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Abstract

The trust-region subproblem minimizes a general quadratic function over an ellipsoid
and can be solved in polynomial time using, for example, a semidefinite-programming
(SDP) relaxation. However, intersecting the feasible set with a second ellipsoid—
a problem called the two-trust-region subproblem (TTRS)—makes the optimization
considerably more difficult. For example, the analogous SDP relaxation admits a gap,
and the computational complexity of TTRS is unknown. Recent research has tightened
the SDP relaxation using valid second-order-cone inequalities, but closing the gap
requires more. In this paper, for the special case of TTRS with two variables, we fully
characterize the remaining valid inequalities, which include, for example, strengthened
versions of the second-order-cone inequalities just mentioned. Our approach examines
the global and local behavior of general quadratics over the intersection of two ellipsoids
in two variables. We also discuss computational issues and generalizations to the case
of an arbitrary number of variables.
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1 Introduction

This paper studies the two-trust-region subproblem, called TTRS, which is the minimization

of a general quadratic function over the intersection of two full-dimensional ellipsoids:

v∗ := min
x∈Rn

xTCx+ 2 cTx (TTRS)

s. t. (x− ai)TAi(x− ai) ≤ 1 i = 1, 2.
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The data are n × n symmetric matrices C,Ai and vectors c, ai ∈ Rn. Moreover, each Ai is

positive definite so that the set Ei := {x : (x − ai)
TAi(x − ai) ≤ 1} is a full-dimensional

ellipsoid with center ai. Let F := E1 ∩ E2 denote the feasible region of (TTRS). If C

is positive semidefinite, then TTRS is solvable in polynomial-time using second-order cone

programming. So we assume that C is not positive semidefinite. TTRS was originally

introduced by Celis-Dennis-Tapia [7] and hence is sometimes called the CDT problem.

TTRS is a generalization of the classical trust-region subproblem, called TRS, that min-

imizes xTCx + 2 cTx over a single ellipsoid (x− a1)TA1(x− a1) ≤ 1. The single ellipsoid is

often assumed to be the unit ball ‖x‖ ≤ 1 without loss of generality. TRS serves as the basis

of trust-region methods for nonlinear optimization [8], and even though it is nonconvex, it

can be solved efficiently in theory and practice [10, 12, 14]. In particular, the papers [9, 18]

consider the polynomial-time complexity of constructing an ε-optimal solution of TRS. More-

over, the optimal value of TRS equals the optimal value of the following polynomial-time

solvable semidefinite program (SDP) [14]:

min

{
C •X + 2 cTx : A1 •X − 2 aT1A1x+ aT1A1a1 ≤ 1,

(
1 xT

x X

)
� 0

}
. (1)

For additional background on TRS, we refer the reader to [14, Section 1.1].

In addition to TTRS, several other generalizations of TRS have been studied; see [14] for

an early discussion. For example, [17] investigates the addition of a single linear inequality

to TRS, which is shown to have an exact convex relaxation gotten by adding a second-

order-cone constraint to (1). The paper [19] discusses an extension having two parallel,

non-intersecting linear constraints, which can be solved in polynomial time by subdividing

the problem into cases. Extending [19], the papers [5, 6] show that adding any number of

linear constraints to TRS—as long as the constraints do not intersect in the ellipsoid—can

be solved in polynomial time by adding extra linear and second-order-cone constraints to (1).

Two recent papers have studied the intersection of TRS with a general polyhedron P . First,

[11] provides a sufficient condition on the data of the problem, including P , under which a

simple extension of (1) is tight. Second, [3] shows that the problem with P can be solved

in polynomial time as long as the number of faces of P within the ellipsoid is polynomial.

The approach of [3] is combinatorial in nature by subdividing the problem into cases, and

in particular, does not make use of convex relaxation.

TTRS has itself received considerable attention. Optimality conditions are studied in

[13], and this paper also discusses much of the related literature from the 1990s. A recent

paper looking at global and local optimality conditions through the lens of copositivity is

[4]. The papers [1, 2] study conditions when the basic SDP relaxation of TTRS, i.e., the
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relaxation that adds the second A2 • X − 2 aT2A2x + aT2A2a2 ≤ 1 to (1), is tight. On the

other hand, [19] develops a trajectory-following procedure that solves TTRS generally. This

procedure for TTRS is not proved to be polynomial but appears to be practically quite

efficient. The authors of [19] also questioned whether there might exist exact polynomial-

time formulations of TTRS. The paper [5] shed some light on this question by providing

valid second-order-cone constraints tightening the basic SDP relaxation of TTRS, but these

relaxations are still not tight. In Section 2, we review the known relaxations of TTRS that

are based on the variables (x,X).

In this paper, our goal is to investigate which additional valid constraints in (x,X)

are necessary to calculate v∗ exactly. Our main contribution is a full specification of the

additional valid constraints needed when n = 2. Section 2 and Table 1 therein provide the

description of the precise inequalities required. These include, for example, strengthened (or

“lifted”) versions of all the inequalities previously described in [5] but also classes of new,

previously undiscovered valid inequalities. Sections 3 and 4 contain the technical details and

proofs for the results of Section 2. The tools that we develop help us classify the local and

global behavior of all quadratics over the intersection of two ellipsoids in R2.

While our result is limited in dimension, it provides broad insight into the nature of TTRS

and, in particular, its inherent difficulty for general n. We discuss these issues in Section 5.

We especially highlight the issue of separating the inequalities discussed in Sections 2–4 and

their extensions to arbitrary n. These separation problems appear to be quite difficult, or

said more conservatively, so far we do not know how to perform the separation efficiently.

Ultimately, our conclusion is that TTRS still provides many challenges.

We remark also that the results in this paper can be viewed from an even broader per-

spective. For general n, TTRS arises as a substructure in the analysis and relaxation of

any NP-hard quadratically constrained quadratic program, which has at least two strictly

convex quadratic constraints. So the inequalities and insights developed in this paper can

be applied uniformly in such situations as well.

1.1 Notation and terminology

We use standard notation for Euclidean spaces of vectors and matrices. The set Rn denotes

column vectors of size n, and Sn denotes all symmetric n × n matrices. The inner product

of M,N ∈ Sn is M • N := trace(MN). The subset Sn
+ ⊆ Sn consists of positive semidef-

inite matrices, that is, symmetric matrices with all nonnegative eigenvalues. The notation

Closure(·) denotes the closure operation, and Conv(·) denotes the convex hull. For a convex

cone K, Ext(K) is the set of extreme rays of K.
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In this paper, we will deal with quadratic functions of the general form f(x) = xTRx +

2 rTx+ ρ. Without loss of generality, W is symmetric. However, we will sometimes write f

using a non-symmetric representation, e.g., f(x) = (β−αTx)(δ−γTx) = βδ−βγTx−δαTx+

xTαγTx. This is simply for convenience and does not change the fact that the Hessian of

the quadratic is assumed symmetric. Given f , we will also sometimes find it convenient to

refer to the Hessian of f without specifying W . In these cases, we simply write Hess(f).

