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Hub Location Problem

A = f a1; : : : ; an g.

wjm 
ow from origin j to the destinationm.

cjm unit cost of sending commodity from sitej to site m.
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Hub location problems
Motivation

Hub Location Problem

A = f a1; : : : ; an g.

wjm 
ow from origin j to the destinationm.

cjm unit cost of sending commodity from sitej to site m.

Hubs are special facilities that act as transshipment points gathering
and redistributing products that must be delivered in systems with
many origins and destinations.
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Hub location problems
Motivation

Campbell (1991):

r jk =
�

1 if node j is assigned to hubk,
0 otherwise.

yk =
�

1 if nodek is a hub,
0 otherwise.

x jk`m = fraction of 
ow from j to m that is routed via hubs atk and `.

min
NX

j =1

NX

k=1

NX

` =1

NX

m =1

Wjm x jk`m (�c jk + �c `m + �c k` )

s:a:
NX

k=1

yk = p;

NX

k=1

NX

` =1

x jk`m = 1 ; 8j; m = 1 ; : : : ; N

r jk � yk ; 8j; k = 1 ; : : : ; N

r jk + rm` � 2x jk`m � 0; 8j; k; `; m = 1 ; : : : ; N

0 � x jk`m � 1; r jk ; yk 2 f 0; 1g 8j; k; `; m = 1 ; : : : ; N:
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Antecedents

Goldman (1969)

O'Kelly (1986)

Campbell (1994)

Klincewicz (1996)

Skorin-Kapov, Skorin-Kapov, O'Kelly (1996)

Ernst, Krishnamoorthy (1998)

Hamacher, Labb�e, Nickel, Sonneborn (2004)

Mar��n (2005)

Mar��n, C�anovas, Landete (2006)

C�anovas, Garc��a, Mar��n (2007)

Labb�e, Yaman (2008)

Contreras, Diaz, Fern�andez (2009)

Saldanha, Correia, Nickel (2012).

Surveys: Campbell, Ernst, Krishnamoorthy (2002), Alumur, Kara
(2008), Campbell, O'Kelly (2012).
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Motivation

The use of ordinal information:

Supply chain networks where the operations within the network
consist ofsegmented origin-destination deliveries of known amounts
of a commodity.

Simultaneous decisionson the location of the intermediate
transhipment points (hubs) and on the origin-destination delivery
paths (distribution patterns).
Origin-destination delivery paths are composed of, at most, two
components:

1 the subpath that goes from anorigin site to the �rst access point
(�rst hub ) to the distribution system,

2 the subpath that links �rst hubs to �nal destinations . In addition,
this last component is itself divided in two parts:

1 the inter hubs link and
2 the link from the last hub to the �nal destination.

This structure allows us to distinguish between di�erent cost generating
entities according to the roles played within the supply chain.
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Hub location problems
Motivation

Users agree on creating a distribution system with the location of hubs
such that it supports the distribution cost once the commodity achieves
by the �rst time a hub. The goal is to minimize the overall costof
operation.

c1 � c2

A.M. Rodr��guez-Ch��a (UCA) AUSSOIS, 6-10 January 2014



Hub location problems with order requirements
Formulations of the Ordered Hub Location problem

Capacitated Models

Hub location problems
Motivation

First binding agreement:Set up costs of hubs are paid equally.
Second binding agreement:

Those users that are favored by the solution agree on compensate
the system viascaling factorson their transportation costs.
Those users that are penalized by the solution would be compensated
by the system via a scaling factor on their transportation costs.
Preference scalefor the users is based on their rank with respect to
their unit transportation cost.

For example: Forc(1) � c(2) � : : : � c(n ) and � 1 � : : : � � n :

c(1)  � 1; : : : ; c(n )  � n :
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Hub location problems
Motivation

ci (X ) := min k2 X cik

� X is a permutation off 1; : : : ; M g

c� X (1) (X ) � c� X (2) (X ) � � � � � c� X (M ) (X )

The discrete ordered median problem (DOMP)

min
X � A ; jX j= p

MX

i =1

� i c� X ( i ) (X ) :

with � = ( � 1; : : : ; � M ) y � i � 0, i = 1 ; : : : ; M .
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� = (1 ; 1; : : : ; 1), the p-median problem.

� = (0 ; 0; : : : ; 0; 1), the p-center problem.

� = ( �; �; : : : ; �; 1) the � -centdian problem (0 < � < 1).

� = (0 ; : : : ; 0; 1; : : : ; 1), the k� centrum problem.

� = (0 ; : : : ; 0; 1; : : : ; 1; 0; : : : ; 0), the (k1 + k2)-trimmed mean
(robust statistic).

� = (1 ; : : : ; 1; 0; : : : ; 0; 1; : : : ; 1), (k1 + k2)-trimmed anti-mean.

� = (2 ; 0; : : : ; 0; 1), new problems.
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Hub location problems
Motivation

Antecedents

Yager (1988)
Puerto, Fern�andez (1995)
Puerto, Rodr��guez-Ch��a, Fern�andez (1997)
Nickel, Puerto (1999), (2005)
Rodr��guez-Ch��a, Puerto, Nickel, Fern�andez (2000)
Nickel (2001)
Kalcsics, Nickel, Puerto, Tamir (2002)
Ogryczak, Tamir (2003)
Nickel, Puerto, Rodr��guez-Ch��a, Weisslar (2005)
Puerto, Rodr��guez-Ch��a (2005)
Rodr��guez-Ch��a, Puerto, Moreno, Prez (2005)
Boland, Dom��nguez, Nickel, Puerto (2005)
Dom��nguez, Hansen, Mladenovic, Nickel (2005)
Espejo, Rodr��guez-Ch��a, Valero (2006)
Mar��n, Nickel, Puerto, Velten (2008), (2011)
Kalcsics, Nickel, Puerto, Rodr��guez-Ch��a (2010), (2011)
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Model Hypotheses

The origin destination 
ow(j; m ) cannot be splitted in di�erent
routes.

Every 
ow must be routed via either one or two hubs.

The number of hubs is determined in advance.
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Model Hypotheses
Formulating this problem
A covering formulation for the problem
Improved reformulation

Cost structure

Costs are decoupled:
Origin-First Hub
Hub-Hub
Hub-Destination

Origins-First Hubs must be weighted-sorted!!

The remaining two components of the cost are handled in the same
way that in standard hub models
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5-Index formulation:
First approach based on variables with 5-indices that keep track of the
entire path followed by the 
ows:

r i
jk`m =

8
>>><

>>>:

1 if the origin-destination 
ow(j; m ) goes through
the hubsk and ` and the cost of the �rst module

(j; k ) is in the i -th position,
0 otherwise,

yk =

(
1 if a hub is located at sitek,

0 otherwise.

