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Abstract We introduce a strong extended formulation of the convex recoloring prob-
lem on a tree, which has an application in analyzing phylogenetic trees. The extended
formulation has only a polynomial number of constraints, but dominates the con-
ventional formulation and the exponentially many valid inequalities introduced by
Campêlo et al. (Math Progr 156:303–330, 2016). We show that all valid inequali-
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ties introduced by Campêlo et al. can be derived from the extended formulation. We
also show that the natural restriction of the extended formulation provides a complete
inequality description of the polytope of subtrees of a tree. The solution time using
the extended formulation is much smaller than that with the conventional formulation.
Moreover the extended formulation solves all the problem instances attempted inCam-
pêlo et al. (2016) and larger sized instances at the root node of the branch-and-bound
tree without branching.

Mathematics Subject Classification 92B05 General biology and biomathematics ·
90C05 Linear programming · 90C10 Integer programming · 90C27 Combinatorial
optimization · 90C57 Polyhedral combinatorics, branch-and-bound, branch-and-cut

1 Introduction

The convex recoloring problem on a tree was first investigated by Moran and Snir
[16]. Campêlo et al. [4] have studied the associated integer programming formulation
and provided several classes of facet defining inequalities. Since our work builds on
Campêlo et al. [4], we introduce the problem with the notation used by them.

Let C = {1, . . . , k} be a set of colors and G = (V, E) be a graph with node set V
and edge set E . A partial coloring of a graph G is a function C : V → C ∪{∅}, where
∅ indicates absence of color. A node v ∈ V is said to be uncolored if C(v) = ∅. The
coloring C is called total if there is no uncolored node; i.e., ∅ /∈ C(V ) where C(V ) is
the image of the function C .

A colored graph is a pair (G,C) consisting of a graph G and a coloring C of its
nodes. A total coloring C is said to be convex if, for each t ∈ C, the set of nodes
with color t induces a connected subgraph of G. A convex partial coloring is a partial
coloring that can be extended to a convex total coloring by solely assigning a color in
C to each uncolored node. A good coloring is a partial coloring in which each color
induces a connected subgraph. Campêlo et al. [4] point out that every good coloring of
a graph G = (V, E) can be extended to a convex total coloring in O(|V | + |E |) time.

Given a non-convex coloring of a graph, the recoloring distance is defined as the
minimum number of color changes at the colored nodes needed to obtain a convex
partial coloring [18]. This measure can be generalized to a weighted model, where
changing the color of node v costs a nonnegative weight c(v) depending on v. This
problem can be stated as follows.

Problem 0.1 [Convex Recoloring (CR)] Given a partially colored graph (G,C), an
available color set C and a cost functionw : V → Q≥0, find a convex partial recoloring
C ′ that minimizes

∑
v∈RC (C ′) w(v) where RC (C ′) = {v ∈ V : C(v) �= ∅ and C(v) �=

C ′(v)} is the set of nodes recolored by C ′.

We note that, corresponding to any convex partial coloring that is not good there is
a good coloring with the same weight. Thus, we will consider that in the CR problem
we are interested only in finding good recolorings of the graph.
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The study of the CR problem on a tree by Moran and Snir [16] was motivated by
its application in the study of phylogenetic trees. A phylogenetic tree shows relation-
ships among various biological species or other entities based upon similarities and
differences in their physical or genetic characteristics. If each biological characteris-
tic is associated with a color, natural biological constraints require that the subgraph
induced by each color be connected [18]. In addition to several computational biol-
ogy applications such as protein interaction networks, more applications on routing
problems and transportation networks have also been mentioned in [7,12].

The CR problem has been shown to be NP-hard in many settings. Moran and Snir
[18] showed the problem to be NP-hard on paths. Kanj and Kratsch [13] proved that it
is NP-hard on paths even if each color appears at most twice. Moran et al. [19] showed
that computing the convex recoloring cost of a 2-colored graph is NP-hard. Campêlo
et al. [2] improved this result by showing that the unweighted uniform CR problem is
NP-hard even on 2-colored grids. Given the intractability of the problem, there have
been three different solution approaches: (i) dynamic programming algorithms, (ii)
approximation algorithms and (iii) integer programming algorithms.

Moran and Snir [16] first presented dynamic programming algorithms for optimal
convex recoloring of totally colored strings (paths) or trees. Afterwards, Bar-Yehuda
et al. [1] and Ponta et al. [21] provided improved dynamic programming algorithms.