The geometry of the feasible region F will play a significant role in our analysis, and so we

define several sets describing different portions of F . We assume that F is full-dimensional

in Rn; otherwise, F is empty or a singleton. Let E0
i := {x ∈ Ei : (x − ai)TAi(x − ai) < 1}

be the interior of Ei; in words, E0
i consists of those x in Ei having 0 active constraints. Also

define E1
i := {x ∈ Ei : (x − ai)TAi(x − ai) = 1} to be the boundary points of Ei having 1

active constraint. Next, define

F 0 := E0
1 ∩ E0

2

F 1 := (E1
1 ∩ E0

2) ∪ (E0
1 ∩ E1

2)

F 2 := E1
1 ∩ E1

2

F 12 := F 1 ∪ F 2

to be the points in F with exactly 0, exactly 1, exactly 2, and 1 or 2 active constraints in F ,

respectively. F 0 is the nonempty interior of F , and F 12 is the boundary of F . We remark

that, for n = 2, it is well known that F 2 is a finite set of cardinality at most 4.

Much of our discussion and analysis will make use of ordered pairs (x,Ei), where x is

feasible and also a member of E1
i . Formally, we define the set

P := {(y, Y ) : Y ∈ {E1, E2}, y ∈ F ∩ Y 1}.

Elements (y, Y ) ∈ P allow us to associate with every x in the boundary F 12 one of the two

ellipsoids Ei such that x ∈ E1
i . When x ∈ F 1, there is only one pair of the form (x,Ei) in

P , but when x ∈ F 2, both (x,E1) and (x,E2) are elements of P .

2 Relaxations of TTRS

In this section, we review existing SDP relaxations for TTRS and discuss how to tighten the

relaxations using quadratic functions that are nonnegative over the feasible region F . The

upshot is Theorem ???, which specifies a subset of nonnegative quadratics that allow one to

close the SDP-relaxation gap completely. Technical details and the proofs are detailed in
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Sections 3–4.

2.1 Existing relaxations

Because (TTRS) is nonconvex, a reasonable approach is to relax it as a semidefinite program

that can be solved in polynomial time [5, 16, 19]:

v(SDP) := min C •X + 2 cTx (SDP)

s. t. Ai •X − 2 aTi Aix+ aTi Aiai ≤ 1 i = 1, 2

(x,X) ∈ PSD

where

PSD :=

{
(x,X) :

(
1 xT

x X

)
� 0

}
.

We call this the basic SDP relaxation, and it is well known that the optimal value of (SDP)

is in general strictly less than the optimal value of (TTRS), i.e., v(SDP) < v∗.

The paper [5] proposes a method to strengthen (SDP). Let A
1/2
2 be the positive definite

square root of A2, and rewrite the second ellipsoidal constraint as the second-order-cone

constraint ‖A1/2
2 (x− a2)‖ ≤ 1. In addition, let αTx ≤ β be any inequality that supports the

first ellipsoid E1. Then the following quadratic second-order-cone inequality is valid for F :

‖A1/2
2 (β x− αTx · x− β a2 + αTx · a2)‖ = ‖A1/2

2 (β − αTx)(x− a2)‖

= (β − αTx)‖A1/2
2 (x− a2)‖

≤ β − αTx.

Moreover, this inequality may be linearized via X and added to the basic SDP relaxation:

‖A1/2
2 (β x−Xα− β a2 + αTx · a2)‖ ≤ β − αTx.

These inequalities are called SOCRLT constraints in [5] since their derivation is closely

tied to the regular RLT (“reformulation linearization technique” [15]) constraints gotten by

multiplying two valid linear constraints β − αTx ≥ 0 and δ − γTx ≥ 0 and then linearizing

to get βδ−β ·γTx− δ ·αTx+αTXγ ≥ 0. Letting SOC denote the set of all (x,X) satisfying
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all possible SOCRLT constraints, [5] proposes to solve

v(SOC) := min C •X + 2 cTx (SOC)

s. t. Ai •X − 2 aTi Aix+ aTi Aiai ≤ 1 i = 1, 2

(x,X) ∈ PSD∩ SOC .

Although infinite in number, the SOCRLT constraints can be separated in polynomial time

and hence v(SOC) can be efficiently calculated. Nevertheless, by example [5] shows that

v(SDP) < v(SOC) < v∗ in general.

The SOCRLT constraints are defined by multiplying a supporting inequality αTx ≤ β for

E1 by the second-order-cone representation of E2. The same relaxation value v(SOC) results

if the roles of E1 and E2 are switched [5]. Moreover, [5] argues that the entire collection of

SOCRLT constraints is equivalent to all possible regular RLT constraints, i.e., those gotten

by multiplying a supporting β−αTx ≥ 0 for E1 with a supporting δ−γTx ≥ 0 for E2. In this

sense, the SOCRLT constraints are simply a different representation of the RLT constraints.

2.2 Exact relaxations

So the question remains: what additional valid constraints are required beyond those in

(SDP) and (SOC) to close the relaxation gap?

Using the approach of [17], we claim that closing the relaxation gap is equivalent to de-

scribing the following set, which corresponds to all quadratic functions that are nonnegative

over F :

K :=
{

(R, r, ρ) ∈ Sn × Rn × R : xTRx+ 2rTx+ ρ ≥ 0 ∀ x ∈ F
}
.

K is a closed, convex cone [17]. Several classes of elements in K are readily apparent.

For example, (−Ai, Aiai, 1 − aTi Aiai) ∈ K corresponds to the ellipsoidal constraint (x −
ai)

TAi(x − ai) ≤ 1, and (αγT ,−1
2
(βγ + δα), βγ) ∈ K corresponds to the RLT quadratic

(β − αTx)(δ − γTx) ≥ 0. Consider the following optimization problem:

v(K) := min C •X + 2 cTx

s. t. R •X + 2 rTx+ ρ ≥ 0 ∀ (R, r, ρ) ∈ K.

Proposition 1. v(K) = v∗.

Proof. Clearly v(K) ≤ v∗ because the optimization problem is a relaxation. In addition, since

(C, c,−v∗) ∈ K by definition, the constraint C •X + 2 cTx − v∗ ≥ 0 guarantees v(K) ≥ v∗,

as desired.
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So closing the gap amounts to enforcing the constraints R•X+2 rTx+ρ ≥ 0 for all elements

in K.

Of course, the definition of K is quite generic, and it would be helpful to characterize,

for example, the extreme rays of K or a few constraints that capture whole portions of K.

Indeed, the two ellipsoidal constraints Ai • X − 2 aTi Aix + aTi Aiai ≤ 1 are fundamental,

and the SOCRLT constraints capture all the RLT constraints as discussed at the end of the

previous subsection. In addition, each (x,X) feasible for (SDP) satisfies R•X+2 rTx+ρ ≥ 0

for all (R, r, ρ) ∈ K with W � 0. This can be seen in two steps. First, each feasible (x,X)

implies x ∈ F since

1 ≥ Ai •X − 2 aTi Aix+ aTi Aiai

≥ Ai • xxT − 2 aTi Aix+ aTi Aiai

= (x− ai)TAi(x− ai),

where the second inequality follows because Ai is positive definite and (x,X) ∈ PSD. Second,

because W � 0, (x,X) ∈ PSD, and x ∈ F ,

R •X + 2 rTx+ ρ ≥ R • xxT + 2 rTx+ ρ ≥ 0.