� i = correction factor for thei -th position,

with i; j; k; `; m = 1 ; : : : ; N:

Solving to optimality for sizes of M = 10

A.M. Rodr��guez-Ch��a (UCA) AUSSOIS, 6-10 January 2014



Hub location problems with order requirements
Formulations of the Ordered Hub Location problem

Capacitated Models

Model Hypotheses
Formulating this problem
A covering formulation for the problem
Improved reformulation

5-Index formulation:
First approach based on variables with 5-indices that keep track of the
entire path followed by the 
ows:

r i
jk`m =

8
>>><

>>>:

1 if the origin-destination 
ow(j; m ) goes through
the hubsk and ` and the cost of the �rst module

(j; k ) is in the i -th position,
0 otherwise,

yk =

(
1 if a hub is located at sitek,

0 otherwise.

� i = correction factor for thei -th position,

with i; j; k; `; m = 1 ; : : : ; N:

Solving to optimality for sizes of M = 10

A.M. Rodr��guez-Ch��a (UCA) AUSSOIS, 6-10 January 2014



Hub location problems with order requirements
Formulations of the Ordered Hub Location problem

Capacitated Models

Model Hypotheses
Formulating this problem
A covering formulation for the problem
Improved reformulation

3-Index formulation:

r i
jk =

8
>>><

>>>:

1; if the 
ow from the origin site j goes �rst to the hubk

and Wj cjk is the i -th lowest value in the transportation
cost vector of the �rst block,

0; otherwise,

xk`m = 
ow that goes through hubsk and ` with destinationm,;

with i; j; k; `; m = 1 ; : : : ; N:

Solving to optimality within 1 hour for sizes of N= 18 depending of the
� parameters
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A covering formulation for the problem
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Covering formulation: Kolen, Tamir (1990), Elloumi, Labbe, Pochet
(2004), Marin, Nickel, Puerto, Velten (2008), Garcia, Labbe, Marin
(2011).
Consider the non{decreasing sequence:

ĉ(0) := 0 < ĉ(1) < ĉ(2) < � � � < ĉ(G) := max
1� j;k;m � n

f
nX

m =1

wjm cjk g:

Given a feasible solution, consider the following variables (i = 1 ; : : : ; n
and h = 1 ; : : : ; G):

uih :=

(
1 if the i {th smallest allocation cost is at least̂c(h) ,

0 otherwise.

The i {th smallest cost element is equal tôc(h) if and only if uih = 1 and
ui;h +1 = 0 .
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(u) i;h =

1
2
3
4
5
6
...

n � 2
n � 1

n

ĉ(1) ĉ(2) ĉ(3) : : : ĉ(G� 2) ĉ(G� 1) ĉ(G)0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

1 0 0 : : : 0 0 0
1 0 0 : : : 0 0 0
1 0 0 : : : 0 0 0
1 0 0 : : : 0 0 0
1 1 1 : : : 0 0 0
1 1 1 : : : 0 0 0
...

...
...

...
...

...
...

1 1 1 : : : 0 0 0
1 1 1 : : : 1 0 0
1 1 1 : : : 1 1 0

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A
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uih =
�

1 if i -th allocation cost is at least̂c(h) ,
0 otherwise,

x jk =
�

1 
ow origin j goes �rst to the hubk,
0 otherwise,

sk`m = 
ow that goes through hubsk and ` with destinationm

xkk =
�

1 if a hub is located at the sitek,
0 otherwise,

� i = colection factor in thei -th position,

with h = 1 ; : : : ; G and i; j; k; `; m = 1 ; : : : ; n:
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The objective function is

min
nX

i =1

GX

h=2

� i (ĉh � ĉh� 1)ui;h +
nX

k=1

nX

` =1

nX

m =1

sk`m (
c k` + �c `m )

Impose the following group of sorting constraints:

uih � ui +1 ;h i = 1 ; : : : ; n � 1; h = 1 ; : : : ; G :
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s:t:
nX

k=1

x jk = 1 ; 8j = 1 ; : : : ; n

nX

j =1

x jk � nx kk ; 8k = 1 ; : : : ; n

sklm � (1 � xmm )
nX

j =1

wjm 8k; l; m = 1 ; : : : ; n l 6= m

nX

l =1

sklm =
nX

i =1

nX

j =1

x jk wjm ; 8k; m = 1 ; : : : ; n
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nX

l =1

nX

m =1

sklm � xkk

nX

j =1

nX

m =1

wjm ; 8k = 1 ; : : : ; n

nX

k =1

nX

m =1

sklm � x ll

nX

j =1

nX

m =1

wjm ; 8l = 1 ; : : : ; n

nX

i =1

uih =
nX

j =1

nX

k =1
W j c jk � ĉ( h )

x jk ; 8h = 1 ; : : : ; G

uih � ui � 1;h ; 8i = 2 ; : : : ; n; h = 1 ; : : : ; G
nX

k =1

xkk = p

x jk 2 f 0; 1g; sk`m � 0; 8i; j; k; `; m
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Improved formulation:

� = (1 ; 1; : : : ; 1), p-median problem.

� = (0 ; 0; : : : ; 0; 1), p-center problem.

� = (0 ; : : : ; 0; 1; : : : ; 1), k� centrum problem.

� = (0 ; : : : ; 0; 1; : : : ; 1; 0; : : : ; 0), (k1 + k2)-trimmed mean problem.

� = (1 ; : : : ; 1; 0; : : : ; 0; 1; : : : ; 1), (k1 + k2)-trimmed anti-mean.
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~� = ( ~� 1; : : : ; ~� n � p) := ( � p+1 ; : : : ; � n )


 = ( 
 1; : : : ; 
 I ), being
 i , i = 1 : : : ; I the value of the elements in
the i -th block of repeated elements in~� .

� = ( � 1; : : : ; � I ), being� i i = 1 : : : ; I , the number of zero entries
between thei � 1-th and i -th blocks of positive elements in~� and
� I +1 the number of zeros, if any, after theI -th block of non-null
elements in~� .

� = ( � 1; : : : ; � I ), being� i , i = 1 : : : ; I the number of elements in
the i -th block of non-null elements in~� . � 0 = � I +1 = 0 .
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uih =

8
><

>:

1 if the (
iX

j =1

� j +
i � 1X

j =1

� j + 1) -th allocation cost is at least̂c(h) ;

0 otherwise.

vih = number of allocations in thei -th block
�

between positions

iX

j =1

� j +
i � 1X

j =1

� j + 1 and
iX

j =1

(� j + � j )
�

that are at leastĉ(h) :
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� =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

� 1

...
� p

0
...
0
1
...
1
...
0
...
0
1
...
1
...

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

9
>=

>;
9
>=

>;

9
=

;
9
>=

>;

� 1

� 1

� i

� i

�! u1
9
>=

>;

�! ui
9
>=

>;

v1

vi
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The main di�erence is that alluih variables associated with blocks of
zero � -values are removed and those associated with each block of
non-null � values are replaced by2 � G variables. Therefore, overall we
reduce the number of variables by(n � 2I ) � G.

