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Abstract

We consider the class of biobjective mixed integer linear programs (BOMILPs).
We review fathoming rules for general BOMILPs and present them in a uni-
fied manner. We then propose new fathoming rules that rely on solving
specially designed LPs, hence making no assumption on the type of problem
and only using polynomial-time algorithms. Although all these rules can be
carried out by performing a limited number of pivot operations on an LP, we
provide insight that helps to make these rules even more efficient by either
focusing on a smaller number of feasible solutions or by resorting to heuristics
that limit the number of LPs solved.

Keywords: Nadir point, nadir set, bound set, Pareto point,
branch-and-bound.

1. Introduction

Multiobjective programming finds application in a number of fields, in-
cluding engineering, business, and management [12]. Many such practical
problems can be represented with discrete quantities, and this gives rise to
the class of multiobjective discrete programs. Often, it is possible to express
relationships between variables through linear constraints, and in the most
general form only a subset of variables is discrete: this is the class of mul-
tiobjective mixed integer linear programs. Subclasses of these problems have
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been studied before, although the literature for multiobjective optimization
focuses more on the pure integer case, where all variables are integer.

We consider a biobjective mixed integer linear program (BOMILP) of the
form

P : maxx z(x) = (z1(x) = c⊤1 x, z2(x) = c⊤2 x)
s.t. x ∈ X,

where X = {x ∈ Rp
+ ×Zn−p

+ : Ax = b} is the set of feasible solutions, n > 1,
0 ≤ p < n, A ∈ Qm×n, b ∈ Qm, and c1, c2 ∈ Qn. There are p continuous
and n − p integer decision variables. We assume that each integer variable
xi is bounded, i.e., −∞ < ℓi ≤ xi ≤ ui < +∞ for i = p + 1, p + 2, . . . , n,
and that these bounds are contained in the linear system Ax = b,x ≧ 0.
We assume that X is nonempty and that neither of the single objective
problems max{c⊤1 x : x ∈ X} and max{c⊤2 x : x ∈ X} is unbounded. Let
Y = {y ∈ R2 : y = (c⊤1 x, c

⊤
2 x),x ∈ X} be the set of attainable objective

vectors. The spaces Rp ×Zn−p and R2 are referred as the decision space and
the objective space, respectively.

Biobjective mixed binary linear programs have been proposed to model
decision making problems in various areas of human activity such as fa-
cility location [23], radiation therapy planning [14], hub location [10], for-
ward/reverse logistics [11, 27], scheduling [24], and design of operation net-
works in the chemical industry [32] among others.

Single-objective programs with integrality constraints on variables are
solved using a variety of methods. Among the most effective general-purpose
methods is branch and bound (BB), introduced by Land and Doig [19]. BB
algorithms are implicit enumeration techniques based on a recursive parti-
tioning of the set of solutions. The literature on single-objective optimiza-
tion comprises several variants of the BB method that have been developed
for solving many classes of problems, especially combinatorial optimization
problems. Although these methods are well-known in the single-objective
context, there is a limited number of studies in the multiobjective case. On
the other hand, the literature on multiobjective programming contains a va-
riety of contributions on algorithmic developments for multiobjective linear,
integer, or mixed integer programs.

Early studies on multiobjective pure integer linear programming go back
to the early nineteen-eighties when Bitran and Rivera [6] and Kızıltan and
Yucaoğlu [18] presented BB algorithms specifically for the binary case. Later
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Visée et al. [34] developed fathoming rules, i.e., rules for excluding a fea-
sible region from the search, and a two-phase method for the biobjective
binary knapsack problem, with a BB approach being the second phase. For
a scheduling problem, Sayın and Karabatı [28] presented a BB algorithm
enumerating all efficient solutions.

BB algorithms for multiobjective combinatorial problems with pure inte-
ger variables have also been proposed. BB procedures for biobjective prob-
lems were introduced by Ehrgott and Gandibleux [13] who addressed the
dependence of the efficiency of a BB method on the procedure for excluding
subproblems. Sourd and Spanjaard [29] developed a BB algorithm for mul-
tiobjective problems and applied it to a spanning tree problem. The same
authors proposed fathoming rules that are of particular interest in this paper
as key components of a BB method.

Studies on the development of BB algorithms for multiobjective mixed
integer programs go back to the very early 1990s. Aksoy [1] proposed an
interactive BB algorithm (here interactive refers to a method during whose
execution a user can intervene modifying its parameters and querying its
status) for biobjective mixed integer programs. Multiobjective mixed binary
linear programs have been studied more recently. Mavrotas and Diakoulaki
[21] first developed a BB algorithm and then incorporated new elements
to increase its speed and reliability [22]. The techniques presented in the
latter were improved upon by Vincent et al. [33]. Their improvements are
essentially on the representation of the Pareto set using better bounds and
branching strategies. Jozefowiez et al. [16] developed a generic branch and
cut algorithm and apply it to the traveling salesman problem. Stidsen et al.
[31] extended the classical branching and fathoming rules into the multiob-
jective mixed integer programming context and proposed a BB algorithm for
a special class of biobjective mixed binary linear problems.

An exact algorithm for computing all extreme supported Pareto points
of multiobjective mixed integer linear programs was designed by Özpeynirci
and Köksalan [26], while Lokman and Köksalan [20] introduced an algo-
rithm that finds all Pareto points of multiobjective integer linear programs
by exploiting dominance relationships of integer feasible solutions that are
generated iteratively. Other solution methods rely on heuristic approaches
or involve interactive procedures with no intention to compute the complete
set of Pareto points, and typically exploit the problem structure. Alves and
Cĺımaco [2] provided a survey of interactive and noninteractive BB methods
for multiobjective (mixed) integer problems.
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Boland et al. [7, 8] proposed an objective space search algorithm for biob-
jective mixed binary problems. Their approach for the pure integer case [7]
is based on a branching rule that partitions the objective space into rect-
angles to eliminate portions that are proven to contain no Pareto point. In
the mixed integer case [8], due to the nature of Pareto sets of BOMILPs
each rectangular portion of the objective space can also be partitioned by
subdividing a rectangle on one of its diagonal into two triangles.

The objective of this paper is threefold. We first present the features that
a general fathoming rule for a generic BB for BOMILPs should have. We then
review existing fathoming rules in multiobjective BB and present them in a
unified manner. We observe that these rules depend on the information pro-
vided by the BOMILP instance. We next develop new fathoming rules that
rely on solving a slight variant of the continuous relaxation of the node prob-
lem. The new rules are stronger than the conditions previously encountered
and come in the form of a sufficient condition that relies on polynomial-time
algorithms (i.e., the solution of one or more LPs). We also provide insight
that helps to make these rules even more efficient by either focusing on a
smaller number of feasible solutions or by resorting to heuristics that limit
the number of LPs solved. The results presented here lay the groundwork
for an efficient implementation of the BB algorithm for BOMILPs that will
be presented in a companion paper [5].

Working with BOMILPs requires us to combine notation and method-
ology from two disciplines, therefore we begin by summarizing them in the
next two sections: basic concepts for multiobjective programming are intro-
duced in Section 2, while branch and bound in single-objective mixed integer
programming is described in Section 3. In Section 4 the notions from these
two fields are combined to describe the main issues in developing an exact
method for BOMILPs. In Section 5 we introduce a unified perspective on the
idea of fathoming rules in the general multiobjective case, and then present
the previous work on fathoming rules in this perspective. New general fath-
oming rules are developed in Section 6 and their practical implementation
is given in Section 7. Two procedures that make checking these rules more
efficient are presented in Section 8. Concluding remarks are given in Section
9.
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2. Basic concepts in multiobjective programming

The reader may refer to Steuer [30] and Ehrgott [12] for a detailed in-
troduction to basic concepts of multiobjective programming. For any two
vectors y1,y2 ∈ R2, we use the following notation: y1 ≧ y2 if y1i ≥ y2i for
i = 1, 2; y1 ≥ y2 if y1 ≧ y2 and y1 6= y2; and y1 > y2 if y1i > y2i for i = 1, 2.
We also define the sets R2

> = {y ∈ R2 : y > 0},R2
≥ = {y ∈ R2 : y ≥

0},R2
≧ = {y ∈ R2 : y ≧ 0}. We define the sets R2

<,R
2
≤, and R2

≦ in a similar

way. For an arbitrary set S ⊆ R2 we define S> = S + R2
>, S

≥ = S + R2
≥,

and S≧ = S + R2
≧, where the symbol + denotes the algebraic sum of two

sets. Similarly, we define the sets S<, S≤, and S≦. We denote by conv(S) the
convex hull of set S.

If x1,x2 ∈ X and z(x1) ≥ z(x2), then y1 = z(x1) is said to dominate
y2 = z(x2). The inequalities > and ≧ between the objective vectors define
strict and weak dominance, respectively. A feasible solution x̂ ∈ X is said
to be (weakly) efficient for problem P if there is no feasible solution x ∈ X
such that y = z(x) (strictly) dominates ŷ = z(x̂). If x̂ is efficient, then
ŷ = z(x̂) is said to be a Pareto point. Let XE and YN denote the sets of
all efficient solutions and Pareto points of problem P , respectively. A point
y ∈ S is said to be nondominated if there does not exist another point in S
that dominates y. The set of all nondominated points in S is referred to as
the nondominated set of S and is denoted as SN .