While fully characterizing elements in K seems to be a very challenging task for general n,

our goal from this point forward is to define and investigate, when n = 2, a proper subcone

G of K that is guaranteed to contain Ext(K). In this way, G gives rise to an SDP relaxation

whose optimal value equals v∗:

v∗ = v(G) := min C •X + 2 cTx

s. t. R •X + 2 rTx+ ρ ≥ 0 ∀ (R, r, ρ) ∈ G.

The main technical approach is to show that the G has a special property as described in

Proposition 2 below.

We first introduce some definitions. For (R, r, ρ), we write f = (R, r, ρ) and define the

function f(x) := xTRx + 2rTx + ρ acting on the vector variable x ∈ Rn. When f ∈ K, we

say that f is valid for F . For f, g ∈ K, if f − g is also valid, i.e., if f(x) ≥ g(x) for all

x ∈ F , then we write f � g and say that g minorizes f over F . We note that minorization

is clearly transitive, i.e., f � g and g � h implies f � h.

Proposition 2. Let G ⊆ K be a cone, not necessarily convex. If, for every f ∈ K, there

exists some g ∈ G such that f � g, then Ext(K) ⊆ G, and so Closure(Conv(G)) = K.
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Proof. We need to show every f ∈ Ext(K) is an element of G. By assumption, we know f � g

for some g ∈ G. If f ‖ g, we are done. On the other hand, when f ∦ g, the equation f = (f−
g)+g shows that f is not extreme in K, a contradiction. The equation Closure(Conv(G)) = K
follows because G contains all the extreme rays of K, which is closed.

2.3 Choice of valid inequalities

We state our choice of G here in order to familiarize the reader with some of its features,

although the insights that lead to this choice will be developed in Sections 3–4; in particular,

see Theorem 1 in Section 4.

Before listing the generators of G, we define several functions. First, define

gEi
(x) := 1− (x− ai)TAi(x− ai) i = 1, 2

TyY (x) := 1− (y − ai)TAi(x− ai) ∀ (y, Y ) ∈ P (here, Y = Ei).

In words, gEi
(x) ≥ 0 defines the ellipsoid Ei. Also, TyY (x) = 0 defines the tangent line

to Y at y, and the inequality TyY (x) ≥ 0 supports F at y. (See Section 1.1 for a formal

definition of P .) We will often write Ty for simplicity when there is no ambiguity. For any

two distinct points y, z ∈ R2, we also let Lyz be a linear function such that Lyz(x) = 0

defines the unique line passing through y and z. Up to multiplication by a constant, Lyz(x)

can be expressed uniquely. For example, setting perp(v) :=
(−v2

v1

)
for any v ∈ R2, we can

define Lyz(x) explicitly as Lyz(x) := perp(z − y)T (z − x). This specific definition will suffice

throughout this paper except that we may need to negate Lyz → −Lyz when dealing with

valid quadratics later. Note again that Lyz is well-defined only for y 6= z. In particular,

when we write Lyz, the reader may assume that y 6= z.

Abusing notation, we also let TyY and Lyz denote the sets {x : TyY (x) = 0} and {x :

Lyz(x) = 0}, respectively. That is, TyY denotes the function defining the tangent line and

the tangent line itself, and similarly for Lyz.

We require one additional concept. Our choice of G will contain several valid quadratics

of the form f +λg, where g is itself valid and λ ∈ R. Suppose that both f +λ1g and f +λ2g

are valid such that λ1 < λ2. Then clearly f+λ1g � f+λ2g because the difference (λ2−λ1)g
is valid. Of course, it is also possible that f +λ1g may be further minorized by f +λ0g with

λ0 < λ1. This leads to the concept of λ being minimal in f + λg, which we establish in the

following proposition.

Proposition 3. Let f, g be quadratics with g ∈ K. Suppose f + λ̄g is valid for some λ̄ ∈ R.

Then there exists λmin ∈ R such that f + λg is valid if and only if λ ≥ λmin.
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Valid Quadratic Conditions Nickname

gY ellipsoid

f Hess(f) ∈ S2
+ PSD

TyE1TyE2 y ∈ F 2 vertex RLT

Ty Tz + λL2
yz Y 6= Z, λ < 0 minimal lifted RLT

Ty Lyz + λ gY y, z ∈ F 2, Y = Z, Lyz(x) ≥ 0 ∀ x ∈ F ∩ Y 1, λ > 0 min. type-1

Ty Lzw + λ gY z, w ∈ F 2, Y = Z = W , Lzw(y) > 0, λ > 0 min. type-2

Table 1: Our choice of valid quadratic functions generating G with (y, Y ), (z, Z), (w,W ) ∈ P .

Proof. For all x ∈ F , define

λmin(x) :=

{
−g(x)f(x)−1 if f(x) 6= 0

−∞ if f(x) = 0.

That is, for each x separately, λmin(x) measures the smallest value of λ such that f(x) +

λg(x) ≥ 0. This means in particular that λmin(x) ≤ λ̄ since f + λ̄g ∈ K by assumption.

Define λmin := supx∈F λmin(x). It is then clear that f+λg is valid if and only if λ ≥ λmin.

The generators for our choice of G are listed in Table 1, and there are six classes of

generators, each corresponding to a type of valid quadratic function, i.e., a quadratic that

is nonnegative over F . We give each class a nickname for ease of discussion. The first three

classes are well known in the sense that they have already been incorporated into existing

SDP relaxation as discussed in Section 2.1, but the last three classes are new in this paper.

The first class consists of the two ellipsoid quadratics gY (x) ≥ 0 for Y ∈ {E1, E2}, and

the second class consists of all valid quadratics f(x) = xTRx + 2 rTx + ρ ≥ 0 such that

Hess(f) = R is positive semidefinite. Together, these ellipsoid and PSD quadratics give rise

to the basic SDP relaxation (SDP) as discussed after Proposition 1. The third class consists

of the RLT quadratics TyE1(x)TyE2(x) ≥ 0, where y is a member of F 2 (a “vertex”). Since

the cardinality of F 2 is at most 4, there are just a few vertex RLT constraints to add to the

basic SDP relaxation.