Same idea previously observed in (Marin, Nickel and Velten,2010)
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The improved reformulation is,

min
IX

i =1

GX

h=2


 i (ĉ(h) � ĉ(h � 1) )vih +
nX

k=1

nX

` =1

nX

m =1

sk`m (�c k` + �c `m )
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s:t:
nX

k =1

x jk = 1 ; 8j = 1 ; : : : ; n

nX

j =1

x jk � nx kk ; 8k = 1 ; : : : ; n

sklm � (1 � xmm )
nX

j =1

wjm 8k; l; m = 1 ; : : : ; n l 6= m

nX

l =1

sklm =
nX

i =1

nX

j =1

x jk wjm ; 8k; m = 1 ; : : : ; n

nX

l =1

nX

m =1

sklm � xkk

nX

j =1

nX

m =1

wjm ; 8k = 1 ; : : : ; n

nX

k =1

nX

m =1

sklm � x ll

nX

j =1

nX

m =1

wjm ; 8l = 1 ; : : : ; n

nX

k =1

xkk = p
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IX

i =1

� i uih +
IX

i =1

vih + � I +1 �
nX

j =1

nX

k =1
W j cjk � ĉ( h )

x jk ; 8h = 1 ; : : : ; G

uih � ui � 1h ; 8i = 2 ; : : : ; I; h = 1 ; : : : ; G

vih � vih +1 ; 8i = 2 ; : : : ; I; h = 1 ; : : : ; G

uih � vi � 1;h =� i � 1; 8i = 2 ; : : : ; I; h = 1 ; : : : ; G

vih � � i uih ; 8i = 1 ; : : : ; I; h = 1 ; : : : ; G

x jk 2 f 0; 1g; sk`m � 0; 8i; j; k; `; m = 1 ; : : : ; n; h = 1 ; : : : ; G;

uih 2 f 0; 1g; vih 2 Z \ [0; � i ]; 8i; h; i = 1 : : : ; I; h = 1 ; : : : ; G:
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Capacitated Models

Some new notation:

Let bj ; 8j = 1 ; : : : ; n be the capacity of a hub located in sitej ,

� i =
P i

j =1 � j ,

� i =
P i

j =1 � j ,

Wi =
P n

j =1 wij .
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min
IX

i =1

GX

h =2


 i ( ĉ( h ) � ĉ( h � 1) )v ih +
nX

k =1

nX

` =1

nX

m =1

x k`m ( �c k` + �c `m )

s:a:
nX

k =1

x jk = 1 ; 8j = 1 ; : : : ; n

nX

j =1

x jk � nx kk ; 8k = 1 ; : : : ; n

nX

` =1

sk`m =
nX

j =1

x jk w jm ; 8k; m = 1 ; : : : ; n

sk`m � (1 � x mm )
nX

j =1

w jm 8k; `; m = 1 ; : : : ; n; ` 6= m

nX

` =1

nX

m =1

sk`m � x kk

nX

j =1

W j ; 8k = 1 ; : : : ; n

nX

k =1

nX

m =1

sk`m � x ``

nX

j =1

W j ; 8` = 1 ; : : : ; n

nX

k =1

x kk = p
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IX

i =1

� i uih +
IX

i =1

vih + � I +1 �
nX

j =1

nX

k =1
ĉjk � ĉ( h )

x jk ; 8h = 1 ; : : : ; G

nX

i =1

Wi r ij � bj x jj ; 8j = 1 ; : : : ; n

uih � ui � 1;h ; 8i = 2 ; : : : ; I; h = 1 ; : : : ; G

� i � 1uih � vi � 1;h ; 8i = 2 ; : : : ; I; h = 1 ; : : : ; G

vih � � i uih ; 8i = 1 ; : : : ; I; h = 1 ; : : : ; G

uih 2 f 0; 1g; vih 2 Z \ [0; � i ]; 8i = 1 : : : ; I; h = 1 ; : : : ; G

x jk 2 f 0; 1g; sk`m � 0; 8j; k; `; m = 1 ; : : : ; n:
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Variable �xing

Preprocessing phase 1

P1 (h) := max
nX

j;k =1

zh
jk

s:t: ĉjk � ĉ( h � 1) ; 8 j; k = 1 ; : : : ; n
nX

k =1

zh
jk � 1; 8j = 1 ; : : : ; n;

nX

j =1

zh
jk � ny k ; 8k = 1 ; : : : ; n

nX

k =1

yk � p

zh
jk ; y k 2 f 0; 1g; 8j; k = 1 ; : : : ; n such that W j cjk � ĉ( h � 1) :
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If � i 1 � 1 + � i 1 � 1 < P 1(h) � p � � i 1 + � i 1 � 1 for somei 1 = 1 ; : : : ; I
then

ui;h = 1 ; vi;h = � i ; for i = i 1; : : : ; I

Si � i 1 + � i 1 � 1 < P 1(h) � p � � i 1 + � i 1
for somei 1 = 1 ; : : : ; I then

ui;h = 1 ; for i = i 1 + 1 ; : : : ; I;

vi;h = � i ; for i = i 1 + 1 ; : : : ; I;

vi 1 h � (� i 1 + � i 1
) � (P1(h) � p):
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Preprocessing phase 2

P2 (h) := max
nX

j;k =1

t h
jk

s:t: ĉjk � ĉ( h ) ; 8 j; k = 1 ; : : : ; n
nX

k =1

t h
jk � 1; 8j = 1 ; : : : ; n;

nX

j =1

t h
jk � ny k ; 8k = 1 ; : : : ; n

nX

k =1

yk � p

t h
jk ; y k 2 f 0; 1g; 8j; k = 1 ; : : : ; n such that W j cjk � ĉ( h � 1) :
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If � i 2 � 1 + � i 2 � 1 < n � P2(h) � p � � i 2 + � i 2 � 1 for some
i 2 = 1 ; : : : ; I then

ui;h = 0 ; vi;h = 0 ; for i = 0 ; : : : ; i 2 � 1;

Si � i 2 + � i 2 � 1 < n � P2(h) � p � � i 2 + � i 2
for somei 2 = 1 ; : : : ; I

then

ui;h = 0 ; for i = 0 ; : : : ; i 2 � 1;

vi;h = 0 ; for i = 0 ; : : : ; i 2 � 1;

vi 2 h � (� i 2 + � i 2
) � (n � P1(h) � p):
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Preprocessing phase 3

Assumeui 3 ;` = 0 for a �xed i 3 and `.