If at least two objectives have nonzero coefficients in one or more contin-
uous variables, a multiobjective mixed integer problem can admit infinitely
many efficient solutions (and Pareto points). Figure 1 depicts a feasible set,
the efficient solutions, and the Pareto points for a BOMILP and shows that
the Pareto set may be a union of single points and line segments.

Three types of efficient solutions exist: extreme supported, nonextreme
supported and unsupported. An efficient solution x is a supported efficient
solution for problem P if it is an optimal solution of the following single-
objective weighted-sum MILP for some λ ∈ (0, 1):

maxx λc⊤1 x+ (1− λ)c⊤2 x
s.t. x ∈ X.

(1)

If x is a supported efficient solution and the corresponding y is an extreme
point of conv(Y ), then x is said to be an extreme supported efficient solution
and y is an extreme supported Pareto point. If x is a supported efficient
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Figure 1: Feasible, efficient, and Pareto sets for a BOMILP. Suppose x1 ∈ Z and x2 ∈ R.
In (a), an exemplified X is represented by a polyhedron intersected with the integrality
constraint in x1. The feasible solutions are hence the vertical bars (and the single point)
within the polyhedron. In (b), the two normals to the vectors c1 and c2 form a cone
(indicated with the pointed half-lines originating at (0, 0)) that determines the efficient
solutions, marked with a bolder trait. In (c), these efficient solutions are mapped into the
Pareto points and are also marked with a bolder trait.

solution and the corresponding y is on the boundary of conv(Y ) but not
one of the extreme points of conv(Y ), then x is said to be a nonextreme
supported efficient solution and y is a nonextreme supported Pareto point. If
an efficient solution x is not an optimal solution of problem (1) for any λ,
then x and its image y are said to be unsupported. Efficient solutions and
Pareto points of different types are depicted in Figure 2.

A point y ∈ S is called isolated provided there exists a neighborhood
of y that does not include any other point in S. Let y1 and y2 be two
distinct points in S such that y11 < y21 and y12 > y22. The point y̌ = (y11, y

2
2)

is called the local nadir point w.r.t. y1 and y2, and the point y⋆ = (y21, y
1
2)

is called the local ideal point w.r.t. y1 and y2. The ideal point yI = (yI1 , y
I
2)

and the anti-ideal point yAI = (yAI
1 , yAI

2 ) of problem P are defined as yIi =
max{zi(x) : x ∈ X} for i = 1, 2, and yAI

i = min{zi(x) : x ∈ X} for i = 1, 2,
respectively. The nadir point yN = (yN1 , yN2 ) of problem P is defined as
yNi = min{zi(x) : x ∈ XE} for i = 1, 2. Note that the anti-ideal or nadir
points might be at minus infinity. Two extreme points

ynw = (yAI
1 , yI2) and yse = (yI1 , y

AI
2 ) (2)
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Figure 2: Efficient solutions and nondominated points for a pure integer biobjective pro-
gram. Each solution xi in the decision space is associated with a point yi, with the
same index, in the objective space. Note that xA,xB , . . . ,xE are efficient solutions and
yA,yB , . . . ,yE are Pareto points. Also, xA, xB , and xC are extreme supported solutions,
while xD is a nonextreme supported solution and xE is an unsupported solution. Finally,
xF is not an efficient solution and yF is a dominated point.

determine the bounds in the objective space for the Pareto set of problem P .
Abbreviations NW and SE come from North-West and South-East, respec-
tively. The term extreme point is also used in linear programming to denote
a different concept, but this overlap in terminology can be ruled out easily
by context in the remainder of the paper.

We define a local nadir set as a piecewise linear curve resulting from the
union of one or more line segments [y1,y2], [y2,y3], . . . , [yk,yk+1], with k ≥ 1
and, for j = 1, 2, . . . , k, yj1 < yj+1

1 and yj2 > yj+1
2 . Since a piecewise linear

curve can be seen as the union of one or more piecewise linear curves, any
subset of a local nadir set is a local nadir set.

Local nadir points and sets are key elements of this work. While the
former are defined between isolated attainable points of P , the latter are
instead used to represent sets of one or more segments of attainable points.
Figure 3(a) depicts some isolated points and line segments while Figure 3(b)
presents corresponding local nadir points and local nadir sets.

The points y1 and y2 in S are said to be adjacent w.r.t. S if their local
ideal point y∗ and local nadir point y̌ satisfy ({y̌}+R2

>)∩({y
⋆}+R2

<)∩S = ∅.
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In Figure 2(b), the following are pairs of adjacent points: yC and yE, yE

and yB, yB and yD, and yD and yA. However, points yB and yA are not
adjacent.

The LP relaxation of problem P , denoted P̃ , is

P̃ : maxx z(x)

s.t. x ∈ X̃,

where X̃ = {x ∈ Rn
+ : Ax = b} is the set of feasible solutions of P̃ . As a con-

sequence, X = X̃ ∩ (Rp×Zn−p). The set Ỹ = {y ∈ R2 : y = (c⊤1 x, c
⊤
2 x),x ∈

X̃} is the set of attainable objective vectors of P̃ . We denote as X̃E the set
of efficient solutions of P̃ and as ỸN the set of Pareto points of P̃ . Problem
P̃ is a biobjective LP and its Pareto set is a piecewise linear concave curve
[15].

The ideal point and the anti-ideal point of problem P̃ are denoted by ỹI

and ỹAI , respectively. Two extreme points

ỹnw = (ỹAI
1 , ỹI2) and ỹse = (ỹI1 , ỹ

AI
2 ) (3)

determine the bounds in the objective space for the Pareto set of problem
P̃ . For any feasible solution x of problem P , it is easy to verify that

ỹnw1 ≤ ynw1 ≤ c⊤1 x ≤ yse1 ≤ ỹse1
ỹnw2 ≥ ynw2 ≥ c⊤2 x ≥ yse2 ≥ ỹse2 .

Consider x̄ ∈ Rp
+ × Zn−p

+ and fix all integer components to the corre-
sponding values in x̄. A slice problem of P , denoted P (x̄), is defined as
follows:

P (x̄) : maxx z(x)
s.t. x ∈ X(x̄),

where the set X(x̄) = {x ∈ Rp
+ × Zn−p

+ : Ax = b, xi = x̄i, i = p + 1, p +
2, . . . , n} defines a slice of the set X. In a slice, all integer components of
x are fixed to the corresponding components of x̄. To illustrate the idea
of slice, consider the projection of X onto the subspace of integer variables,
and denote this projection S ⊆ Zn−p. Consider now the set XI = {(0,x) ∈
Rp×Zn−p,x ∈ S}, i.e., the set of vectors x̃ such that there exists at least one
feasible solution x ∈ X with the same assignment of the integer variables as

8



x̃. The set XI is finite as per the assumption that all integer variables of
P are bounded. Then X =

⋃

x̄∈XI
X(x̄). In Figure 1(b), each vertical line

and the isolated point correspond to a slice of the set X and the union of
slices constructs the set X. Additionally, each bold segment represents the
set of efficient solutions of the corresponding slice problem P (x̄). Figure 1(c)
shows the nondominated set of each slice.

3. Branch and bound for single-objective mixed integer program-

ming

We first review the general branch and bound (BB) scheme for single-
objective mixed integer linear programs and in the next section discuss BB
operations in multiobjective programming.

BB algorithms are implicit enumeration techniques based on a recursive
partition of the feasible set. The term “implicit enumeration” means that
regions that are proven not to contain any optimal solution are excluded
through various mechanisms. The general scheme begins by solving a convex
relaxation of the original problem P , usually its LP relaxation, which either
yields a valid upper bound (for a maximization problem) on the objective
value of an optimal solution or determines that the relaxation (and hence
the problem) is infeasible. If an optimal solution x̃ to the convex relaxation
is infeasible for the original problem (for instance, some of its integrally
constrained variables are fractional), the algorithm subdivides the problem
into two or more subproblems, all excluding x̃ and containing each a subset
of the feasible solutions, on which the BB is in turn applied. By recursively
subdividing the feasible set, BB methods create a binary tree of subproblems
known as BB tree, whose elements are interchangeably called BB nodes or
subproblems.

The generic BB node is identified with an integer k and associated with
subproblem Pk, a restriction of P . The operation of partitioning subproblem
Pk into two new subproblems P ′

k and P ′′
k is known as branching: problem P ′

k is
obtained by amending Pk with a linear inequality a⊤

1 x ≤ b1, whereas problem
P ′′
k is created by adding a linear inequality a⊤

2 x ≤ b2. The disjunction
a⊤
1 x ≤ b1∨a⊤

2 x ≤ b2 is called branching rule, and often amounts to a simple
variable branching xi ≤ γ ∨ xi ≥ γ + 1 for some i ∈ {p + 1, p + 2, . . . , n},
which excludes any fractional value in (γ, γ + 1), where γ ∈ Z. Let Xk, X

′
k

and X ′′
k denote the feasible sets of problems Pk, P

′
k, and P ′′

k , respectively.
Then X ′

k = {x ∈ Xk : a⊤
1 x ≤ b1} and X ′′

k = {x ∈ Xk : a⊤
2 x ≤ b2}. In
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general, X ′
k ∩ X ′′

k = ∅ as this ensures that a feasible solution is not visited
twice, and X ′

k ∪X ′′
k = Xk to guarantee that no feasible solution is excluded.