The fourth class contains quadratics that are derived from the valid RLT quadratics

Ty(x)Tz(x) ≥ 0 with y 6= z and Y 6= Z, i.e., the tangents Ty and Tz support different points

on different ellipsoids. However, here the RLT quadratic is minorized by the valid quadratic

Ty(x)Tz(x)+λLyz(x)2, where λ is minimal (and hence λ ≤ 0; in fact we will prove later that

λ < 0). We call these “lifted” RLT quadratics in analogy with the lifting, or strengthening,
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of valid inequalities in, for example, the area of linear integer programming. Figure 1 depicts

a lifted RLT quadratic. In the left, 2-dimensional picture, we have graphed F and marked

its vertices F 2. Also depicted are the tangent lines Ty and Tz, and the line Lyz connecting y

and z. In the right, 3-dimensional picture, the value of the lifted RLT quadratic is graphed

in the vertical dimension over the the boundary F 12 of F . Note that the quadratic attains

the value 0 at the points y and z as well as one of the vertices in F 2. This shows that the

lifted RLT minorizes the regular RLT quadratic, which only attains 0 at y and z.

0.2 0.4 0.6 0.8 1 1.2
−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.2 0.4 0.6 0.8 1
−0.5

0

0.5

0

0.5

1

1.5

2

Figure 1: A lifted RLT quadratic

The fifth class consists of quadratics that combine two quadratics—one invalid and one

valid—into a single valid quadratic. The first quadratic is Ty(x)Lyz(x), where y 6= z are

both vertices in F 2, and the second is the valid ellipsoid quadratic gY (x) ≥ 0. Note that

Ty is tangent to Y . It is not difficult to see that by itself Ty(x)Lyz(x) is invalid, but adding

a sufficiently large, positive multiple λ of gY (x) ≥ 0 makes the resulting quadratic valid.

When λ is taken minimally, this is a type-1 quadratic, which we depict in Figure 2. Note

that the depicted quadratic attains a value of 0 at y, z, and a new point on the boundary of

the second ellipsoid, i.e., not on Y 1. Having a third zero is not a generic property of type-1

quadratics, as we have encountered examples of type-1 quadratics with only the two zeros

y, z. It should be noted however, that λ is always positive for a type-1 quadratic because

Ty Lyz is invalid by itself.

The sixth and final class of quadratics is similar to the type-1 quadratics except that,

for each, a third point in Y 1 is incorporated as a zero of the invalid portion Ty(x)Lzw(x).

Figure 3 depicts a particular type-2 quadratic, which we note has zeros y, z, w by design
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Figure 2: A type-1 quadratic

but also has an unspecified fourth zero on the boundary of the second ellipsoid, i.e., not

on Y 1. Having a fourth zero is not a generic property of type-2 quadratics, as we have

encountered examples of type-2 quadratics with only the three zeros y, z, w. The fourth zero

in this example appears to be a byproduct of the fact that Ty and Lzw are parallel. Even

though a fourth zero is not generic, we decided to show this particular type-2 quadratic to

illustrate that attaining a fourth zero is possible. (We conjecture that, when n = 2, every

valid quadratic with a finite number of zeros has at most 4 of them.)

With the specification of G given in Table 1, we introduce the following (informally

specified) SDP relaxation:

v(G) := min C •X + 2 cTx (2)

s. t. Ai •X − 2 aTi Aix+ aTi Aiai ≤ 1 i = 1, 2

(x,X) ∈ PSD

(x,X) satisfies all vertex RLT constraints

(x,X) satisfies all lifted RLT constraints

(x,X) satisfies all type-1 constraints

(x,X) satisfies all type-2 constraints,

where the various constraints are gotten by linearizing the valid quadratics. Assuming G
satisfies Proposition 2 (as we prove in Theorem 1 in Section 4), we have the following

corollary:
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Figure 3: A type-2 quadratic

Corollary 1. For n = 2, v(G) = v∗.

Proof. As discussed above, the first and second class of quadratics in G are captured by the

constraints Ai • X − 2 aTi Aix + aTi Aiai ≤ 1 and (x,X) ∈ PSD. The third through sixth

classes are incorporated directly into the SDP relaxation.

We discuss the particular challenges of separating the lifted RLT, type-1, and type-2 con-

straints in Section 5.

We end this section with a brief remark about the SOCRLT constraints. As discussed

in Section 2.1, the SOCRLT constraints can be viewed as another representation of all

RLT constraints. The vertex and lifted RLT constraints here imply all RLT constraints,

and so the SOCRLT constraints are implied as well. Hence, the SOCRLT constraints are

not necessary to state in this setting. However, two important points about the SOCRLT

constraints should be noted. First, the SOCRLT constraints can be separated in polynomial

time, whereas it is not clear if the lifted RLT constraints can be efficiently separated (see

Section 5). Second, it is possible that one may be able to stengthen (or “lift”) the SOCRLT

constraints to capture the lifted RLT constraints, but if it is indeed possible, we do not know

yet how to do this.
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3 Local Analysis of Quadratrics

In the following subsections, we develop some technical tools that investigate the behavior

of general quadratics f on the boundary of F . We do not assume f is in K, i.e., that f is

valid. In Section 4, the tools and techniques of this subsection will play a vital role when we

fully classify valid f .

3.1 The break concept

Let (y, Y ) ∈ P , and let x(t) be any locally diffeomorphic parameterization of Y 1 such that

y = x(ty). That is, x locally takes open intervals in R to open sub-manifolds of Y 1 smoothly

and invertibly. Given a general quadratic f(x) = xTRx + 2 rTx + ρ and any integer k ≥ 0,

we define (f ◦ x)(k)(ty) to be the k-th derivative of the composition f ◦ x at the point ty.

By convention, when k = 0, the derivative (f ◦ x)(0)(ty) is simply the function value f(y).

We also define the break of f at y along Y 1 to be the smallest k such that (f ◦ x)(k)(ty) is

nonzero, i.e.,

br(y, Y, f) := min{k : (f ◦ x)(k)(ty) 6= 0}.

Note that the break equals ∞ if all derivatives are 0, e.g., when f = gY . When there is no

ambiguity regarding Y and f , we will simply write br(y).

It is important to note that br(y, Y, f) is independent of the locally diffeomorphic pa-

rameterization used.

Proposition 4. Given (y, Y ) ∈ P and f , let x(t) and x̂(s) be any two locally diffeomorphic

parameterizations of Y 1 such that y = x(ty) = x̂(sy). Then min{k : (f ◦ x)(k)(ty) 6= 0} =

min{k : (f ◦ x̂)(k)(sy) 6= 0}. Equivalently, br(y, Y, f) is independent of the parameterization.

Proof. We may write the parameterizations x and x̂ locally as diffeomorphisms

x : T → W, t 7→ x(t)

x̂ : S → W, s 7→ x̂(s)

where the open domains T 3 ty and S 3 ts are subsets of R and the range W is a subset of

Y 1. Let x̂−1 be the (local) inverse of x̂. Then

(f ◦ x)(t) = (f ◦ x̂ ◦ x̂−1 ◦ x)(t) = (f ◦ x̂)(x̂−1(x(t))).
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Letting g := x̂−1 ◦ x, we write (f ◦ x)(t) = (f ◦ x̂)(g(t)). By the chain rule at t = ty,

(f ◦ x)(1)(ty) = (f ◦ x̂)(1)(sy) · g(1)(ty)

(f ◦ x)(2)(ty) = (f ◦ x̂)(2)(sy) · g(1)(ty)2 + (f ◦ x̂)(1)(sy) · g(2)(ty)
...