S(`) = f j : min
k(6= j )=1 ;:::;n

ĉjk � ĉ( ` ) g

(their smallest allocation costs to a �rst hub is at least̂c( ` ) )

If inequality

n �
i 3X

i =1

� i �
i 3 � 1X

i =1

� i � j S(`)j:

fails to hold thenui 3 ` = 1
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Preprocessing phase 4

P4 (h) := max
nX

j;k =1

zh
jk

s:t: ĉjk � ĉ( h ) ; 8 j; k = 1 ; : : : ; n
nX

k =1

zh
jk � 1; 8j = 1 ; : : : ; n;

nX

j =1

zh
jk � ny k ; 8k = 1 ; : : : ; n

nX

k =1

yk � p

nX

j =1

zh
jk � bk yk ; 8k = 1 ; : : : ; n

zh
jk ; y k 2 f 0; 1g; 8j; k = 1 ; : : : ; n such that W j cjk � ĉ( h � 1) :
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Valid Inequalities

Valid Inequality 1:

nX

k=1: ĉjk � ĉ( h )

x jk +
nX

k=1: ĉjk < ĉ( h )

xkk � 1; 8j = 1 ; : : : ; n; h = 1 ; : : : ; G: (25)

This inequality ensures that either origin sitej is allocated to a �rst hub
at a cost of at least̂c(h) or there is an open hubk such that ĉjk < ĉ(h) .
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Valid Inequality 2:

nX

j;k =1
ĉjk = ĉ( h � 1)

x jk �
IX

i =1

(vi;h � 1 � vih ) +
IX

i =2

� i (ui � 1;h � 1 � uih ); (26)

8 h = 2 ; : : : ; G

Valid Inequality 3:

nX

j;k =1
ĉjk = ĉ( h � 1)

x jk �
IX

i =1

(vi;h � 1 � vi;h ) +
IX

i =1

� i (ui;h � 1 � ui;h )+

+(1 � uIh )� I +1 + � 1u1h +
I � 1X

i =1

� i +1 (ui +1 ;h � uih ); (27)

8 h = 2 ; : : : ; G
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Valid Inequalities based on capacity I

nX

j =1

�
bj (h � 1) � Wj

�
x jj , e�ective capacity at a cost̂c(h � 1)

wherebj (h � 1) := min

8
>><

>>:
bj ;

nX

s =1
ĉsj � ĉ( h � 1)

Ws

9
>>=

>>;

MX

j =1
ĉjk � ĉ( h � 1)

Wj x jk � bj (h � 1)xkk 8h = 2 ; : : : ; G; k = 1 ; : : : ; M (28)
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Valid Inequalities based on capacity I

Wi � Wi +1 , for i = 1 ; : : : ; n and W j :=
P j

r =1 Wr

Sk := f i 2 A : i � kg for k = 1 ; : : : ; n be a given set of origin sites.

P k
s=1 Ws(1 � xss ) the demand ofSk .
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Valid Inequalities based on capacity I

1 If � i � 1 + � i � 1 < k � � i + � i � 1 + 1 , for somei 2 f 1; : : : ; I g, then

uih W k +
nX

j =1

�
bj (h � 1) � Wj

�
x jj �

kX

s=1

Ws(1 � xss ) (30)

2 If � i + � i � 1 + 1 < k � � i + � i , then,

vih W k +
nX

j =1

�
bj (h � 1) � Wj

�
x jj �

kX

s=1

Ws(1 � xss ) (31)
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Valid Inequalities based on capacity I

The rationale

The above inequality (30) states that if the e�ective capacity at a cost at
most ĉ(h � 1) is not enough to cover the 
ow sent from origin sites that
are not hubs, and that can be allocated at some costs less thanor equal
to ĉ(h � 1) , then some of the origin sites with allocation costs less than
ĉ(h � 1) must be assigned at a cost at leastĉ(h) .
We observe that the use ofu variables in the left-hand side of the
inequality is due to the fact thatk falls within a block of null elements in
the � vector.

A similar inequality (31) whenk falls within a block of non-null elements.
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Valid Inequalities based on capacity II

For a givenh 2 f 2; : : : ; Gg, and k 2 f 1; : : : ; ng, let
M s := min j (6= s)=1 ;:::;M ĉjs , the minimum allocation cost tos as an
open hub, or theempty radius ofs.
s(h � 1; k), the index of the sorted sequence of elementsWs s.t.
there are exactlyk elementsWs with s � s(h � 1; k) and
M s � ĉ(h � 1) ,

jf s : s � s(h � 1; k); M s � ĉ(h � 1) gj = k:

1 If � i � 1 + � i � 1 < k � � i + � i � 1 + 1 , for somei 2 f 1; : : : ; I g,

uih

0

B
B
@W s(h � 1;k ) �

s(h � 1;k )X

s =1
M s > ĉ( h � 1)

Ws

1

C
C
A +

nX

j =1

�
bj (h � 1) � Wj

�
x jj �

s(h � 1;k )X

s =1
M s � ĉ( h � 1)

Ws(1 � xss ) �
s(h � 1;k )X

s =1
M s > ĉ( h � 1)

xss (Ws(h � 1;k ) � Ws) (34)
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Valid Inequalities based on capacity III

For anyt = k; : : : ; s(h � 1; k), de�ne i h� 1;k;t the index such that

jf s ; s � i h� 1;k;t ; M s � ĉ(h � 1) gj + t � i h� 1;k;t = k

1 If � i � 1 + � i � 1 < k � � i + � i � 1 + 1 , for somei 2 f 1; : : : ; I g,

uih

0

B
B
@W t �

tX

s =1
M s > ĉ( h � 1) and s� i h � 1 ;k;t

Ws

1

C
C
A +

nX

j =1

�
bj (h � 1) � Wj

�
x jj �

tX

s =1
M s � ĉ( h � 1) or s>i h � 1 ;k;t

Ws(1 � xss ) �
tX

s =1
M s > ĉ( h � 1) and s� i h � 1 ;k;t

xss (Wt � Ws) (36)
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Computational Results

Xpress IVE 1.23.02.64

i5� 3450CPU@3.10 GHz 6 GB RAM

AP data set (http://www.cmis.csiro.au)

The capacities were randomly generated in[min
i

Wi ; 1=2
nX

i =1

Wi ].