The feasible set Xk of Pk can be rewritten as follows:

Xk = {x ∈ Rp
+ × Zn−p

+ : Akx = bk},

where Ak and bk are obtained by augmenting A and b with the branching
rules enforced on all nodes between the root node of the BB tree (i.e., the
subproblem corresponding to P ) and node k. In other words, Xk is a restric-
tion of the feasible set X of problem P , and is generated through branching
rules.

The effectiveness of BB relies heavily on the possibility of excluding an
entire subproblem from the search when it can be proved that the subproblem
does not contain any optimal solution. The knowledge of a feasible solution
with a very large objective function value (in maximization problems), in
general, helps to decrease the computation time. This is achieved, for in-
stance, by comparing the objective function value zUk of an optimal solution
of a convex relaxation of subproblem Pk with the objective value zL of a
feasible solution of problem P . In a maximization problem, zUk is called an
upper bound while zL yields a lower bound. If

zUk ≤ zL, (4)

subproblem Pk does not have a feasible solution with objective function value
better than zUk , let alone zL, and hence can be discarded.

4. BB for multiobjective programming

Solving a multiobjective mixed integer program requires to find the Pareto
set of the problem. This class of problems is easily proved to be NP-hard
by reduction from the single-objective 0-1 program max{c⊤x : Ax = b,x ∈
{0, 1}n}, which is well-known to be NP-hard [17]: observe that any instance
can be reduced to the multiobjective 0-1 program max{(c⊤x, c⊤x, . . . , c⊤x) :
Ax = b,x ∈ {0, 1}n}.

A strong point of departure from single-objective MILPs is the fact that
while optimal solutions lie on the boundary of the convex hull of the feasible
set of the MILP [25], and hence can be found by solving an LP if said convex
hull is known, this in general is not true for multiobjective mixed integer
programming. Consider the BOMILP max{(−x + My,Mx − y) : (x, y) ∈
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X ∩ Z2} where X = {(x, y) ∈ R2 : x + y ≤ 3, x − y ≤ 1, y − x ≤ 1},
with M a sufficiently large constant. Although (1, 2) and (2, 1) are the only
two extreme points of conv(X) and are the solutions of the two respective
single-objective problems, this BOMILP admits (1, 1), in the interior of the
feasible set, as an unsupported Pareto point. In the objective space, the three
solutions correspond to (2M−1,M−2), (M−2, 2M−1), and (M−1,M−1).

Note that the class of BOMILPs allows for solving indirectly another,
marginally important, problem: that of finding, for a single-objective MILP
max{c⊤x : x ∈ X}, where X = {x ∈ Rp

+ × Zn−p
+ : Ax = b}, the set of

all values of the objective function corresponding to any feasible solution
x ∈ X, or V = projy{(x, y) : x ∈ X, y = c⊤x}, and a set of integer
feasible solutions corresponding to these values. Consider the Pareto set YN

of max{c⊤x,−c⊤x : x ∈ X}; then the set V is simply given by the first
coordinate of all points in YN . This is true because such a biobjective MILP
admits no strongly dominated solution, i.e., every attainable point is a Pareto
point.

In a BB algorithm for BOMILPs, branching operations are very similar
to the single-objective case, as the feasible set does not change: branching
creates a BB tree whose root node is the original problem P . A slice prob-
lem P (x̄) is hence equivalent to a leaf node k′ in the BB tree, because no
branching is necessary at k′: all integer variables have been fixed. Subprob-
lem Pk is defined as maxx{z(x) : x ∈ Xk}. The set Yk = {y ∈ R2 : y =
(c⊤1 x, c

⊤
2 x),x ∈ Xk} is the set of attainable objective vectors of Pk and YkN is

the set of Pareto points of Pk. The LP relaxation of subproblem Pk, denoted
P̃k, is defined as follows:

P̃k : maxx z(x)

s.t. x ∈ X̃k,

where X̃k = {x ∈ Rn
+ : Akx = bk} is the set of feasible solutions of P̃k. We

denote as ỸkN the set of Pareto points of subproblem P̃k. We extend the
definition of ideal and anti-ideal points to problem P̃k by denoting them ỹkI

and ỹkAI , respectively. Also, ỹk,nw and ỹk,se denote the two extreme points
of problem P̃k.

A BB method must use an effective procedure for identifying subproblems
that can be proved not to contain Pareto points. While the problem of
deciding whether a BB node k contains Pareto points of Pk is NP-complete (as
per the discussion at the beginning of this section) and as difficult as problem
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P itself, one can obtain sufficient conditions for fathoming subproblem Pk by
comparing two sets:

• a subset of Y given either as Ŷex = {yse,ynw}∪ Ŷa or Ŷ = {ỹse, ỹnw}∪
Ŷa, where Ŷa is a set of attainable points of problem P that have been
found so far by the BB algorithm, and such that Ŷex = (Ŷex)N and
Ŷ = ŶN ; and

• the Pareto set ỸkN of the LP relaxation of subproblem Pk.

The set ỸkN can be obtained in polynomial time with methods such as
the dichotomic search [3, 9] or the parametric simplex method [12]. We show
in the remainder that the sets Ŷex and Ŷ have a significantly different impact
on fathoming. Ŷex contains points that are all attainable for problem P,
including the two extreme points that are defined in (2) and computable by
solving single-objective mixed integer LPs. In Ŷ , these two extreme points
are replaced with their counterparts defined in (3) and provided by problem
P̃ , the linear relaxation of P. The latter points offer computational savings
since they are computable by solving single-objective LPs.

Due to the nature of the BOMILP, the set Ŷa may be a collection of
isolated points and line segments. This set is, in general, updated continu-
ously during the BB, and is akin to the lower bound used as a cutoff value
in single-objective BB methods: the larger (in a maximization problem) the
bound, the more likely a subproblem can be safely excluded from the search.
Note that Ŷa may contain none or only some of the Pareto points of problem
P , and that Ŷa * Yk, that is, it may contain points associated with BB nodes
different than k.

Consider, as the preimage of Ŷa in the decision space, the set X̂ ⊆ X of
feasible solutions for P . Note that whether or not the set X̂ contains efficient
solutions of problem P is of no interest here. Rather, during the execution
of a BB algorithm it is of interest to decide whether or not a subproblem
can be discarded. The ability of doing this with incomplete information is
an advantage of a BB algorithm. The efficient set of P will only be known
upon termination of the BB algorithm; until then, we may have no proof
that any solution in X̂ is efficient for problem P , but we can take advantage
of feasible solutions for dominance purposes, regardless of whether they are
efficient or not.

Consider the local nadir points and the local nadir sets implied by the
points in Ŷa. In particular, consider the local nadir points for each pair of
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adjacent points in Ŷa, and the local nadir set defined by each segment or
piecewise linear curve in Ŷa. Also, given the local nadir points for the set Ŷex

(resp. Ŷ ), augment the set of local nadir points and local nadir sets implied
by Ŷa with the two nadir points implied by the extreme points yse and ynw

(resp. ỹse and ỹnw), and denote this set as Θ̌ex (resp. Θ̌). Although the sets
Θ̌ex and Θ̌ may be infinite, we treat each of them with procedures that use
a finite number of their subsets. To this purpose, let |Θ̌ex| and |Θ̌| denote,
rather than the cardinality of Θ̌ex and Θ̌, the number of local nadir points
plus that of local nadir sets in each of these sets, and suppose that all nadir
sets are line segments rather than piecewise linear sets (it is easy to show
that there is a description of Θ̌ex and Θ̌ containing a finite number of line
segments for each of these sets).

Consider, then, the sets Θ̌>
ex and Θ̌>: these are open sets in R2 and their

points are not weakly dominated by any point ŷ in Ŷex and Ŷ , respectively.
Note that for all points y in Θ̌>

ex (resp. Θ̌>) we have yse1 > y1 > ynw1 and
ynw2 > y2 > yse2 (resp. ỹse1 > y1 > ỹnw1 and ỹnw2 > y2 > ỹse2 ).

Figure 3 illustrates these concepts: Figure 3(a) depicts an arbitrary set
Ŷa = {ŷ1, [ŷ2, ŷ3], [ŷ3, ŷ4], ŷ5, [ŷ6, ŷ7], [ŷ7, ŷ8], [ŷ9, ŷ10]}. Note that the mixed
integer nature of the problem allows infinitely many attainable points to lie
on a segment between two attainable points, for instance on the segment
[ŷ2, ŷ3]. As defined above, Ŷ = Ŷa ∪ {ỹnw, ỹse} and the (closed) set Ŷ ≦ are
depicted in the same figure. The sets Θ̌ and Θ̌> are depicted in Figure 3(b),
where Θ̌ = {y̌1, y̌2, [y̌3 = ŷ2, y̌4 = ŷ3], [y̌4, y̌5 = ŷ4], y̌6, y̌7, [y̌8 = ŷ6, y̌9 =
ŷ7], [y̌9, y̌10 = ŷ8], y̌11, [y̌12 = ŷ9, y̌13 = ŷ10], y̌14}. If the points ỹnw and ỹse

were replaced with ynw and yse in Figures 3(a) and 3(b), the reader might

also use this figure to visualize the sets Ŷex, Ŷ
≦
ex, Θ̌ex, and Θ̌>

ex.
In comparison to the single-objective case and condition (4), the points in

Ŷa may play the role of zL and the Pareto points of the LP relaxation at node
k, ỸkN , may play the role of zUk . As described below, in the multiobjective
case (4) needs to be replaced with a condition on the intersection between
Θ̌> or Θ̌>

ex and the Pareto set of the LP relaxation at node k.
The concepts presented in this section are extensively used in the next

sections, in which existing and new fathoming rules are presented. In Section

5.2, the sets Ŷex, Ŷ
≦
ex, and Θ̌ex with the resulting intersection condition are

used to present the fathoming rules available in the literature. These rules are
based on the extreme points ynw and yse that rely on solving mixed integer
LPs. Since our intention is to develop fathoming rules based exclusively on
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solving LPs, in Section 6 and thereafter we use the sets Ŷ , Ŷ ≦, and Θ̌ and
develop new rules to separate Θ̌ from ỸkN .