Approximation algorithms have been designed with the ratio of 2 for paths by
Moran and Snir [17], with the ratio of (2 + ε) for bounded treewidth graphs by Kam-
mer and Tholey [12], and with the ratio of 3/2 for paths in which each color appears
at most twice by Lima and Wakabayashi [15]. Campêlo et al. [2] have identified lim-
its of approximation algorithms by showing that the uniform CR problem cannot be
approximated in polynomial time by O(log n) on n-node 2-colored bipartite graphs,
unless P=NP.

More recently,Campêlo et al. [4] introduced amathematical programming approach
for the CR problem on a tree. They presented an integer linear programming (ILP) for-
mulation and studied the facial structure of the associated integer polytope. They also
presented several classes of facet defining inequalities and designed the corresponding
separation algorithms.

Our paper builds on their work and introduces an extended formulation of the
convex recoloring problem on a tree described by O ((|V | + |E |)|C|) variables and
constraints. For extended formulations in graph theory using both node and edge
variables, we refer to Chopra and Owen [5], and for a survey on extended formulations
in general see Conforti, Cornuéjols and Zambelli [9] andVanderbeck andWolsey [22].
For constructing extended formulations as well as lower bounds on their sizes, the
reader may read Kaibel [11]. Recoloring is equivalent to partitioning, and we employ
additional edge variables introduced in Chopra and Rao [6].

In this paper, we show that our extended formulation is superior to Campêlo et al.
[4]’s solution approach in three aspects.

• From a mathematical perspective, we show that our extended formulation strictly
dominates the formulation by Campêlo et al. [4].
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• From an experimental perspective, our extended formulation can be solved faster
than Campêlo et al. [4]’s solution approach in the tested instances. Moreover, our
extended formulation can handle much larger problem instances.

• From an implementation perspective, our extended formulation is easy to under-
stand and implement. It has O ((|V | + |E |)|C|) variables and constraints and its
LP-relaxation gives an integer optimum solution in every tested case in our exper-
iments. This implies that the LP-relaxation of the extended formulation is a very
good approximation of the integer polytope.

Furthermore, we show that our extended formulation (restricted to one color) is a
complete inequality description of the polytope of subtrees of a tree (in the node-
and-edge space). We also characterize its projection onto the edge-variable space and
exhibit facet-defining inequalities that are missing in the work of Campêlo et al. [4].
These theoretical results are not new (see among others [8,10,14,23]), but our proof
based on dynamic programming is new, short, simple and self-contained. In particular,
it does not rely on the theory of greedoids.

In Sect. 2, we introduce the conventional formulation given by Campêlo et al. [4]
along with our extended formulation. In Sect. 3, we show that the natural restriction of
our extended formulation provides a complete inequality description of the polytope
of subtrees of a tree. In Sect. 4, we prove that our model is strictly stronger than the
conventionalmodel and implies all the exponentiallymany valid inequalities identified
by Campêlo et al. [4]. In Sect. 5, we present computational experiments with problem
instances from phylogentic trees in [4] and larger trees from TreeBASE.org. In Sect. 6,
we summarize the current results and suggest future work.

2 Integer linear programming formulations for the convex recoloring
problem on a tree

In this section we provide a couple of integer linear programming formulations for the
convex recoloring problem on a tree. Section 2.1 contains the formulation provided
by Campêlo et al. [4]. Section 2.2 contains an extended formulation that we show
to be stronger than the formulation of Campêlo et al. [4]. The convex recoloring
problem is usually to minimize the number of color changes at the colored nodes
to obtain a good coloring. This is equivalent to maximizing the number of colored
nodes that do not change their color when obtaining a good coloring. We now define
the set of node variables that are used in both formulations. Given a set of colors
C = {1, . . . , k}, a tree T = (V, E) and a partial coloring C , define the node variables
x = (xut : u ∈ V, t ∈ C) where xut = 1 if node u is assigned to color t ∈ C, and 0
otherwise. To express the objective function, for each u ∈ V and t ∈ C, we define a
constant w(u, t), which is w(u) if C(u) = t , and is 0 otherwise.