Our experiments: 52 infeasible instances out of 375 (13.8%).
Combining �ve instances:

1 Cost Matrices
2 n in f 15; 20; 25; 28; 30g
3 Di�erent values of p
4 � = 0 :7, � = 0 :9�
5 Di�erent vectors �
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Computacional Results:

n p
P0 PBlocks P123 P423

RGAP time RGAP time RGAP T total Fixed Cuts RGAP T total Fixed Cuts
M

E
D

IA
N

15 3 17,56 7,981 17,56 1,822 16,19 1,4 2,4 222,6 15,16 1,4 2,4 240
15 5 7,601 3,819 7,601 0,7986 6,969 0,8 1,4 130,2 6,783 0,7 1,4 179,6
15 8 8,486 1,017 8,486 0,571 8,184 0,5 0,8 66,2 4,395 0,4 0,8 132,6
20 3 19,54 69,53 19,54 6,271 16,83 6,2 3,9 400,4 16,31 5,8 3,9 405,4
20 8 6,046 3,944 6,046 4,181 5,535 4,6 2,0 195,6 5,492 3,8 1,9 214,8
20 10 2,881 3,117 2,881 1,863 2,674 2,0 1,9 125,6 2,596 1,6 1,8 181
25 3 19 509,5 19 21,21 16,15 22,2 7,3 722,2 15,21 18,5 7,2 800,2
25 8 6,773 12,74 6,773 30,93 6,088 16,9 4,1 368 5,953 33,6 4,1 458,6
25 10 13,1 48,58 13,1 33,43 12,88 21,7 3,4 307,6 6,307 26,0 3,4 435,2
28 3 21,86 322,7 21,86 66,83 16,07 75,9 10,5 951,4 16,01 76,6 10,5 960,4
28 8 9,207 415,6 9,207 165,5 8,319 92,4 6,5 565,6 8,149 97,4 6,5 597,4
28 10 7,36 321,3 7,36 193,1 6,841 168,9 3,9 371,6 6,784 243,1 3,8 395,8
30 3 32,36 4007 32,32 167,7 26,53 128,3 11,0 1094 20,92 127,8 11,0 1128
30 8 18,69 1346 18,69 455,5 18,22 680,0 6,2 618,8 10,86 437,3 6,2 816,8
30 10 9,18 186,3 9,18 176,8 8,937 179,8 5,4 489 6,98 207,6 5,4 684,8
Average 13,3 483,9 13,3 88,4 11,8 93,4 4,7 441,9 9,9 85,4 4,7 508,7

A
N

T
IT

R
IM

M
E

A
N

15 3 23,75 33,59 23,75 2,792 19,4 2,3 5,8 154,2 17,62 2,0 6,1 163,8
15 5 13,93 12,96 13,93 2,209 11,6 1,4 4,3 54,8 8,384 1,4 4,3 104,4
15 8 13,2 9,394 13,2 1,105 12,39 1,0 2,6 25,6 6,821 0,9 2,6 90,6
20 3 23,5 272 23,5 16,84 18,13 10,1 9,8 270,4 17,44 9,2 9,8 273,4
20 8 9,454 79,96 9,454 11,95 7,664 7,5 5,3 107,2 7,664 7,8 5,2 126,4
20 10 4,662 36,42 4,662 6,911 4,423 7,1 4,4 68,8 4,282 6,4 4,4 122,6
25 3 24,64 2037 24,64 53,81 19,16 34,2 18,1 482,8 17,29 29,0 18,9 540
25 8 10,32 344,4 10,32 40,19 8,999 32,3 9,8 249,2 7,913 33,3 10,4 324
25 10 17,25 1217 17,25 115,1 16,98 90,4 8,4 207 9,81 102,1 8,6 330
28 3 25,94 5111 25,94 957,1 17,44 149,0 22,2 708,4 17,36 168,4 22,1 717,4
28 8 13,58 5688 13,52 381,4 10,87 223,4 16,7 273,2 10,67 271,1 16,8 300,8
28 10 10,95 3524 10,92 1595 9,338 715,7 9,5 222,4 9,141 832,1 9,7 241,6
30 3 36,85 6584 35,55 591 27,64 369,8 26,8 746,4 21,74 271,6 27,2 770
30 8 23,8 7201 23,72 3402 21,88 3.120,0 15,4 409,4 14,48 2896,0 15,8 598,4
30 10 13,53 5707 13,5 1310 12,54 784,7 15,2 275,2 10,56 863,2 15,4 463,8
Average 17,7 2523,8 17,6 565,8 14,6 369,9 11,6 283,7 12,1 366,3 11,8 344,5
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Computacional Results:

n p
P0 PBlocks P123 P423

RGAP time RGAP time RGAP T total Fixed Cuts RGAP T total Fixed Cuts
T

R
IM

M
E

A
N

15 3 19,46 22,9 17,43 2,097 16,59 1,4 0,9 68,4 16,44 1,4 0,8 76,2
15 5 11,26 13,64 8,652 1,092 8,6 0,7 0,9 62 8,582 0,7 0,8 67
15 8 8,72 3,632 7,876 0,368 7,875 0,3 0,3 18,8 7,875 0,3 0,3 20,2
20 3 20,77 335,9 19,38 7,036 17,68 6,8 2,0 130 17,65 6,2 1,9 132
20 8 12,1 96,72 9,479 13,36 9,098 8,8 1,2 88,4 9,075 7,9 1,2 88,4
20 10 8,876 36,7 6,169 4,409 5,982 2,8 1,0 56,8 5,968 2,7 0,9 58,4
25 3 19,74 2157 18,78 31,36 17,1 22,6 3,2 239,4 16,87 25,1 3,2 260,2
25 8 10,55 804 8,943 211,7 8,634 65,2 2,3 140,2 8,634 74,2 2,2 140,2
25 10 13,58 225,4 12,34 9,619 12,31 6,7 2,0 110,6 12,28 6,5 1,9 117
28 3 21,5 4959 20,54 149,2 17,49 78,1 3,9 243 17,49 69,6 3,9 243
28 8 12,23 2304 10,74 309,6 10,27 142,2 3,8 220,6 10,24 130,9 3,8 234,2
28 10 11,27 1467 9,254 178,7 9,189 63,4 2,9 172,6 9,171 69,3 2,8 173,6
30 3 26,67 6506 25,15 294,1 22,1 125,2 5,7 347,8 22,08 124,4 5,6 357,6
30 8 17,04 3766 15,44 868,1 15,15 596,7 3,6 235,6 15,09 483,1 3,6 243,2
30 10 11,37 3181 9,442 690 9,398 700,2 3,2 219,4 9,36 757,0 3,2 227,2
Average 15,0 1725,3 13,3 184,7 12,5 121,4 2,5 156,9 12,5 117,3 2,4 162,6

C
E

N
T

E
R

15 3 23,84 36,7 22,87 2,512 18,69 1,3 1,2 0 16,9 1,0 3,9 0
15 5 16,54 24,52 14,97 1,95 13,69 1,3 8,7 0 8,475 0,9 8,9 0
15 8 19,85 21,1 16,45 1,004 16,33 0,9 4,2 0 8,829 0,6 5,0 0
20 3 21,36 347,5 20,76 9,909 16,97 4,8 1,6 0 16,72 4,8 3,8 0
20 8 14,3 224,6 12,48 8,985 11,87 7,1 15,3 0 11,58 6,2 18,4 0
20 10 12,16 88,61 9,317 5,919 9,275 5,7 7,0 0 8,817 5,3 10,7 0
25 3 21,97 1626 21,58 31,23 17,97 17,5 5,9 0 14,57 12,3 11,1 0
25 8 15,7 1663 14,5 161,6 14,02 138,2 18,2 0 11,33 87,4 18,5 0
25 10 27,76 1525 25,91 21,22 25,8 19,4 10,3 0 16,16 17,7 11,5 0
28 3 22,5 5939 21,3 121 17,71 85,6 7,7 0 17,56 66,8 8,6 0
28 8 18,35 6031 16,63 198 15,94 152,3 23,0 0 15,77 170,1 24,4 0
28 10 16,65 6621 15,09 272,6 14,61 235,4 13,1 0 14,53 218,4 21,2 0
30 3 42,5 6234 31,02 293,5 27,76 175,9 9,3 0 19,75 147,3 17,3 0
30 8 32,41 7242 27,59 1096 26,96 1.010,0 8,8 0 14,63 786,6 11,5 0
30 10 17,93 6563 16,2 646,2 15,98 788,9 1,5 126,4 11,77 593,6 1,5 143,2
Average 21,6 2945,8 19,1 191,4 17,6 176,3 1,3 113,2 13,8 141,3 1,3 161,4
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Computacional Results:
n p