5. A unified description of established fathoming rules

In this section, we first discuss conditions for fathoming a BB node and
then we construct a generic fathoming rule. We also review the established
fathoming rules in the multiobjective programming literature offering a uni-
fying perspective.

A fathoming rule is a procedure to determine if a subset of the feasible
set can be discarded on the grounds that it contains no Pareto point. A
practical fathoming rule is typically a sufficient condition that allows for
discarding node k without enumerating all Pareto points of the corresponding
subproblem Pk.

A well-known fathoming rule uses infeasibility: if the subproblem P̃k

(and consequently Pk) is infeasible, node k has no Pareto solution. Another
fathoming rule uses the set of solutions of a slice problem: if all extreme
Pareto points of the slice problem have the same common integer subvector,
the node associated with this subproblem can be fathomed. The latter is
analogous to the case of finding an integer solution in the single-objective BB
node after fixing all integer variables. If these two cases are not applicable,
then bound-based fathoming rules become relevant.

5.1. Sufficient conditions for fathoming a BB node

While this article is mostly concerned with biobjective optimization prob-
lems, the results in this subsection are valid for multiobjective MILPs with
t ≥ 2 objective functions, for which the objective space is Rt.

In the single-objective setting, fathoming rules rely on lower and upper
bounds resulting from feasible solutions to the original problem and an op-
timal solution of its relaxation, respectively. In the multiobjective setting,
these concepts have been extended to upper- and lower-bound sets. Bitran
and Rivera [6] define a lower-bound singleton set as an element in the set
Ŷa. Sourd and Spanjaard [29] extend this concept using Ŷa and define an
augmented set

LB⋆ = {y ∈ Rt : ∀y′ ∈ Ŷa,y
′ 6≧ y},

which they use to develop a fathoming rule (refer to Fathoming Rule 3 below).
Further generalizations made by Ehrgott and Gandibleux [13] provide general
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definitions of lower- and upper-bound sets and in special cases reduce to the
ideal point yI , the nadir point yN , etc.

The following is a generalized definition of lower-bound set that does not
consider any set of known attainable points.

Definition 1. A lower-bound set LB ⊆ Rt for a multiobjective problem P
admitting Pareto set YN is any superset of

{y ∈ Rt : ∀y′ ∈ YN ,y
′ 6≧ y}.

We propose to categorize bound sets into pairs of lower- and upper-bound
sets (LB,UB). This will allow us to develop a generic fathoming rule that
encompasses the existing rules.

The upper-bound set is indexed by the BB node k. It may be defined
(although other definitions have been used in the literature), as opposed
to lower-bound sets, in such a way that its points weakly dominate all at-
tainable points of subproblem Pk. A lower-bound set instead is, according
to Definition 1, related to the original problem. Similar to single-objective
optimization, where a large lower bound is preferable, in multiobjective op-
timization it is desirable to have a lower-bound set that is as restricted as
possible, since that obviously increases the chances that the intersection with
an upper-bound set is empty, thus allowing for fathoming node k. In a col-
lection of lower-bound sets, the minimal ones (w.r.t. inclusion) should be
used. During a BB search, a lower-bound set can be constructed from a set
of attainable points, namely those that have been encountered so far in the
BB search.

Definition 2. A fathoming rule identified by the pair of bound sets (LB,UBk)
is valid if the following is a sufficient condition for a BB node k not to contain
any Pareto points:

LB ∩ UBk = ∅. (5)

Several fathoming rules presented in the literature can be construed as pairs
of bound sets. The following trivial lemma makes it easy to identify valid
fathoming rules.

Lemma 1. A fathoming rule defined by the bound set pair (LB,UBk) is valid
if UBk ⊇ YkN .
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Proof. Consider any y ∈ YkN . Since UBk ⊇ YkN and LB∩UBk = ∅, we have
y /∈ LB, and by Definition 1 this implies ∃y′ ∈ YN : y′ ≧ y, i.e., any Pareto
point of subproblem k is dominated by at least one Pareto point y′ of P (note
that y′ 6= y as the two points belong to sets with an empty intersection, as
y ∈ YkN ⊆ UBk and y′ ∈ YN ⊆ LB), and hence node k can be fathomed. �

Lemma 1 allows for decoupling lower- and upper-bound sets: if a collec-
tion of lower-bound sets LBi, i = 1, 2, . . . , h and a set of upper-bound sets
UBj

k, j = 1, 2, . . . , h′ are available, and UBj
k ⊇ YkN ∀j = 1, 2, . . . , h′, then any

pair (LBi,UBj
k) is a valid fathoming rule. Some of the existing fathoming

rules discussed below have lower-bound and upper-bound sets that do not
satisfy the conditions of Lemma 1, but they are valid nonetheless.

5.2. Existent fathoming rules

At node k, a well-known upper-bound set denoted UB0
k is the ideal point

of problem Pk, i.e., UB
0
k = {ykI}≦; note that it satisfies the hypothesis of

Lemma 1. The computation of this set is simple but the resulting rule is
often ineffective.

Fathoming rule 0. (Bitran and Rivera [6], Visée et al. [34], Mavrotas and
Diakoulaki [21]) If ykI , the ideal point of problem Pk, is dominated by any
point ŷ ∈ Ŷex, then (5) holds and node k can be fathomed.

Another lower-bound set is LB1 = Θ̌>
ex, and is implied by the currently

known set Ŷex. In particular, if the ideal point is not dominated by any point
of Ŷex, the node can be fathomed as (5) is satisfied.

An upper-bound set that is tighter than the ideal point is UB1
k = Y

≦

kN .
The computation of this set requires finding the Pareto points of subproblem
Pk. Using LB1 = Θ̌>

ex, (5) becomes

Y
≦

kN ∩ Θ̌>
ex = ∅. (6)

Fathoming rule 1. If all Pareto points in YkN are dominated by points in
Θ̌ex, then (5) holds and node k can be fathomed.

Figures 3(c) and 3(d) illustrate two bound set pairs with the sets YkN =
{y′,y′′,y′′′} and LB1 for a subproblem Pk. In Figure 3(c), all Pareto points
in YkN are dominated by the points in Θ̌ex, and based on Fathoming Rule
1 node k can be fathomed. For the subproblem Pk depicted in Figure 3(d),
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instead, not all Pareto points in YkN are dominated by the points in Θ̌ex, the
rule does not apply, and node k cannot be fathomed.

Although, to the best of our knowledge, this rule is not explicit in the
literature, it forms foundation for Fathoming Rule 2 below. Unfortunately,
a direct implementation of condition (6) would require a significant com-
putation overhead due to the necessity of solving to optimality two single-
objective MILPs to find ynw and yse. The literature provides other practical
rules, namely the second and third type of bound sets presented below, that
are an applied refinement of rule (6).

Bound sets UB2
k and LB2 were proposed by Visée et al. [34]. The set UB2

k

is based on the objective value β(λ) of an optimal solution of the weighted-
sum problem associated with problem Pk:

β(λ) = max
x

{(λc1 + (1− λ)c2)
⊤x : x ∈ Xk}, (7)

where

λ =
λ1

λ1 + λ2

, λ1 = yk,nw2 − yk,se2 , λ2 = yk,se1 − yk,nw1 . (8)

The intuition for this choice of λ is that the weight vector of the objective
function in (7) is perpendicular to the line through the two extreme points.
The upper-bound set UB2

k is defined as follows:

UB2
k = {y ∈ R2 : y = (c⊤1 x, c

⊤
2 x) : (λc1 + (1− λ)c2)

⊤x = β(λ),x ∈ Xk}
≦.

Note that UB2
k does not satisfy the hypothesis of Lemma 1 in that, in general,

it does not contain YkN . In fact it is easy to show that for β(λ) finite there
exists a point ȳ or a segment [ȳ′, ȳ′′] in YkN such that UB2

k = {ȳ}≦ or UB2
k =

[ȳ′, ȳ′′]≦. Consider now, for any y̌ in Θ̌ex, the weighted sum λy̌1+(1−λ)y̌2. If
for all points in Θ̌ex this weighted sum is greater than that for any y ∈ UB2

k,
node k can be fathomed. Instead of checking this condition for every point in
Θ̌ex, a valid lower-bound set is obtained by the points attaining the minimum
of the weighted sum over all points y̌ ∈ Θ̌ex:

LB2 = {y ∈ R2 : λy1 + (1− λ)y2 = min
y̌∈Θ̌ex

(λy̌1 + (1− λ)y̌2)}
>.

In a similar way, Ehrgott and Gandibleux [13] used one weight to bound
all Pareto points and so their work can also be incorporated in the following
rule.