(f ◦ x)(k)(ty) =
k∑

i=1

(f ◦ x̂)(i)(sy) · hki(ty)

where the functions hki are linear in the derivatives of g. This shows that

(f ◦ x̂)(i)(sy) = 0 ∀ i = 1, . . . , k =⇒ (f ◦ x)(i)(ty) = 0 ∀ i = 1, . . . , k.

So min{k : (f ◦ x)(k)(ty) 6= 0} ≥ min{k : (f ◦ x̂)(k)(sy) 6= 0}. By symmetry of x and x̂, the

reverse inequality must also hold, which completes the proof.

As a corollary, the break does not change under affine transformation.

Corollary 2. Let A : R2 → R2 be an invertible, affine transformation. Given (y, Y ) ∈ P
and f , define z := A(y), Z := A(Y ), and f̂ := f ◦ A−1. Then br(y, Y, f) = br(z, Z, f̂).

Proof. Suppose x is a locally diffeomorphic parametrization of Y 1. Then x̂ := A◦x is a locally

diffeomorphic parametrization of Z1, the boundary of Z. By the preceding proposition,

br(z, Z, f̂) may be calculated via the derivatives of (f̂ ◦ x̂)(t). Indeed, for all t in the domain

of x, it holds that

(f̂ ◦ x̂)(t) = (f ◦ A−1 ◦ A ◦ x)(t) = (f ◦ x)(t),

i.e., f̂ ◦ x̂ and f ◦ x are the same function. This proves br(z, Z, f̂) = br(y, Y, f).

The break concept will be significant in this paper because, as we will see subsequently,

zeros y ∈ Y 1 of f , which are also local minimizers of f , often have relatively high breaks,

e.g., br(y) may equal 2, 3, 4, or even ∞. When this occurs, we can use the zero derivatives

indicated by the break as a tool for classifying all quadratic functions that have that par-

ticular break at y. For example, if y ∈ Y 1 with br(y, Y, f) = 3, then the three equations

f(y) = (f ◦x)(1)(ty) = (f ◦x)(2)(ty) = 0 give three linear equations that (R, r, ρ) must satisfy.

3.2 Breaks for specific quadratics

In Section 4, we will require a simple and effective way to check, given two valid quadratics f

and g, whether some positive multiple of g minorizes f . As it turns out, this highly depends
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on the zeros and breaks of f and g. Hence, in this subsection we pre-calculate the breaks for

some specific quadratics as reference for later use; see Table 2. We note that several of the

quadratics that we explore are not valid, but when added to other quadratics, the sum can

be valid as shown in Table 1. In such cases, it is important to know the zeros and breaks of

the summands.

We first examine the break of Ty Lzw, where z 6= w. Basically, the tangent line Ty

guarantees that the break is at least 2. If the line Lzw passes through y, then the break is

at least 3, and if Lzw equals the tangent line, then the break is even higher.

Lemma 1. Let (y, Y ), (z, Z) ∈ P, and for any w ∈ R2 with z 6= w, define f := Ty Lzw.

Then br(y) ≥ 2 and

(i) br(y) = 2 ⇐⇒ y 6∈ Lzw;

(ii) br(y) = 3 ⇐⇒ y ∈ Lzw and Ty 6= Lzw;

(iii) br(y) ≥ 4 ⇐⇒ Ty = Lzw.

In addition, if y 6= z and w ∈ F 12, then br(z) = 1.

Proof. By Proposition 4 and Corollary 2, we may assume without loss of generality that

Y defines the unit ball {x : ‖x‖ ≤ 1}. Let x(t) := (cos t, sin t)T be the standard param-

eterization of Y 1, and suppose ty satisfies y = x(ty). Also let Lzw(x) be represented as

l0 − lTx.

We use the specific form of f to calculate the derivatives (f ◦ x)(k)(t) explicitly:

(f ◦ x)(0)(t) = (1− yTx)(l0 − lTx)

(f ◦ x)(1)(t) = (y1 sin t− y2 cos t)(l0 − lTx) + (1− yTx)(l1 sin t− l2 cos t)

(f ◦ x)(2)(t) = (y1 cos t+ y2 sin t)(l0 − lTx) + (1− yTx)(l1 cos t+ l2 sin t)

+ 2(y1 sin t− y2 cos t)(l1 sin t− l2 cos t)

(f ◦ x)(3)(t) = (−y1 sin t+ y2 cos t)(l0 − lTx) + (1− yTx)(−l1 sin t+ l2 cos t)

+ 3(y1 cos t+ y2 sin t)(l1 sin t− l2 cos t)

+ 3(y1 sin t− y2 cos t)(l1 cos t+ l2 sin t).
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Evaluated at ty, these derivatives become

(f ◦ x)(0)(ty) = (1− yTy)(l0 − lTy)

(f ◦ x)(1)(ty) = (y1y2 − y2y1)(l0 − lTy) + (1− yTy)(l1y2 − l2y1)

(f ◦ x)(2)(ty) = (yTy)(l0 − lTy) + (1− yTy)(lTy) + 2(y1y2 − y2y1)(l1y2 − l2y1)

(f ◦ x)(3)(ty) = (−y1y2 + y2y1)(l0 − lTy) + (1− yTy)(−l1y2 + l2y1)

+ 3(yTy)(l1y2 − l2y1) + 3(y1y2 − y2y1)(lTy).

Simplifications using yTy = 1 and y1y2 − y2y1 = 0 yield

(f ◦ x)(0)(ty) = 0

(f ◦ x)(1)(ty) = 0

(f ◦ x)(2)(ty) = l0 − lTy

(f ◦ x)(3)(ty) = 3(l1y2 − l2y1).

This proves br(y) ≥ 2. Since l0 − lTy = 0 if and only if y ∈ Lzw, item (i) follows. Items (ii)

and (iii) follow because the third derivative is 0 if and only if Ty ‖ Lzw.

We now calculate the breaks for z when y 6= z. Let Ty be expressed as Ty(x) = a0 − aTx
and Lzw be expressed as Lzw(x) = l0− lTx. Again, we may assume without loss of generality

that z = x(tz) ∈ Z1 with x(t) = (cos t, sin t)T . The first two derivatives are:

(f ◦ x)(0)(t) = (a0 − aTx)(l0 − lTx)

(f ◦ x)(1)(t) = (a1 sin t− a2 cos t)(l0 − lTx) + (a0 − aTx)(l1 sin t− l2 cos t).

Evaluated at tz, these derivatives become

(f ◦ x)(0)(tz) = 0

(f ◦ x)(1)(tz) = (a0 − aT z)(l1z2 − l2z1).

The result now follows because z 6∈ Ty and Lzw ∦ Tz since w ∈ F 12.

We next investigate L2
yz for y 6= z. While Lemma 1 shows that Ty Lzw has break at least

2 at y and break 1 at z, L2
yz has exactly break 2 at both y and z.