P0 PBlocks P123 P423
RGAP time RGAP time RGAP T total Fixed Cuts RGAP T total Fixed Cuts

K
C

E
N

T
R

U
M

15 3 26,74 39,94 23,07 3,005 19,02 2,0 0,8 66,2 17,6 1,8 0,8 132,6
15 5 16,81 14,45 10,97 1,984 8,822 1,3 2,6 242,6 7,914 1,0 2,6 246,8
15 8 15,68 3,051 8,486 0,568 8,184 0,5 1,8 125,4 4,395 0,4 1,7 144,2
20 3 27,98 526,5 25,45 17 18,96 9,9 1,3 72,4 18,23 9,1 1,2 127,4
20 8 14,46 146,9 9,488 12,65 7,159 6,3 5,3 366,4 7,116 6,2 5,3 442
20 10 9,527 67,69 4,837 7,678 4,245 6,0 2,7 251,2 4,037 5,9 2,7 341,8
25 3 29,31 2562 27,24 49,13 19,36 29,7 2,2 230,8 17,48 32,3 2,2 358
25 8 14,14 476,7 9,787 38,5 8,096 24,9 6,3 457 7,334 23,2 6,2 466
25 10 20,63 512,9 14,78 64,91 13,94 56,5 3,7 399 7,342 52,6 3,7 430,8
28 3 29,78 6343 27,99 264,2 17,25 105,9 2,8 300,4 17,17 111,3 2,7 324,4
28 8 15,97 4372 12,12 531,5 9,826 198,0 7,3 687 9,435 178,9 7,3 720,4
28 10 14,09 2576 9,106 526,4 7,795 322,8 4,4 499 7,626 228,2 4,4 695
30 3 41,03 7206 36,42 616,8 27,48 204,7 4,8 452,2 21,74 187,6 4,8 647,8
30 8 25,04 6632 21,06 2047 19,57 1.749,0 3,3 292,6 12,2 1830,0 3,2 358,7
30 10 14,74 2536 10,24 506,9 9,638 359,8 8,3 82,6 7,634 340,0 8,7 91,4
Average 21,1 2267,7 16,7 312,5 13,3 205,2 6,2 81,4 11,2 200,6 6,7 116,6

B
LO

C
K

S

15 3 19,46 15,48 19,46 8,876 17,28 4,4 2,3 32 15,97 3,8 3,3 76
15 5 12,24 10,89 11,79 3,71 10,92 2,9 15,7 228 8,075 2,4 16,1 219,4
15 8 12,71 7,638 12,37 1,825 11,89 1,4 4,9 94,8 6,25 1,1 4,8 116,2
20 3 21,09 113 20,86 30,69 18,22 23,7 3,8 65,6 17,58 24,7 3,7 121,8
20 8 8,552 67,26 8,552 41,26 7,468 14,7 26,7 426,4 7,457 20,4 27,5 484,4
20 10 4,703 33,2 4,316 8,405 4,12 7,3 16,8 180,2 4,003 9,0 17,4 260
25 3 21,51 983,7 21,27 114,4 18,4 64,9 6,7 154,2 16,45 59,1 7,4 268
25 8 9,994 429,2 9,938 115 9,173 94,1 48,4 472 8,119 89,3 48,3 482,2
25 10 17,57 1021 17,4 216,9 17,27 163,1 23,7 332 10,01 177,5 24,1 357,2
28 3 22,45 2887 22,45 472,4 17,21 326,8 15,3 192,8 17,16 267,1 15,4 217,6
28 8 10,44 2687 10,25 1515 9,485 784,1 56,3 633,2 9,32 745,0 56,4 664,4
28 10 9,396 3181 9,255 2683 8,71 1.655,0 23,1 343 8,667 1601,0 24,5 511
30 3 33,18 5755 33,04 753,4 28,42 761,2 22,6 282,2 22,39 703,5 23,3 464,8
30 8 21,41 6438 21,46 6587 20,84 4.784,0 18,7 240,1 12,95 5016,0 19,2 296,7
30 10 11,9 4144 11,66 5113 11,45 3.568,0 8,3 235,8 9,449 3402,0 8,8 278,5
Average 15,8 1851,6 15,6 1177,7 14,1 817,1 Fixed Cuts 11,6 808,1 Fixed Cuts
TOTAL 17,4 1966,3 15,9 420,1 14,0 297,2 8,3 235,9 11,8 286,5 8,8 278,5
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Computacional Results:

n p
P2 +P 3 +P 4 = P234 P234 +V.I.(28)-(31) P234 +V.I.(28)-(29),(34)-(35) P234 +V.I.(28)-(29),(36)-(37)

RGAP Nodes time RGAP Nodes time RGAP Nodes time RGAP Nodes time

M
E

D
IA

N

15 3 15,16 194,6 1,447 14,21 199,0 1,432 14,21 262,2 1,466 14,21 239,4 1,426
15 5 6,783 177,4 0,6618 6,5 153,6 0,7082 6,5 232,2 0,83 6,5 229,8 0,8236
15 8 4,395 184,8 0,4274 4,334 109,8 0,3806 4,334 156,6 0,4304 4,336 161,6 0,4524
20 3 16,31 471,8 5,75 15,66 379,4 7,079 15,66 539,8 7,435 15,66 560,2 7,251
20 8 5,492 1.122,0 3,841 4,978 981,0 4,065 4,978 1.189,0 4,437 4,978 935,8 3,853
20 10 2,596 560,4 1,572 2,332 657,8 1,912 2,332 654,2 1,803 2,332 856,6 2,424
25 3 15,21 408,4 18,53 14,79 501,8 21,33 14,79 490,2 20,93 14,79 390,2 19,86
25 8 5,953 6.177,0 33,6 5,398 1772,0 16,75 5,398 2.994,0 21,62 5,398 3301,0 26,49
25 10 6,307 4.686,0 26 5,97 2748,0 16,08 5,97 3.141,0 18,5 5,97 2734,0 16,8
28 3 16,01 2.246,0 76,61 15,72 1968,0 72,57 15,72 1.871,0 71,49 15,72 2055,0 71,85
28 8 8,149 10.560,0 97,39 7,525 5937,0 62,47 7,525 5.999,0 66,22 7,525 6398,0 70,38
28 10 6,784 32.680,0 243,1 6,479 21080,0 155,2 6,479 16.800,0 136,4 6,479 17930,0 125,4
30 3 20,92 2.564,0 127,8 20,6 2300,0 132,9 20,6 2.797,0 149,9 20,6 2770,0 142,3
30 8 10,86 36.790,0 437,3 10,35 31990,0 448 10,35 25.920,0 338,3 10,35 25060,0 332,7
30 10 6,98 20.130,0 207,6 6,745 17230,0 167,8 6,745 15.720,0 160,4 6,745 18130,0 179,8
Average 9,9 7.930,2 85,4 9,4 5.867,2 73,9 9,4 5.251,1 66,7 9,4 5.450,1 66,8