17



Fathoming rule 2. (Visée et al. [34], Ehrgott and Gandibleux [13]) If for
all y in UB2

k there exists a weight λ ∈ [0, 1] such that

min
y̌∈Θ̌ex

(λy̌1 + (1− λ)y̌2) ≥ λy1 + (1− λ)y2,

then (5) holds and node k can be fathomed.

A third type of bound sets, UB3
k and LB3, was discussed by Sourd and

Spanjaard [29] who constructed a set of hyperplanes separating the aug-

mented sets UB
≦

k and LB> to fathom a node. The bound set UB3
k is an ex-

tension of UB2
k that considers multiple values of λ. Given that these bound

sets yield sufficient conditions for fathoming a node, it makes sense to try
different values of λ if the one for LB2 and UB2

k did not prove it. Consider
a set of r weights Λ = {λ1, λ2, . . . , λr} ⊆ [0, 1], and define the following sets
for j ∈ {1, 2, . . . , r}:

UB3
k(λj) = {y ∈ R2 : y = (c⊤1 x, c

⊤
2 x) : (λjc1 + (1− λj)c2)

⊤x = β(λj),x ∈ Xk}
≦

LB3(λj) = {y ∈ R2 : λjy1 + (1− λj)y2 = miny̌∈Θ̌ex
(λj y̌1 + (1− λj)y̌2)}

>.

Fathoming rule 3. (Sourd and Spanjaard [29]) If for each y in UB3
k there

exists a weight λj in Λ such that

min
y̌∈Θ̌ex

(λj y̌1 + (1− λj)y̌2) ≥ λjy1 + (1− λj)y2,

then (5) holds and node k can be fathomed.

In the next section we improve on the available fathoming rules and pay
special attention to modeling the separation between Θ̌, i.e., the set of nadir
points and nadir sets implied by the currently attainable points of problem
P and by the extreme points of problem P̃ , and the Pareto set of the linear
relaxation of an associated node problem.

6. Proposed fathoming rules

The above discussion is centered on pairs of bound sets, whose empty
intersection is a sufficient condition for the fathomability of a BB node. The
literature in this area presents several algorithms for separating bound sets
or proving that these bound sets have an empty intersection.
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The problem of separation of lower- and upper-bound sets, however, can
be posed more formally and results in a general fathoming rule which, actu-
ally, can be implemented by solving LP problems. We leave the latter, more
practical side of this endeavor to the following sections and focus here on
presenting a very general fathoming rule that simply takes into account the
information available at a BB node.

Consider the Pareto set ỸkN of P̃k, the LP relaxation of subproblem Pk.
Clearly, each Pareto point of Pk, i.e., each y ∈ YkN , is weakly dominated
by at least one point in ỸkN : were it not the case, there would be a point
y ∈ YkN such that ỹ 6≧ y for all ỹ ∈ ỸkN . But this would imply that
y ∈ ỸkN , a contradiction. Extending fathoming rule (4) of single-objective
programming to multiobjective programming, we obtain that node k can
be discarded if the Pareto points of P̃k are all dominated by the currently
available attainable points, or equivalently if each point in ỸkN is dominated
by at least one point in Ŷa, that is, if

ỸkN ⊆ Ŷ ≦
a , (9)

which can be viewed as another version of condition (6).
Fathoming rule (9) is difficult to check and it is of interest to develop

practical fathoming rules that can be easily implemented. To this purpose,
we consider the information obtained during the course of BB and from
solving subproblem P̃k. We use ỸkN as an upper-bound set and address
the use of Θ̌ to construct a lower-bound set, and then separate the lower-
and upper-bound sets. For fathomability of node k, for each element in Θ̌
there must exist a line in R2 separating this point from the set ỸkN . This
would suggest to use Θ̌> as a lower-bound set, but, while it is sufficient that
Θ̌>

ex have an empty intersection with the Pareto set of the subproblem to be
checked, Pk, an empty intersection of the same with Θ̌> is not sufficient: a
node satisfying the empty intersection condition cannot be fathomed since it
might include Pareto points of problem P that are weakly dominated by the
points ỹnw and ỹse. In other words, if the Pareto set of the LP relaxation
is a point y that is weakly dominated by ỹnw or ỹse, the node would be
incorrectly fathomed as y might be a Pareto point of problem P .

To eliminate this situation we define two points

y̌nw = (ỹnw1 ,max
y∈Ŷa

y2) and y̌se = (max
y∈Ŷa

y1, ỹ
se

2 )

that we refer to as extreme nadir points. As each of these two points are de-
fined using ỹnw and ỹse, they can be obtained by solving two LPs. Assuming
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that the points ỹnw and ỹse are known, the points y̌nw and y̌se are elements
of the set Θ̌. In Figure 3(b), y̌nw = y̌1 and y̌se = y̌14. Then it is necessary
to also check for the empty intersection between the set ỸkN and the two
segments [ỹnw, y̌nw) and (y̌se, ỹse]. We therefore explicitly append these two
segments to the set Θ̌>. We obtain

Θ̌s = Θ̌> ∪ [ỹnw, y̌nw) ∪ (y̌se, ỹse].

Note that (9) can be rewritten as Ỹ
≦

kN ⊆ Ŷ
≦
a in virtue of the following

lemma.

Lemma 2. For any two sets S1, S2 ⊂ Rn, S1 ∩ S>
2 6= ∅ if and only if S

≦
1 ∩

S>
2 6= ∅.

Proof. (Only if) Since S1 ⊆ S
≦
1 , obviously S1 ∩ S>

2 6= ∅ implies S
≦
1 ∩ S>

2 6= ∅.

(If) Because S
≦
1 ∩ S>

2 6= ∅, there exists y ∈ S
≦
1 such that y ∈ S>

2 , i.e.,

∃y′ ∈ S2 : y′ < y. But y ∈ S
≦
1 implies ∃ȳ ∈ S1 : y ≦ ȳ, hence y′ < y ≦ ȳ

and ȳ ∈ S>
2 . �

Then condition (9) is equivalent to Ỹ
≦

kN ∩ (R2 \ Ŷ
≦
a ) = ∅, and R2 \ Ŷ

≦
a ,

once we exclude some unattainable points, i.e., those for which y1 < ỹnw1 or
y2 < ỹse2 , is the same as Θ̌s. This implies that (9) is equivalent to

Ỹ
≦

kN ∩ Θ̌s = ∅,

or, more specifically, to

Ỹ
≦

kN ∩
(

⋃

y̌∈Θ̌{y̌}
> ∪

⋃

[y̌′,y̌′′]∈Θ̌[y̌
′, y̌′′]> ∪ [ỹnw, y̌nw) ∪ (y̌se, ỹse]

)

=

=
⋃

y̌∈Θ̌

(

Ỹ
≦

kN ∩ {y̌}>
)

∪
⋃

[y̌′,y̌′′]∈Θ̌

(

Ỹ
≦

kN ∩ [y̌′, y̌′′]>
)

∪
(

Ỹ
≦

kN ∩ [ỹnw, y̌nw)
)

∪
(

Ỹ
≦

kN ∩ (y̌se, ỹse]
)

= ∅.

This fathoming rule can then be decomposed: a union of a collection of sets
is empty if and only if all sets in the collection are empty. Hence, one needs
to check whether

∀y̌ ∈ Θ̌ Ỹ
≦

kN ∩ {y̌}> = ∅ (10)

∀[y̌′, y̌′′] ∈ Θ̌ Ỹ
≦

kN ∩ [y̌′, y̌′′]> = ∅ (11)

Ỹ
≦

kN ∩ [ỹnw, y̌nw) = ∅ (12)

Ỹ
≦

kN ∩ (y̌se, ỹse] = ∅. (13)
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Checking (12) and (13) requires to find ȳ ∈ Ỹ
≦

kN such that (ȳ1 ≥ ỹnw1 )∧(y̌nw2 <
ȳ2 ≤ ỹnw2 ) or (ȳ2 ≥ ỹse2 )∧ (y̌se1 < ȳ1 ≤ ỹse1 ). This, again, can be easily done by

solving LPs. Because Ỹ
≦

kN is not known explicitly, checking conditions (10-
11) is nontrivial even for a single local nadir point or a single local nadir set.
Since the sets in condition (10) are convex, we apply a separation argument:
the intersection is empty if and only if there exist a, b, c ∈ R such that

ay1 + by2 + c ≤ 0 ∀(y1, y2) ∈ Ỹ
≦

kN

ay1 + by2 + c > 0 ∀(y1, y2) ∈ ({y̌}+ R2
>) .

The augmented local nadir set in condition (11) may be nonconvex because
[y′,y′′]> is, in general, nonconvex when defined on a piecewise linear curve,
but we can just apply the separation argument to each line segment in this
set. In general, in the mixed integer case the set Θ̌s admits a peculiar struc-
ture that yields a procedure for verifying conditions (10-13) and thus fath-
omability of node k.

Figures 3(e) and 3(f) depict two examples of a subproblem Pk where a
feasible set X̃k admits a Pareto set ỸkN in the form of a piecewise linear curve
that ranges between the extreme points ỹk,nw and ỹk,se of P̃k. In Fig. 3(e),

the set Ỹ
≦

kN has an empty intersection with Θ̌s and node k can therefore be
fathomed. This empty intersection can be verified by applying the separation
argument to the elements of Θ̌s including the sets {y̌2}+R2

>, [y̌
3, y̌4] +R2

>,

and [y̌4, y̌5] + R2
>. Contrary to this case, in Fig. 3(f) the set Ỹ

≦

kN has a
nonempty intersection with Θ̌s and subproblem Pk cannot be fathomed.

