤ 1 ∀x ∈ P}.

Fulkerson [2,3] showed that if P is of antiblocking type, then abl(P ) is of an-
tiblocking type as well and abl(abl(P )) = P . In particular, the facet-defining
system of abl(P ) provides the dominating extreme points of P (i.e., all x ∈ P such
that x′ > x implies x′ 
∈ P ). To characterize all the extreme points of a polytope
of antiblocking type, the consideration of the faces of its antiblocker is in order.

The most prominent pair of antiblocking polytopes is the stable set polytope
STAB(G) of a graph G and the fractional stable set polytope QSTAB(G) of its com-
plement G [2,3]. For this pair of antiblocking polytopes, Fulkerson’s results imply
the following combinatorial interpretation of the extreme points of QSTAB(G) and
the faces of STAB(G). We provide an independent elementary proof.

Theorem 1.1 Consider a nonempty subgraph G′ ⊆ G and a weight vector a ∈
[0, 1]|G| with 0 < ai ≤ 1 for i ∈ G′, ai = 0 otherwise. The vector a is an extreme
point of QSTAB(G) if and only if aTx ≤ 1 is a facet of STAB(G

′
).

Hence, Theorem 1.1 establishes a 1-1-correspondence between extreme points
of QSTAB(G) and facet-inducing subgraphs of G. By definition, STAB(G) has
only (integral) extreme points corresponding to cliques of G and, by Theorem 1.1,
QSTAB(G) has extreme points corresponding to all facet-inducing subgraphs of G.
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As, by definition, the extreme points of CLIc(G) correspond to prime circular-
cliques of G only, this shows that CLIc(G) is sandwiched between the stable set
polytope and the fractional stable set polytope of the complement. This further
implies relations for the corresponding graph parameters, including the fractional
clique numer ωf (G) = max

{
1Tx : x ∈ QSTAB(G)

}
.

Lemma 1.2 For all graphs G, we have STAB(G) ⊆ CLIc(G) ⊆ QSTAB(G) and,
thus, ω(G) ≤ ωc(G) ≤ ωf (G) holds.

Note that also the empty set is considered to be a circular-clique; thus CLIc(G)
contains the origin and is also a polytope of antiblocking type. Next, recall that
ASTAB(G) is given by all rank constraints associated with the induced prime
circular-cliques of G and that STAB(G) ⊆ ASTAB(G) ⊆ QSTAB(G) holds by
construction. It turns out that CLIc(G) and ASTAB(G) also form an antiblocking
pair of polytopes:.

Theorem 1.3 For any graph G, we have CLIc(G) = abl(ASTAB(G)).

2 Computing the clique number of a-perfect graphs

Recall that a graph G is a-perfect if and only if STAB(G) = ASTAB(G) holds.
In view of Inequality (4), it is also natural to ask for which graphs G the polytope
CLIc(G) coincides with one of STAB(G) or QSTAB(G). On the one hand, we
have STAB(G) = CLIc(G) if and only if G is perfect (this is clearly true if G is
perfect, and only if G does not contain any prime circular-clique different from a
clique, in particular if it neither contains an odd hole nor an odd antihole). On the
other hand, Theorem 1.3 implies:

Theorem 2.1 We have CLIc(G) = QSTAB(G) if and only if G is a-perfect.

As a consequence, we obtain:

Corollary 2.2 For G a-perfect, we have ωc(G) = ωf (G), and ω(G) = �ϑ(G)�.

As the value ϑ(G) can be computed in polynomial time for any graph G by [4]
we finally obtain:

Corollary 2.3 For any a-perfect graph G, we can compute its clique number ω(G)
in polynomial time.

Conclusions. This result strongly relies on the fact that we have ϑ(G) ≤ ωc(G) if
G is a-perfect. Note that this relation is not satisfied in general; so it is interesting
to identify further graph classes whose members admit this property.
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So far, only one class of graphs with this property is known [7], namely circular-
perfect graphs, a different superclass of perfect graphs than a-perfect graphs, intro-
duced by Zhu [11] on the base of a more general coloring concept. Specific prop-
erties of circular-perfect graphs G enabled us to show that ω(G) = �ϑ(G)� and
χ(G) = �ϑ(G)� holds [7]. It is open whether the latter property also applies to
a-perfect graphs.

Moreover, recall that a-perfect graphs are straighforward generalizations of h-
perfect graphs. For the latter graphs, the stability number can be computed in
polynomial time since it is possible to separate all inequalities describing their sta-
ble set polytope [5]. To achieve a similar result for the whole class of a-perfect
graphs, investigations of the separation of the rank constraints associated with gen-
eral circular-cliques are in order.
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