A
N

T
I-

T
R

IM
M

E
A

N

15 3 17,62 645,0 2,047 17,18 559,4 1,928 17,18 708,8 2,112 17,18 556,0 2,019
15 5 8,384 803,0 1,382 8,361 822,6 1,569 8,361 615,2 1,351 8,361 705,2 1,466
15 8 6,821 724,2 0,914 6,82 808,2 0,9512 6,82 723,2 0,933 6,82 736,2 0,9672
20 3 17,44 1.150,0 9,21 17 1471,0 11,42 17 1.455,0 11,73 17 1370,0 10,94
20 8 7,664 3.009,0 7,847 7,539 2684,0 7,132 7,539 2.716,0 7,616 7,539 2709,0 7,731
20 10 4,282 3.394,0 6,427 4,281 2663,0 6,087 4,281 2.192,0 5,139 4,281 2574,0 5,728
25 3 17,29 1.218,0 29,04 16,95 1294,0 31,66 16,95 1.314,0 33,96 16,95 1167,0 28,47
25 8 7,913 6.841,0 33,31 7,741 5315,0 30,66 7,742 3.127,0 22,69 7,741 5038,0 30,38
25 10 9,81 25.390,0 102,1 9,76 11640,0 55,19 9,76 12.560,0 61,78 9,76 13830,0 66,17
28 3 17,36 7.432,0 168,4 17,1 6343,0 155,4 17,1 7.032,0 164,6 17,1 7531,0 168,8
28 8 10,67 34.800,0 271,1 10,63 23080,0 204,8 10,63 21.210,0 191,3 10,63 20850,0 188,2
28 10 9,141 131.900,0 832,1 9,107 92660,0 659 9,107 81.600,0 634,5 9,107 93700,0 705,6
30 3 21,74 7.220,0 271,6 21,47 3502,0 164,5 21,47 4.853,0 204,9 21,47 4873,0 190,1
30 8 14,48 273.600,0 2896 14,36 183100,0 2022 14,36 204.500,0 2250 14,36 258800,0 3026
30 10 10,56 109.700,0 863,2 10,5 99160,0 837,6 10,5 94.870,0 784,8 10,5 103700,0 898,1
Average 12,1 40.521,7 366,3 11,9 29.006,8 279,3 11,9 29.298,4 291,8 11,9 34.542,6 355,4
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Computacional Results:
n p

P2 +P 3 +P 4 = P234 P234 +V.I.(28)-(31) P234 +V.I.(28)-(29),(34)-(35) P234 +V.I.(28)-(29),(36)-(37)
RGAP Nodes time RGAP Nodes time RGAP Nodes time RGAP Nodes time

T
R

IM
M

E
A

N

15 3 16,44 729,4 1,435 16,19 676,6 1,441 16,19 733,4 1,432 16,19 788,8 1,51
15 5 8,582 646,4 0,7208 8,386 566,2 0,7364 8,386 549,8 0,755 8,386 488,8 0,7144
15 8 7,875 321,8 0,29 7,854 353,4 0,3026 7,854 349,0 0,287 7,854 365,8 0,3184
20 3 17,65 1.022,0 6,19 17,6 870,8 6,536 17,6 977,2 6,23 17,6 929,4 6,829
20 8 9,075 4.512,0 7,912 9,005 4519,0 8,259 9,005 4.508,0 7,994 9,005 4476,0 8,364
20 10 5,968 1.620,0 2,696 5,953 1402,0 2,527 5,953 1.353,0 2,471 5,953 1444,0 2,58
25 3 16,87 2.081,0 25,11 16,83 1844,0 24,13 16,83 1.879,0 26,77 16,83 1486,0 22,46
25 8 8,634 21.460,0 74,22 8,403 13420,0 54,41 8,404 14.300,0 56,35 8,404 15390,0 59,53
25 10 12,28 1.760,0 6,512 12,14 1106,0 4,768 12,14 1.384,0 5,719 12,14 1251,0 5,588
28 3 17,49 3.800,0 69,58 17,48 4117,0 80,47 17,48 4.005,0 71,03 17,48 4458,0 80,75
28 8 10,24 20.290,0 130,9 9,965 15890,0 111,4 9,965 17.340,0 119,1 9,965 16910,0 119,1
28 10 9,171 14.770,0 69,3 8,92 8775,0 41,64 8,92 9.241,0 44,39 8,92 10490,0 49,73
30 3 22,08 3.302,0 124,4 22,05 4052,0 157,8 22,05 4.356,0 157 22,05 3925,0 147,3
30 8 15,09 54.920,0 483,1 14,99 45860,0 450,8 14,99 50.140,0 486,9 14,99 52040,0 514,7
30 10 9,36 107.100,0 757 9,167 42140,0 316,1 9,167 36.570,0 275,1 9,167 36480,0 263,3
Average 12,5 15.889,0 117,3 12,3 9.706,1 84,1 12,3 9.845,7 84,1 12,3 10.061,5 85,5