The bound set LB may include a large number of local nadir points and
local nadir sets. In order to control the complexity of a fathoming procedure
at the BB node k, one can use a subset of Θ̌s induced by the subproblem.
Due to (10-13), one only needs to include all local nadir points and local
nadir sets that are weakly dominated by the ideal ỹkI . This limits the set
of local nadir points and local nadir sets at node k to Θ̌sk = Θ̌s ∩ {ỹkI}≦.
For instance, in Figure 3(e), Θ̌sk includes point y̌2, line segment [y̌3, y̌4], and
part of line segment [y̌4, y̌5].

7. Practical fathoming rules

It is easily observed that the fathoming rule described in the previous
section is general yet hard to implement, due to the difficulty of handling a
set such as Θ̌s which is neither open nor closed. We contend that an efficient
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practical implementation of the above rule stems from the set of points and
segments generating Θ̌s itself, i.e., the set of local nadir points and local nadir
sets generated from Ŷ , which includes ỹnw and ỹse.

First, we remark that Θ̌s is a valid lower-bound set in accordance with
Definition 1. While the definition requires that Θ̌s be amended with the set
{y ∈ R2 : (y1 < ỹnw1 ∧ y2 > ỹnw2 ) ∨ (y1 > ỹse1 ∧ y2 < ỹse2 )}, this is unnecessary
since, as discussed earlier, the latter set contains no attainable points for
problem P . Excluding it, therefore, does not invalidate our results.

Before defining a practical lower-bound set, consider the set

Θ̌k = Θ̌ ∩ {ỹkI}≦.

In the remainder of this section, we describe two fathoming rules that use the

pair of bound sets (LB,UBk) = (Θ̌>
k , Ỹ

≦

kN). The first rule we present follows
from Fathoming Rule 0 and is obvious.

Fathoming rule 4. Node k can be fathomed if Θ̌k = ∅.

Note that this rule also accounts for the nonempty intersection between ỸkN

and the segments [ỹnw, y̌nw) and (y̌se, ỹse].

7.1. Fathoming rule 5

We now present a general fathoming rule that comprises, as special cases,
several others including Fathoming Rule 2 [34, 13]. In order to satisfy (10-13),
we formulate an auxiliary optimization problem.

Consider the local nadir points y̌ and the local nadir sets [y̌′, y̌′′] in Θ̌k. If
for each local nadir point y̌ there exists λ ∈ [0, 1] such that λy̌1+(1−λ)y̌2 ≥
(λc1 + (1 − λ)c2)

⊤x for all x ∈ X̃k, each Pareto point z(x) = y ∈ ỸkN

of problem P̃k, and hence each Pareto point of Pk, is weakly dominated
by a local nadir point y̌, or equivalently all local nadir points are separated
from ỸkN . Similarly, if for each local nadir set there exists λ ∈ [0, 1] such that
λy̌′1+(1−λ)y̌′2 ≥ (λc1+(1−λ)c2)

⊤x and λy̌′′1+(1−λ)y̌′′2 ≥ (λc1+(1−λ)c2)
⊤x

for all x ∈ X̃k, each Pareto point z(x) = y ∈ ỸkN of problem P̃k is weakly
dominated by a local nadir set [y̌′, y̌′′], and all local nadir sets are separated
from ỸkN .
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Fathoming rule 5. Node k can be fathomed if each local nadir point y̌ and
each local nadir set [y̌′, y̌′′] in Θ̌k is separable from ỸkN , that is,

∀y̌ ∈ Θ̌k ∃λ ∈ [0, 1] : λy̌1 + (1− λ)y̌2 ≥ β̃(λ)
and

∀[y̌′, y̌′′] ∈ Θ̌k ∃λ ∈ [0, 1] : λy̌′1 + (1− λ)y̌′2 ≥ β̃(λ)

λy̌′′1 + (1− λ)y̌′′2 ≥ β̃(λ),

(14)

where

β̃(λ) = maxx∈X̃k
{(λc1 + (1− λ)c2)

⊤x}
= maxx{(λc1 + (1− λ)c2)

⊤x : Akx = bk,x ≧ 0}.
(15)

Note that this fathoming rule requires that one λ exist for each local nadir
point and for each local nadir set in Θ̌k. In particular, if for y̌ = y̌nw the first
inequality in (14) holds with λ = 0 (resp. λ = 1) then the segment [ỹnw, y̌nw)
(resp. (y̌se, ỹse]) is checked for the nonempty intersection.

Fathoming Rule 5, as a practical implementation of condition (10-13),
will be enforced by solving a nonlinear optimization problem by means of a
parametric LP.

Theorem 1. Condition (14) holds if and only if for every local nadir point
y̌ ∈ Θ̌k and for every local nadir set [y̌′, y̌′′] ∈ Θ̌k there exist λ ∈ R and
w ∈ Rm such that the following two linear systems are feasible:

λy̌1 + (1− λ)y̌2 ≥ b⊤k w λy̌′1 + (1− λ)y̌′2 ≥ b⊤k w

λy̌′′1 + (1− λ)y̌′′2 ≥ b⊤k w

A⊤
k w ≧ λc1 + (1− λ)c2 A⊤

k w ≧ λc1 + (1− λ)c2
λ ∈ [0, 1] λ ∈ [0, 1].

(16)

Proof. Because Θ̌k comprises a finite set of local nadir points and a finite
set of local nadir sets defined as line segments, we can rewrite it as Θ̌k =
{y̌1, y̌2, . . . , y̌h, [v̌1, ǔ1], [v̌2, ǔ2], . . . , [v̌q, ǔq]}. Let λ ∈ [0, 1]h+q be a vector
of variables λ for all local nadir points and local nadir sets in Θ̌k. Then for
node k to be fathomed the following system must be feasible:

λj y̌
j
1 + (1− λj)y̌

j
2 ≥ β̃(λj) ∀j = 1, 2, . . . , h

λh+iv̌
i
1 + (1− λh+i)v̌

i
2 ≥ β̃(λh+i) ∀i = 1, 2, . . . , q

λh+iǔ
i
1 + (1− λh+i)ǔ

i
2 ≥ β̃(λh+i) ∀i = 1, 2, . . . , q

λ ∈ [0, 1]h+q.

(17)
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Note that a scalar λh+i is associated with the end points of the local nadir
set [v̌i, ǔi] in Θ̌k. Due to convexity, separating the end points is sufficient to
separate the entire local nadir set. System (17) has h + q variables and can
be decomposed into h + q systems. As a consequence, it is feasible if and
only if all of the following systems F(y̌), for all local nadir points y̌ ∈ Θ̌k,
and F([y̌′, y̌′′]), for all local nadir sets [y̌′, y̌′′] ∈ Θ̌k, are feasible:

F(y̌) : λy̌1 + (1− λ)y̌2 ≥ β̃(λ) F(y̌′, y̌′′) : λy̌′1 + (1− λ)y̌′2 ≥ β̃(λ)

λ ∈ [0, 1] λy̌′′1 + (1− λ)y̌′′2 ≥ β̃(λ)
λ ∈ [0, 1].

Let F denote the system in (17). Obviously F = F(y̌1) × F(y̌2) × · · · ×
F([y̌′

h+q, y̌
′′
h+q]) and the feasibility of F is equivalent to the feasibility of all

systems F(y̌) and F([y̌, y̌′′]), i.e., if at least one of these systems is infeasible,
then F is infeasible and subproblem Pk cannot be fathomed.

The right-hand side of the inequalities in (17) is the objective function
value of an optimal solution of (15). Its dual is

minw b⊤k w

s.t. A⊤
k w ≧ λc1 + (1− λ)c2.

(18)

F is consistent, i.e., it admits at least one solution, if and only if (i) the
right-hand-sides β̃(λ) in (17) are finite and the inequalities hold; or (ii) if
β̃(λ) = −∞. If β̃(λ) = −∞, then X̃k = ∅ and F is consistent. Our as-
sumptions exclude the case in which β̃(λ) = +∞, as max{c⊤1 x : x ∈ X̃}
or max{c⊤2 x : x ∈ X̃} would be unbounded. Otherwise, from linear pro-
gramming strong duality, for an optimal solution w̄ we have b⊤k w̄ = β̃(λ),
and we can replace the nonlinear right-hand sides of (17) with b⊤k w as long
as the dual feasibility constraints in (18) are satisfied. Then the conditions
expressed in (17) become the systems in (16).