Lemma 2. For (y, Y ), (z, Z) ∈ P with y 6= z, define f := L2
yz. Then br(y) = br(z) = 2.

Proof. By symmetry, we need only prove the result for y. Let Lyz be expressed as Lyz(x) =

l0 − lTx. By Proposition 4 and Corollary 2, we may assume without loss of generality that
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y = x(ty) ∈ Y1 with x(t) = (cos t, sin t)T . We use the specific form of f to calculate a few

derivatives:

(f ◦ x)(0)(t) = (l0 − lTx)2

(f ◦ x)(1)(t) = 2(l0 − lTx)(l1 sin t− l2 cos t)

(f ◦ x)(2)(t) = 2(l0 − lTx)(l1 cos t+ l2 sin t) + 2(l1 sin t− l2 cos t)2.

Evaluated at ty, these derivatives become

(f ◦ x)(0)(ty) = 0

(f ◦ x)(1)(ty) = 0

(f ◦ x)(2)(ty) = 2(l1y2 − l2y1)2.

The result now follows because Lyz ∦ Ty since z ∈ F 12.

In Table 2, we list the breaks of the quadratics which will be used later. These breaks will

be quite handy when we need to identify quadratics for specific breaks in the next subsection.

They will also play an important role in proving Theorem 1 about G in Section 4.

Proposition 5. The breaks in Table 2 are correct.

Proof. Item ∞ in Table 2 is clear because gY is constant over Y 1, and item 4 follows by

Lemma 1 part (iii). For item 3–3 with y = z but Y 6= Z, apply part (ii) of Lemma 1 with

Lzw = Tz to get br(y) = 3; by symmetry, we also know br(z) = 3. Next, item 3–1 follows by

Lemma 1 part (ii), but this time with Lzw = Lyz; the last portion of Lemma 1 then implies

br(z) = 1. In a similar fashion, we get item 2–1 from from Lemma 1 part (i). Item 2–2–i

follows by Lemma 1 part (i) and symmetry. Finally, Lemma 2 gives item 2–2–ii.

3.3 Quadratics for specific breaks

The last subsection provides the breaks of some specific quadratics, while in this subsection,

we look for quadratics that satisfy specific breaks. As we mentioned in Section 3.1, the higher

the breaks a quadratic f = (R, r, ρ) has, the more constrained the entries of (R, r, ρ) are.

Based on given breaks, we can often classify the form of f with the help of Table 2. When

we finally characterize all valid f ∈ K in Section 4, we will break the proof into different

cases with respect to different zeros and breaks. The following propositions help us deduce

the forms of the quadratics in each case.
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Item Quadratic f Condition Break br(y) Break br(z) Valid?

∞ gY ∞ yes (ellipsoid)

4 T 2
y ≥ 4 yes (PSD)

3–3 Ty Tz y = z, Y 6= Z 3 3 yes (vertex RLT)

3–1 Ty Lyz z 6∈ Ty 3 1 no

2–1 Ty Lzw y 6∈ Lzw 2 1 no

2–2–i Ty Tz y 6= z 2 2 yes (RLT)

2–2–ii L2
yz 2 2 yes (PSD)

Table 2: Breaks and validity of certain quadratics with (y, Y ), (z, Z) ∈ P .

We assume throughout this subsection that f is defined by f(x) = xTRx+ 2 rTx+ ρ for

(R, r, ρ) ∈ S2 × R2 × R. We also define the zeros of f in F (or “null” points) by

N := N(f) := {x ∈ F : f(x) = 0}.

We do not assume that f is valid.

The following lemma shows that f has a special form if it has a zero in F 12 with break

at least 2.

Lemma 3. Let f and (y, Y ) ∈ P with y ∈ N be given. Let distinct z, w ∈ R2 be arbitrary

such that Ty(z) 6= 0 and Lzw(y) 6= 0. If br(y) ≥ 2, then there exist λ2, λ3, λ4, λ∞ ∈ R such

that

f = λ2 Ty Lzw + λ3 Ty Lyz + λ4 T
2
y + λ∞ gY . (3)

Proof. We consider (R, r, ρ) to be unknown. Since W is symmetric, this is a total of six

unknowns. Since br(b) ≥ 2, the homogeneous equations f(y) = (f ◦ x)(1)(ty) = 0 in (R, r, ρ)

impose two linearly independent equations. So the space of solutions has dimension four.

Table 2 provides four solutions (items 2–1, 3–1, 4, and∞) as suggested in the decomposition

(3) of f . In particular, each of the four component functions Ty Lz,w, Ty Lyz, T
2
y , and gY

evaluate to 0 at y and have break at least 2 at y. It remains to show that the four solutions

are independent.

So suppose (3) satisfies f = 0, and define the affine function M := λ2Lzw +λ3Lyz +λ4Ty.

Then f = TyM + λ∞gY = 0. It is clear that TyM and λ∞gY are linearly dependent if and

only if M = 0 and λ∞ = 0. Thus, 0 = M(y) = λ2Lzw(y), which implies λ2 = 0 because

Lzw(y) 6= 0. In addition 0 = M(z) = λ4Ty(z), which implies λ4 = 0 because Ty(z) 6= 0. So
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λ3 = 0 also.

Propositions 6–8 are derived from Lemma 3. They characterize quadratics with specific

breaks at zeros along one of the two ellipsoids.

Proposition 6. Let f and (y, Y ) ∈ P with y ∈ N be given. If br(y) ≥ 4, then there exist

λ4, λ∞ such that f = λ4 T
2
y + λ∞ gY .

Proof. Apply Lemma 3 to write f as (3). Note that br(y) equals the minimum break of its

four component functions λ2 Ty Lzw, λ3 Ty Lyz, λ4 T
2
y , and λ∞ gY . Since br(y) ≥ 4, we see

from Table 2 that λ2 = λ3 = 0.

Proposition 7. Let f and (y, Y ), (z, Z) ∈ P with y, z ∈ N and Y = Z be given. If br(y) ≥ 3,

then there exist λ3, λ∞ such that f = λ3 Ty Lyz + λ∞ gY .

Proof. Apply Lemma 3 to write f as (3). Note that br(y) equals the minimum break of

its four component functions λ2 Ty Lzw, λ3 Ty Lyz, λ4 T
2
y , and λ∞ gY . Since br(b) ≥ 3, we

see from Table 2 that λ2 = 0. It remains to prove that λ4 = 0. This is true because

0 = f(z) = λ4 Ty(z)2 and yet Ty(z) cannot equal 0 because both y, z ∈ F 12.

Proposition 8. Let f and (y, Y ), (z, Z), (w,W ) ∈ P with y, z, w ∈ N distinct and Y = Z =

W be given. If br(y) ≥ 2, then there exist λ2, λ∞ such that f = λ2 Ty Lzw + λ∞ gY .

Proof. Apply Lemma 3 to write f as (3). This implies 0 = f(z) = λ4 Ty(z)2, which guarantees

λ4 = 0 since Ty(z) 6= 0. Next, we have 0 = f(w) = λ3 Ty(w)Lyz(w). Since Ty(w) 6= 0 and

Lyz(w) 6= 0, it follows that λ3 = 0.