C
E

N
T

R
U

M

15 3 16,9 488,6 0,9518 16,9 429,0 0,9144 16,9 467,8 0,989 16,9 700,6 1,126
15 5 8,475 808,8 0,8924 8,474 788,0 0,9454 8,474 800,4 1,005 8,474 759,2 0,98
15 8 8,829 501,0 0,6208 8,829 495,0 0,6488 8,829 554,0 0,5898 8,829 555,8 0,602
20 3 16,72 1.017,0 4,839 16,7 839,8 4,564 16,7 1.028,0 4,733 16,7 876,4 4,502
20 8 11,58 3.712,0 6,187 11,58 3185,0 5,894 11,58 3.778,0 6,649 11,58 4408,0 7,897
20 10 8,817 3.019,0 5,291 8,817 2430,0 4,911 8,817 2.377,0 4,864 8,817 2044,0 4,655
25 3 14,57 937,6 12,26 14,56 956,0 14,27 14,56 821,2 12,46 14,56 983,0 13,59
25 8 11,33 26.520,0 87,42 11,33 25490,0 89,19 11,33 26.310,0 95,21 11,33 30540,0 107,2
25 10 16,16 5.134,0 17,74 16,16 3933,0 15,34 16,16 4.357,0 15,92 16,16 5271,0 19,2
28 3 17,56 4.172,0 66,75 17,55 5275,0 75,29 17,55 4.087,0 69,83 17,55 5190,0 86,6
28 8 15,77 29.450,0 170,1 15,77 25760,0 157,3 15,77 30.410,0 185,7 15,77 25740,0 160,5
28 10 14,53 48.120,0 218,4 14,53 49170,0 233,4 14,53 62.630,0 298 14,53 53050,0 269
30 3 19,75 6.536,0 147,3 19,73 4810,0 124 19,73 6.142,0 151,6 19,73 5994,0 151,6
30 8 14,63 103.700,0 786,6 14,63 86370,0 680,3 14,63 113.900,0 904,5 14,63 108300,0 965,3
30 10 11,77 96.140,0 593,6 11,77 128200,0 882,8 11,77 108.700,0 766,9 11,77 94490,0 675,7
Average 13,8 22.017,1 141,3 13,8 22.542,1 152,7 13,8 24.424,2 167,9 13,8 22.593,5 164,6
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Computacional Results:
n p

P2 +P 3 +P 4 = P234 P234 +V.I.(28)-(31) P234 +V.I.(28)-(29),(34)-(35) P234 +V.I.(28)-(29),(36)-(37)
RGAP Nodes time RGAP Nodes time RGAP Nodes time RGAP Nodes time

K
-C

E
N

T
R

U
M

15 3 17,6 588,2 1,75 17,58 658,8 1,903 17,58 706,6 1,963 17,58 782,8 1,928
15 5 7,914 497,8 1,002 7,845 652,6 1,245 7,845 547,2 1,192 7,845 634,6 1,245
15 8 4,395 184,8 0,4336 4,334 109,8 0,3744 4,334 156,6 0,434 4,336 161,6 0,4306
20 3 18,23 1.528,0 9,079 18,22 1590,0 10,57 18,22 1.287,0 10,01 18,22 1777,0 10,65
20 8 7,116 2.902,0 6,247 7,092 3290,0 7,797 7,092 2.568,0 6,237 7,092 2821,0 6,677
20 10 4,037 3.705,0 5,928 4,03 2973,0 5,226 4,029 2.769,0 4,83 4,029 3045,0 5,376
25 3 17,48 2.693,0 32,31 17,47 1764,0 28,42 17,47 1.537,0 26,61 17,47 1639,0 28,01
25 8 7,334 3.910,0 23,23 7,295 3239,0 21,02 7,295 3.488,0 24,31 7,295 3264,0 23,52
25 10 7,342 12.820,0 52,64 7,278 12730,0 51,9 7,278 11.770,0 49,59 7,278 11330,0 48,83
28 3 17,17 4.971,0 111,3 17,16 4126,0 103,2 17,16 4.417,0 106,4 17,16 4146,0 108,7
28 8 9,435 21.180,0 178,9 9,386 17390,0 158,4 9,386 14.370,0 140,5 9,386 14120,0 139,8
28 10 7,626 35.460,0 228,2 7,541 39050,0 276,9 7,541 38.760,0 268,8 7,541 34770,0 247,2
30 3 21,74 4.588,0 187,6 21,72 4740,0 188,6 21,72 4.069,0 169,9 21,72 4437,0 194,9
30 8 12,2 171.500,0 1830 12,14 149900,0 1737 12,15 218.900,0 2710 12,14 114200,0 1343
30 10 7,634 37.330,0 340 7,541 41100,0 392,6 7,54 34.690,0 332,8 7,54 30780,0 305,4
Average 11,2 20.257,2 200,6 11,1 18.887,5 199,0 11,1 22.669,0 256,9 11,1 15.193,9 164,4

B
LO

C
K

S

15 3 15,97 1.729,0 3,766 15,86 2184,0 4,184 15,86 1.481,0 3,719 15,86 2248,0 4,433
15 5 8,075 860,0 2,43 7,978 1085,0 2,792 7,978 877,4 2,437 7,978 877,0 2,736
15 8 6,25 714,8 1,092 6,233 748,0 1,17 6,233 772,0 1,12 6,233 726,4 1,098
20 3 17,58 5.777,0 24,7 17,41 3515,0 19,73 17,41 4.382,0 19,34 17,41 4007,0 21,01
20 8 7,457 8.064,0 20,42 7,4 5603,0 15,75 7,4 6.327,0 16,11 7,4 5217,0 15,81
20 10 4,003 4.585,0 9,048 3,982 4308,0 8,611 3,981 4.091,0 8,546 3,981 3505,0 7,772
25 3 16,45 4.087,0 59,05 16,28 4489,0 67,68 16,28 4.821,0 65,12 16,28 4434,0 63,87
25 8 8,119 12.050,0 89,26 8,067 8427,0 64,92 8,067 7.338,0 54,45 8,067 7836,0 64,92
25 10 10,01 40.870,0 177,5 9,991 49940,0 199,6 9,992 36.030,0 155,2 9,991 35520,0 158,8
28 3 17,16 8.569,0 267,1 17,11 11070,0 312 17,11 5.840,0 220,4 17,11 5934,0 210,7
28 8 9,32 54.910,0 745 9,137 47500,0 723 9,137 54.830,0 749,3 9,137 43450,0 580,5
28 10 8,667 184.700,0 1601 8,614 124900,0 1118 8,614 149.500,0 1385 8,614 140900,0 1323
30 3 22,39 12.840,0 703,5 22,2 10580,0 572,6 22,2 10.520,0 542,8 22,2 9661,0 517

30 8 12,95 193.300,0 5016(3) 12,76 261900,0 6298(4) 12,75 197.700,0 4858(3) 12,74 187400,0 4854(3)

30 10 9,449 256.600,0 3402(1) 9,294 248300,0 3476(1) 9,294 215.800,0 3277(3) 9,301 253000,0 3586(1)

Average 11,6 52.643,7 808,1 11,5 52.303,3 858,9 11,5 46.687,3 757,2 11,5 46.981,0 760,8
TOTAL 11,8 26.543,1 286,5 11,7 23.052,2 274,7 11,7 23.029,3 270,8 11,7 22.470,4 266,2
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With respect to F.(3)-(14):

* F.(15)-(21) !
78:64% decrease in
time

* F.(15)-(21)+P 234 !
85:43%

*
P234 +VI (28) ; (29) ; (36) ; (37)
! 86:46%

*
P234 +VI (25) � (27) ; (36) ; (37)
! 88:93%
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Conclusions:

Importance of including ordinal information in logistics

Several formulations that accomplish this issue

This is the starting point of the Capacitated hub ordered location
problems.
Future research:

New valid inequalities.
New formulations.
An exact algorithm.
An heuristic solution procedure.
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