Naturally, we cannot guarantee that every w that is feasible for problem
(18) is also feasible for (16). However, our conditions require that there exist
w′ such that A⊤

k w
′ ≧ λc1 + (1 − λ)c2 and b⊤k w

′ = β̃(λ) ≤ λy̌1 + (1 − λ)y̌2
so that systems (16) are feasible. As a result, each of the systems (16) is
feasible if and only if the corresponding system in (17) is feasible. �

We now reformulate the linear systems in Theorem 1 as LPs by moving
one of the inequalities to the objective function and minimizing the violation
of that inequality.
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Corollary 1. Condition (14) holds if and only if for every local nadir point
y̌ ∈ Θ̌k and for every local nadir set [y̌′, y̌′′] ∈ Θ̌k the following two LPs have
a nonpositive optimal objective value:

P ⋆
FR(y̌) : minλ,w b⊤k w − (λy̌1 + (1− λ)y̌2)

s.t. A⊤
k w ≧ λc1 + (1− λ)c2

λ ∈ [0, 1]
(19)

P ⋆
FR([y̌

′, y̌′′]) : minλ,w b⊤k w − (λy̌′1 + (1− λ)y̌′2)

s.t. λy̌′′1 + (1− λ)y̌′′2 ≥ b⊤k w

A⊤
k w ≧ λc1 + (1− λ)c2

λ ∈ [0, 1].

(20)

Proof. Follows directly from the proof of Theorem 1 where the feasibility
problems are turned into optimization problems. �

Fathoming Rule 5 can be applied efficiently according to a ranking of the
elements in Θ̌k. Given that this rule fails if at least one of the LPs given in
Corollary 1 is infeasible, it is better to first solve the LPs for those elements
in Θ̌k that are less likely to be separated from ỸkN . The lower the value
λy̌1 + (1 − λ)y̌2, with λ calculated, for instance, in a way similar to (8) but
using the LP solutions instead of the MILP solution, the less likely is the
local nadir point y̌ to be separable.

Preprocessing for Fathoming Rule 5. For each local nadir point
y̌ in Θ̌k, calculate λy̌1 + (1 − λ)y̌2, with λ obtained as indicated above.
Apply Fathoming Rule 5 to the local nadir points in nondecreasing order of
λy̌1 + (1− λ)y̌2.

7.2. Further improvements on fathoming rule 5
Checking whether Fathoming Rule 5 is satisfied amounts to solving LPs

(19-20). In practice, creating and solving these new LPs can be time-
consuming if done at every BB node. However, an observation allows one
to further simplify and speed up the execution of this rule. First, observe
that for a local nadir point y̌ and for a local nadir set [y̌′, y̌′′] in Θ̌k, we can
introduce a variable z and rewrite the objective function as b⊤k w − z with
opportune constraints on z. The two LPs of Corollary 1 then become

P ⋆
FR(y̌) : minλ,w,z b⊤k w − z

s.t. z + (y̌2 − y̌1)λ ≤ y̌2
A⊤

k w + (c2 − c1)λ ≧ c2
λ ∈ [0, 1]

(21)
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P ⋆
FR([y̌

′, y̌′′]) : minλ,w,z b⊤k w − z
s.t. z + (y̌′2 − y̌′1)λ ≤ y̌′2

z + (y̌′′2 − y̌′′1)λ ≤ y̌′′2
A⊤

k w + (c2 − c1)λ ≧ c2
λ ∈ [0, 1].

(22)

The dual of the two LPs in (21-22) can be written as follows:

P ⋆
FRD(y̌) : maxµ,η,x c⊤2 x+ y̌2η + µ

s.t. Akx = bk
η = −1
(c2 − c1)

⊤x+ (y̌2 − y̌1)η + µ ≤ 0
η, µ ≤ 0;x ≧ 0

(23)

P ⋆
FRD([y̌

′, y̌′′]) : maxµ,η′,η′′,x c⊤2 x+ y̌′2η
′ + y̌′′2η

′′ + µ
s.t. Akx = bk

η′ + η′′ = −1
(c2 − c1)

⊤x+ (y̌′2 − y̌′1)η
′ + (y̌′′2 − y̌′′1)η

′′ + µ ≤ 0
η′, η′′, µ ≤ 0;x ≧ 0,

(24)

where µ ≤ 0 is the dual variable associated with the constraint λ ≤ 1 and the
η’s are the dual variables associated with the constraints defining z. Both
problems are simple variations of the node problem, therefore the fathoming
rule can be carried out by a few simplex iterations from the optimal basis of
the LP at the current BB node. Since a BB algorithm keeps a copy of the
original problem and only amends it with branching rules and with MILP
cuts separated within the BB tree, solving the above problems will not burden
the BB node solver by more than a few pivot operations at the node LP.

8. Improving the performance of the new fathoming rules

Depending on the size of the original problem, the number |Θ̌k| of prob-
lems P ⋆

FR to be solved can be very large and hence the techniques discussed
above can still be inefficient. In this section, we discuss how to make more
practical use of the new fathoming rules and avoid checking all local nadir
points and sets in Θ̌k.
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We first consider the case where only a primal feasible solution x⋆ to the
node problem Pk is available, which can be used to prove more quickly that
a node cannot be fathomed. Then we assume that a dual feasible solution
w⋆ to Pk is available and develop sufficient conditions to avoid checking
the associated local nadir points and sets. Both types of conditions rely on
finding feasible solutions to problems P ⋆

FR and P ⋆
FRD in (21,22,23,24) without

performing any pivoting operation.

8.1. Sufficient conditions for nonfathomability

Consider again all local nadir points y̌ ∈ Θ̌k and all local nadir sets
[y̌′, y̌′′] ∈ Θ̌k. Suppose a vector x⋆ is available; this might be a solution of
the LP relaxation P̃ of the original problem, or part of an optimal solution
(x⋆, µ⋆, η⋆) or (x⋆, µ⋆, η′⋆, η′′⋆) of one of problems (23) and (24). The two
subsections below detail a preliminary check for either a local nadir point y̌
or a local nadir set [y̌′, y̌′′]. Both are methods that, for x fixed to x⋆, search
for feasible values of µ, η′, and η′′ that yield a positive value of the objective
function of problems (23) and (24).

Recall that the aim of a fathoming rule is to prove that the optimal
objective value of either problem is nonpositive. Since both (23) and (24)
are maximization problems, finding a feasible solution with a nonpositive
value proves nothing. Instead, if the heuristics below find a feasible solution
with a positive objective function value, that is a proof of the nonseparability
of the local nadir point (or local nadir set) and the node cannot be fathomed.

8.1.1. Local nadir point.

Given a local nadir point y̌ and a vector x⋆ ≧ 0, a suitable µ has to be
an optimal solution to problem (23), which, after fixing x = x⋆, reduces to
maxµ{c

⊤
2 x

⋆ + µ : µ ≤ y̌2 − y̌1 − (c2 − c1)
⊤x⋆, µ ≤ 0} (note that η = −1 is

eliminated), and must satisfy −y̌2+c⊤2 x
⋆+µ ≤ 0. Because of the sign of both

constraints and of the coefficient of µ in them, it can be easily verified that an
optimal solution is µ⋆ = min{0, y̌2 − y̌1 − (c2 − c1)

⊤x⋆}. Therefore the node
cannot be fathomed if the local nadir point y̌ is such that −y̌2+c⊤2 x

⋆+µ⋆ =
min{c⊤1 x

⋆−y̌1, c
⊤
2 x

⋆−y̌2} > 0. This is equivalent to checking that c⊤1 x
⋆ > y̌1

and c⊤2 x
⋆ > y̌2, i.e., that y̌ is strictly dominated by (c⊤1 x

⋆, c⊤2 x
⋆).

8.1.2. Local nadir set.

In the case of a local nadir set [y̌′, y̌′′], we describe here a heuristic to
find (µ, η′, η′′) given a fixed x = x⋆ ≧ 0 that satisfies Akx

⋆ = bk. We seek
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(µ, η′, η′′) that form a solution of the problem

maxµ,η′,η′′ y̌′2η
′ + y̌′′2η

′′ + µ
s.t. η′ + η′′ = −1

(c2 − c1)
⊤x⋆ + (y̌′2 − y̌′1)η

′ + (y̌′′2 − y̌′′1)η
′′ + µ ≤ 0

η′, η′′, µ ≤ 0

(25)

with an objective function value of at least −c⊤2 x
⋆. Problem (25) is always

feasible as it admits the solution (µ, η′, η′′) = (−M, 0,−1) with M a large
enough positive constant. It is also always bounded due to the positive
objective coefficient of µ, which is a nonpositive variable, and to the fact
that (η′, η′′) ∈ [−1, 0]2.

For simplicity, denote (y̌′2 − y̌′1) and (y̌′′2 − y̌′′1) as d
′ and d′′, respectively,

and define α = (c2 − c1)
⊤x⋆. It is easy to prove that problem (25) admits

two or three extreme points depending on the following cases:

Case 1: d′ > α and d′′ < α. Then the optimal solution (µ, η′, η′′) is one of the
three extreme points (d′′ − α, 0,−1), (0, d′′−α

d′−d′′
,− d′−α

d′−d′′
), and (0,−1, 0).

Case 2: d′ < α and d′′ > α. Similar to Case 1, the optimal solution (µ, η′, η′′)
is one of the three extreme points (d′−α,−1, 0), (0, d′′−α

d′−d′′
,− d′−α

d′−d′′
), and

(0, 0,−1).

Case 3: d′ ≥ α and d′′ ≥ α. Then constraint α+d′η′+d′′η′′+µ ≤ 0 becomes
redundant and there are two extreme points (0, 0,−1) and (0,−1, 0).

Case 4: d′ ≤ α and d′′ ≤ α. Then the upper bound on µ becomes irrelevant
and the two extreme points are (d′ − α,−1, 0) and (d′′ − α, 0,−1).

The heuristic is then straightforward and gives rise to the following fathoming
rule.