The following lemma and proposition will allow us to characterize quadratics with specific

breaks at zeros on both ellipsoids.

Lemma 4. Let f and (y, Y ), (z, Z) ∈ P with y, z ∈ N distinct be given. Then there exist

γ1, ξ1, γ2, ξ2 such that

f = γ1 Lyz Tz + ξ1 Ty Lyz + γ2 Ty Tz + ξ2 L
2
yz. (4)

Proof. We take the same approach as the proof of Lemma 3, but in this case, the equations

f(y) = f(z) = 0 are the two independent equations that limit the dimension of solutions f

to 4. The four functions Lyz Tz, Ty Lyz, Ty Tz, and L2
yz are clearly solutions, so (4) holds as

long as the four are independent.

So suppose that f as presented in (4) satisfies f = 0, and define the affine function

M := γ1Tz + ξ1Ty + ξ2Lyz. Then f = LyzM + γ2Ty Tz. It is clear that LyzM and γ2 Ty Tz
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are linearly dependent if and only if M = 0 and γ2 = 0. Thus, 0 = M(y) = γ1Tz(y), which

implies γ1 = 0 since Tz(y) 6= 0. Similarly ξ1 = 0, and so finally ξ2 = 0 as well.

Proposition 9. Let f and (y, Y ), (z, Z) ∈ P with y, z ∈ N distinct be given. If br(y) ≥ 2

and br(z) ≥ 2, then there exist γ2, ξ2 such that f = γ2 Ty Tz + ξ2 L
2
yz.

Proof. Apply Lemma 4 to write f as (4). Note that br(z) = br(z, Z, f) equals the minimum

break at z of its four component functions γ1 Lyz Tz, ξ1 Ty Lyz, γ2 Ty Tz, and ξ2 L
2
yz. Since

br(z, Z, Ty Lyz) = 1 by Table 2, it holds that ξ1 = 0. By symmetry, γ1 = 0 as desired.

4 Global Analysis of Valid Quadratics

As discussed in Section 2, Proposition 2 is the key result required for our choice of G. In

this section, we argue in Theorem 1 that Proposition 2 does indeed hold, i.e., we show that

every quadratic function f ∈ K can be minorized by some g ∈ G.

The following lemma gives conditions under which a valid f ∈ K can be perturbed to a

valid f + λ g, where λ < 0 and g ∈ K. In other words, f can be minorized by −λg. The key

insight is to compare the zeros and breaks of f and g.

Lemma 5. Let f, g ∈ K, and suppose Hess(f) 6∈ S2
+ and N(f) ⊆ N(g) with |N(f)| finite.

In particular, N(f) ⊆ F 12. Suppose also that br(y, Y, f) ≤ br(y, Y, g) for all (y, Y ) ∈ P such

that y ∈ N(f). Then f + λ g is valid for some λ < 0.

Proof. We first prove the existence of λ < 0 such that f + λg is valid. Since the Hessian of

f is not positive semidefinite, there exists a small λ1 < 0 such that Hess(f + λ1g) 6∈ S2
+. We

will require λ1 ≤ λ < 0, in which case f + λg will attain its global minimum over F in the

boundary F 12.

Next let (y, Y ) ∈ P with y ∈ N(f). Suppose r = br(y, Y, f) ≤ br(y, Y, g). In the

intersection of F 12 and a sufficiently small open neighborhood O(y) ⊆ R2 of y, we have the

Taylor approximations

(f ◦ x)(t) =
1

r!
· (f ◦ x)(r)(ty) · (t− ty)r +O((t− ty)r+1),

(g ◦ x)(t) =
1

r!
· (g ◦ x)(r)(ty) · (t− ty)r +O((t− ty)r+1),

where x(t) is any parametrization of Y 1, y = x(ty) and O((t − ty)
r+1) expresses terms of

t − ty with degree at least r + 1. Since (f ◦ x)(r)(ty) 6= 0, there exists a small λy < 0

such that ((f + λyg) ◦ x)(r)(ty) is nonzero with the same sign as (f ◦ x)(r)(ty). Therefore,
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f(x)+λyg(x) ≥ 0 for all x ∈ F 12∩O(y), because f+λyg and f have the same local behavior

around y. In words, f + λyg is locally valid around y. We will also require λy ≤ λ < 0.

Now consider f + λg over the complement Q := F 12 \ ∪y∈N(f)O(y). Because {O(y)} is

a finite collection of open sets containing the zeros of f , Q is compact and minx∈Q f(x) is

positive. Hence, there exists λQ < 0 such that f + λQg is valid over Q. We will also require

λQ ≤ λ < 0.

Based on the previous three paragraphs, we take λ to be the maximum of λ1, λQ, and

λy for all y ∈ N(f). This proves the existence of λ < 0 such that f + λg is valid.

For a valid f ∈ K with Hess(f) 6∈ S2
+, zeros in F 1 have different break properties compared

to zeros in F 2. The following result is helpful in ruling out odd breaks for zeros in F 1.

Lemma 6. Let f ∈ K with Hess(f) 6∈ S2
+, and suppose (y, Y ) ∈ P with y ∈ N ∩ F 1. Then

br(y) is even.

Proof. Let x(t) be the parameterization of Y 1 such that y = x(ty). Since f is valid, f(y) = 0,

and y ∈ F 1, the one-dimensional function (f ◦ x)(t) has a local minimum at ty in an open

neighborhood containing ty. Using standard calculus, this implies br(f) is even.

We are finally ready to state our main theorem that Proposition 2 holds for our choice

of G.

Theorem 1. Every f ∈ K satisfies f � g for some g ∈ G, where G is given by Table 1.

Proof. If Hess(f) ∈ S2
+, then f is valid by the definition of G. So assume Hess(f) 6∈ S2

+, in

which case N := N(f) ⊆ F 12. Define

max br(f) := max{br(y, Y, f) : y ∈ N(f), (y, Y ) ∈ P}.

That is, max br(f) is the maximum break of f measured at all zeros and along all corre-

sponding ellipsoid boundaries. The proof considers a sequence of cases based on |N | and

max br(f).

If |N | = 0, then f is minorized by a positive-value constant function, which is in G since

the Hessian of a constant function is 0. So we have reduced to the case that |N | ≥ 1.

If max br(f) ≥ 4, then Proposition 6 implies f = λ4 T
2
y +λ∞ gY for some (y, Y ) ∈ P with

y ∈ N . If λ4 were negative, then locally along Y 1 at y, f would be invalid; so in fact λ4 ≥ 0.

Also λ∞ ≥ 0; otherwise, Hess(f) would be positive semidefinite. Since T 2
y and gY are both

in G, this clearly shows that f is minorized by some g ∈ G. So we have reduced to the case

that max br(f) ≤ 3.
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If |N | = 1, let y be the unique zero. If y ∈ F 2, then there exists (y, Y ), (z, Z) ∈ P with

y = z and Y 6= Z. So Lemma 5 and item 3–3 of Table 2 imply f + λTy Tz is valid for some

λ < 0. If y ∈ F 1, then similarly f + λT 2
y is valid for some λ < 0. In either case, we have

f + λ g valid for some g ∈ G and some λ < 0. This means f is minorized by −λg, and so we

have reduced to the case that |N | ≥ 2.