Fathoming rule 5a. Let x⋆ be any feasible solution of node problem Pk.
If there exists a local nadir set [y̌′, y̌′′] in the set Θ̌k such that at least one
of the extreme points of problem (25), computed using d′ and d′′ in the four
cases above, yields a positive value of c⊤2 x

⋆ + y̌′2η
′ + y̌′′2η

′′ + µ, condition (14)
does not hold and hence node k cannot be fathomed.

Even though Fathoming Rule 5a is a negative test for fathoming a BB
node, it may help to save time in the checking process: if several local nadir
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points and local nadir sets have to be checked against, it suffices to find one
of them that satisfies this rule to prove that this node cannot be fathomed.
The conditions presented below offer an affirmative test for fathoming BB
nodes.

8.2. Sufficient condition for eliminating local nadir points/sets

We now provide a method for finding solutions to problems P ⋆
FR in (21-

22). Because both are minimization problems, instead of solving either of
them explicitly it is sufficient to find a feasible solution to each of them that
yields a nonpositive objective value rather than an optimal one. Assume w⋆

is a known feasible solution to problem P ⋆
FR for a local nadir point y̌ or a

local nadir set [y̌′, y̌′′], obtained, for instance, as the dual solution of P̃k, and
consider each problem with the restriction w = w⋆. Define also the vectors
g = c2 − c1 and s = A⊤

k w
⋆ − c2, and the set N = {1, 2, . . . , n}.

Lemma 3. Let w⋆ be a feasible solution of the local nadir point problem
P ⋆
FR(y̌) in (21-22). A feasible solution (z, λ) to the restriction of problem

P ⋆
FR(y̌) obtained by fixing w = w⋆ exists and yields a nonpositive objective

value if and only if the following conditions are met:

(C1) si ≥ 0 for all i ∈ N such that gi = 0;

(C2) max{y̌1, y̌2} ≥ b⊤k w
⋆;

(C3) max{λL, λ
′
L} ≤ min{λU , λ

′
U}, where λL = −mini∈N :gi>0

si
gi
, λU = −maxi∈N :gi<0

si
gi
,

and

λ′
L =

{

0 if y̌2 ≥ b⊤k w
⋆

b⊤
k
w⋆−y̌2
y̌1−y̌2

otherwise
λ′
U =

{

1 if y̌1 ≥ b⊤k w
⋆

b⊤
k
w⋆−y̌2
y̌1−y̌2

otherwise.

Proof. The restriction of problem (21-22) for w = w⋆ is a two-variable LP.
Because the objective function value must be nonpositive, we seek λ such
that

b⊤k w
⋆ ≤ λy̌1 + (1− λ)y̌2 (26)

gλ ≧ −s (27)

0 ≤ λ ≤ 1,

where we eliminated z from (21-22). Since the right-hand side of (26) is a
convex combination of y̌1 and y̌2, it is necessary that at least one (and hence
the maximum) of these two be greater than or equal to b⊤k w

⋆, hence C2.
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Condition C1 is instead implied by (27) for all i such that gi = 0. Inequality
(27) is equivalent to λ ≥ − si

gi
for all i such that gi > 0 and λ ≤ − si

gi
for all i

such that gi < 0, hence the condition λL ≤ λ ≤ λU .
If both y̌1 and y̌2 are no less than b⊤k w

⋆, condition (26) is satisfied by any

λ and (λ′
L, λ

′
U) = (0, 1). If y̌1 < b⊤k w

⋆ ≤ y̌2, (26) implies λ ≤
b⊤
k
w⋆−y̌2
y̌1−y̌2

∈ [0, 1),

while if y̌2 < b⊤k w
⋆ ≤ y̌1 then (26) implies λ ≥

b⊤
k
w⋆−y̌2
y̌1−y̌2

∈ (0, 1]; note that
the denominators are nonzero in these cases. Finally, the case in which
both y̌1 and y̌2 are below b⊤k w

⋆ is excluded by C2. The further condition
λ′
L ≤ λ ≤ λ′

U intersected with λL ≤ λ ≤ λU yields C3. Hence violating any
of C1, C2, or C3 implies that no (λ, z) exists, while satisfying all three of
them provides a solution: select λ ∈ [max{λL, λ

′
L},min{λU , λ

′
U}] 6= ∅ and

z ∈ [b⊤k w
⋆, λy̌1 + (1− λ)y̌2] 6= ∅. �

Lemma 4. Let w⋆ be a feasible solution of the local nadir set problem P ⋆
FR([y̌

′, y̌′′])
in (21-22). A feasible solution (z, λ) to the restriction of P ⋆

FR([y̌
′, y̌′′]) ob-

tained by fixing w = w⋆ exists and yields a nonpositive objective value if and
only if condition C1 from Lemma 3 and additional conditions C4, C5, and
C6 below are met:

(C4) max{y̌′1, y̌
′
2} ≥ b⊤k w

⋆;

(C5) max{y̌′′1 , y̌
′′
2} ≥ b⊤k w

⋆;

(C6) max{λL, λ
′
L, λ

′′
L} ≤ min{λU , λ

′
U , λ

′′
U}, with λL and λU defined as in

Lemma 3 and

λ′
L =

{

0 if y̌′2 ≥ b⊤k w
⋆

b⊤
k
w⋆−y̌′

2

y̌′
1
−y̌′

2

otherwise
λ′
U =

{

1 if y̌′1 ≥ b⊤k w
⋆

b⊤
k
w⋆−y̌′

2

y̌′
1
−y̌′

2

otherwise

λ′′
L =

{

0 if y̌′′2 ≥ b⊤k w
⋆

b⊤
k
w⋆−y̌′′

2

y̌′′
1
−y̌′′

2

otherwise
λ′′
U =

{

1 if y̌′′1 ≥ b⊤k w
⋆

b⊤
k
w⋆−y̌′′

2

y̌′′
1
−y̌′′

2

otherwise.

Proof. The proof is only slightly more complicated than that of Lemma 3.
After eliminating z, we seek λ satisfying

b⊤k w
⋆ ≤ λy̌′1 + (1− λ)y̌′2 (28)

b⊤k w
⋆ ≤ λy̌′′1 + (1− λ)y̌′′2 (29)

gλ ≧ −s

0 ≤ λ ≤ 1.
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While (28) implies C4 and λ′
L ≤ λ ≤ λ′

U , (29) implies C5 and λ′′
L ≤ λ ≤ λ′′

U .
Condition C6 arises from the reasoning used in Lemma 3 on the cases where
ǔ1 < b⊤k w

⋆ ≤ ǔ2 and the opposite case, for ǔ ∈ {y̌′, y̌′′}. Then violating any
condition of C1, C4, C5, or C6 proves that no feasible solution (λ, z) exists,
while satisfying all of them provides a feasible solution. �

In light of the above results, we can write the following fathoming rule.

Fathoming rule 5b. Let w⋆ be a feasible dual solution of the local nadir
set problem P ⋆

FR([y̌
′, y̌′′]) in (21-22) associated with node problem Pk. Ignore

all local nadir points y̌ and local nadir sets [y̌′, y̌′′] in the set Θ̌k such that
conditions C1-C3 (for nadir point) and C1, C4-C6 (for nadir sets) hold.

9. Conclusions

In this study, we investigated the properties of biobjective mixed integer
linear programs (BOMILPs) and proposed new fathoming rules that are more
general and powerful than those already available in the literature. In general,
a fathoming rule separates the nadir points associated with the currently
available attainable points of the original problem from the Pareto set of the
linear relaxation of the problem at a node of the BB tree. The rules we have
found in the literature use a simple separating inequality obtained from the
two extreme points of the node problem or apply a separating hyperplane
provided by the user. We propose rules that model this separation problem
as an LP and, by using strong duality, prove that a node problem does not
contain Pareto points of the BOMILP.

The presented fathoming rules are still computationally expensive for
large BOMILPs in that they might require solving a large number of LPs, so
we discuss two conditions that can be checked efficiently and that allow for
avoiding the explicit solution of the LPs. One condition is negative since it
examines whether a node cannot be fathomed, while the other is affirmative
in that it allows for ignoring local nadir points and local nadir sets.

In a companion paper [5], which significantly extends [4], we will present
algorithmic details on the BB procedure that uses several combinations of
the new fathoming rules presented here. We will also provide an extensive
report on the experimental tests that we conducted on a variety of BOMILP
instances.
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(a) The set Ŷ ≦ generated by the at-
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y1

y2

Y
≦

kN

ynw

ynw

ŷ′
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(c) An upper-bound set Y
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kN

gen-
erated by the Pareto set YkN =
{y′,y′′,y′′′} of a node k, is the area to
the lower left of the step-wise curve.
In accordance with Fathoming Rule
1, the empty intersection between the

lower-bound set Θ̌>
ex and Y
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implies
that subproblem Pk can be fathomed.
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ŷ′′
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(d) An upper-bound set Y
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gen-
erated by the Pareto set YkN =
{y′,y′′,y′′′} of a node k, is the area to
the lower left of the step-wise curve.
In this case, subproblem Pk cannot be
fathomed, as implied by Fathoming
Rule 1.
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(f) Subproblem Pk cannot be fath-
omed using Fathoming Rule 5 since
the upper- and lower-bound sets have
non-empty intersection.

Figure 3: Attainable points, extreme points, local nadir points and sets, and fathoming of
subproblems.
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