If max br(f) = 3, let y, z ∈ N be two distinct zeros of f . We consider two subcases. First,

if there exists (y, Y ), (z, Z) ∈ P with Y = Z, then Proposition 7 implies f = λ3 Ty Lyz+λ∞ gY

for some scalars λ3, λ∞. If λ3 = 0, then λ∞ ≥ 0 and f ∈ G as desired. If λ3 6= 0, then by a

simple scaling, we may assume |λ3| = 1. Moreover, λ3 may be absorbed into the definition

of Lyz so that f = Ty Lyz + λ∞ gY and Lyz ≥ 0 along F ∩ Y 1. In particular, this means

y, z ∈ F 2; otherwise, f would flip signs near y or z. So f is minorized by a type-1 member

of G. For the second subcase, suppose that every (y, Y ), (z, Z) ∈ P has Y 6= Z. Then at

least one of y, z is in F 1; say y ∈ F 1. Then Lemma 6 implies br(y) = 2, and thus br(z) = 3,

and so Proposition 9 implies f = γ2 Ty Tz + ξ2 L
2
yz for some scalars γ2, ξ2. If γ2 = 0, then

ξ2 ≥ 0 and f ∈ G as desired. If γ2 6= 0, then it must hold that γ2 > 0 (otherwise, f would be

invalid along Lyz). Hence, after scaling to γ2 = 1, f is minorized by a lifted-RLT member of

G. We have thus reduced to the case that max br(f) ≤ 2.

If |N | = 2, let y, z be the distinct zeros of f . Then Lemma 5 and item 2–2–ii of Table 2

imply that f � f + λL2
yz for some λ < 0. So f � −λL2

yz, and we have reduced to the case

that |N | ≥ 3.

If max br(f) = 2, let y, z, w ∈ N be distinct zeros of F . We consider two subcases. First,

suppose there exists (y, Y ), (z, Z), (w,W ) ∈ P with Y = Z = W , and suppose br(y) = 2

without loss of generality. Then Proposition 8 implies that f = λ2 Ty Lzw + λ∞ gY for some

scalars λ2, λ∞. If λ2 = 0, then f ∈ G as desired. If λ2 6= 0, then by a simple scaling, we

may assuming |λ2| = 1. Moreover, λ2 may be asborbed into the definition of Lzw so that

f = Ty Lzw +λ∞ gY and Lzw(y) > 0. In particular, this means z, w ∈ F 2; otherwise, f would

flip signs near z or w. So f is minorized by a type-2 member of G. For the second subcase,

if it is not possible that Y = Z = W , then we can deduce that at least two of y, z, w are in

F 1; say y, z ∈ F 1 and Y 6= Z. Then Lemma 6 ensures br(y) = br(z) = 2, and so Proposition

9 implies f = γ2 Ty Tz + ξ2 L
2
yz for some scalars γ2, ξ2. We must have γ2 > 0; otherwise, f

would be invalid along the line Lyz. Hence, after scaling, f is minorized by a lifted-RLT

member of G. We have thus reduced to the case that max br(f) ≤ 1.

Since max br(f) = 1, Lemma 6 implies N ⊆ F 2, and so it is clear by Lemma 5 and item

∞ of Table 2 that f + λ gY is valid for some λ < 0 and any Y ∈ {E1, E2}. This completes

the proof.
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5 Separation and an Extension

Let n = 2, and suppose we have solved a partial specification of (2) to calculate the point

(x̄, X̄) ∈ PSD. We would like to separate a lifted RLT constraint. Assume for simplicity

that (A1, a1) = (I, 0) so that E1 is the unit ball and that a2 = 0 so that E2 is also centered

at the origin. We thus need to find (y, E1), (z, E2) ∈ P and λ < 0 such that the quadratic

0 ≤ (1− yTx)(1− zTA2x) + λ
(
perp(z − y)T (z − x)

)2
= 1− yTx− zTA2x+ yTx · xTA2z + λ

(
perp(z − y)T (z − x)

)2
is valid and such that

0 > 1− yT x̄− zTA2x̄+ yT X̄A2z + λ perp(z − y)perp(z − y)T • X̄.

In addition, we would like λ to be minimal in the valid quadratic. In this sense, λ is a special

function λ(y, z) of y and z.

The separation problem can thus be stated as

min
y,z

1− yT x̄− zTA2x̄+ yT X̄A2z + λ(y, z) perp(z − y)perp(z − y)T • X̄

s. t. yTy = 1, zTA2z = 1.

Theoretically speaking, this separation problem looks difficult to solve because the objective

contains the bilinear term yT X̄A2z as well as the function λ(y, z), which is likely to be highly

nonlinear and is multiplied by the convex quadratic perp(z − y)perp(z − y)T • X̄. In short,

despite a concerted effort, we have not been able to devise a theoretically satisfying algorithm

for this separation problem.

It is possible, however, that the separation problem could be approached practically and

heuristically. For example, one could try block-coordinate minimization over the variables

y, z, λ. Letting y be a variable while z and λ are fixed, the resultant problem is an instance

of the equality constrained TRS, i.e., a general quadratic minimized over a single ellipsoid

constraint. Similarly one can optimize z while holding y and λ fixed. Once y and z are

fixed, λ can be adjusted to the value λ(y, z). In actuality, calculating λ(y, z) also appears

theoretically difficult, but when n = 2, one can show that λ(y, z) is determined by examining

the vertices in F 2. These can be enumerated without much trouble since there are at most

4 of them.

Separating the type-1 and type-2 inequalities faces similar difficulties as the lifted RLT

inequalities. Overall, while we have shown that these three classes of inequalities are critical
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for solving TTRS, their separation remains an interesting area of open research.

We conclude the paper with proposed generalizations of the lifted RLT, type-1, and type-

2 quadratics for general n. First, for the lifted RLT, let (y, Y ), (z, Z) ∈ P with y 6= z and

Y 6= Z be given, and let M ∈ Sn
+ be such that M(z−y) = 0. Then we propose the quadratic

Ty(x)Tz(x)− (x− z)TM(x− z) ≥ 0,

where M is taken maximally, i.e., if one tries to replace M with a different M ′ such that

M ′−M ∈ Sn
+, then the resulting quadratic based on M ′ is invalid. For the type-1 quadratics,

let y, z ∈ F 2 be distinct, and let v be any vector perpendicular to z−y such that x ∈ F ∩Y 1

implies vT (z − x) ≥ 0. Then we propose

Ty(x) · vT (z − x) + λ gY (x) ≥ 0,

where λ is taken minimally. For the type-2 quadratics, we similarly suggest Ty(x) · vT (z −
x) + λ gY (x) ≥ 0, except that v is perpendicular to z − w.
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