2.1 The conventional formulation by Campêlo et al. [4]

In this section, we introduce the integer linear programming formulation given by
Campêlo et al. [4] for the convex recoloring problem on a tree. Let Path[u, v] denote
the path connecting u to v in tree T . For the CR problem restricted to trees, Campêlo
et al. [4] provided the following formulation:
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max
k∑

t=1

∑

u∈V
w(u, t)xut (1)

s.t.
k∑

t=1

xut ≤ 1 for u ∈ V (2)

xut − xht + xvt ≤ 1 for u, v ∈ V, h ∈ V (Path[u, v])\{u, v} and t ∈ C (3)

xut ∈ {0, 1} for u ∈ V and t ∈ C. (4)

For a partial coloring C : V → C ∪ {∅} and a color t ∈ C, the objective function
(1) is to maximize the value of the recoloring. The packing inequalities (2) and the
convexity constraints (3) restrict a feasible recoloring C ′ to be partial and to be good,
respectively. We denote by Px (T, C) the convex hull of the solutions x to (2), (3) and
(4). Throughout the paper, we refer to the above formulation by Campêlo et al. [4] as
the conventional formulation.

2.2 A strong extended formulation

In this section, we present a new formulation for the CR problem with a polynomial
number of additional variables compared to the formulation of Campêlo et al. [4].
This formulation is similar in spirit to the one given by Goemans [10] for the steiner
arborescence problem. We employ additional variables yet which we call edge vari-
ables. An edge variable yet for each edge e ∈ E and for each color t = 1, . . . , k takes
the value 1 if both end nodes of edge e are colored by t , and 0 otherwise. Observe
that the number of variables in our extended formulation is about twice the number of
variables used by Campêlo et al. [4]. With edge variables, we use a basic property of
a tree that the number of edges equals the number of nodes minus one.

An extended formulation for the CR problem can be written as

max
k∑

t=1

∑

u∈V
w(u, t)xut

s.t.
k∑

t=1

xut ≤ 1 for u ∈ V (5)

∑

u∈V
xut −

∑

e∈E
yet ≤ 1 for t ∈ C (6)

−xut + yuvt ≤ 0
−xvt + yuvt ≤ 0

}

for edge uv ∈ E and for t ∈ C (7)

xut ∈ {0, 1} for u ∈ V and t ∈ C (8)

yet ∈ {0, 1} for e ∈ E and t ∈ C (9)

In the extended formulation, (5) is the same as the packing inequalities (2) in the
conventional formulation. We refer to (6) as subtree inequalities and to (7) as node-
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edge inequalities. Inequalities (6) ensure that the nodes of each color t ∈ C induce a
connected subgraph (subtree) of T . Inequalities (7) ensure that if an edge e = (u, v)

is assigned color t , both nodes u and v must also be assigned to color t . The LP-
relaxation of our extended formulation has 2|E ||C| + |V | + |C| constraints, which
is about the same as the number of variables in the formulation. We show that the
coloring corresponding to a feasible solution of this formulation is a good coloring.

Theorem 2.1 x is a projection of an integer solution (x, y) to the extended formulation
(5)–(9) if and only if it defines a good coloring.

Proof If x defines a good coloring, we construct y as follows for each edge uv,

yuvt =
{
1 if and only if xut = xvt = 1,
0 otherwise.

It is easy to verify that (x, y) satisfies all constraints (5)–(9) in the extended formula-
tion.

Now consider (x̄, ȳ), an integer feasible solution to the extended formulation. For
each color t define V̄t = {u : x̄ut = 1} and Ēt = {e : ȳet = 1}. By (7), ȳet = 1 for
e = uv implies x̄ut = x̄vt = 1. The subgraph T̄t = (V̄t , Ēt ) is thus well-defined for
each color t that has been assigned to at least one node.

In order to prove that this is a good coloring we need to show that each subgraph
T̄t is connected. Let us assume that T̄t is not connected. T̄t then consists of at least two
subtrees of T . Thus,

|V̄t | ≥ |Ēt | + 2.

But then (x̄, ȳ) violates inequality (6) for the color t . This contradiction proves that
each subgraph T̄t is connected and thus (x̄, ȳ) defines a good coloring. 
�

We denote by P(x,y)(T, C) the convex hull of the binary solutions (x, y) to (5)–(9).
Interestingly, edge variables can be relaxed to non-negative continuous variables.

In the proof of Theorem 2.1, if we let Ēt = {e : ȳet > 0}, then by (7) and (8), ȳet > 0
for e = (u, v) implies x̄ut = x̄vt = 1. Thus, by |V̄t | ≥ |Ēt | + 1 and the subtree
inequality (6),

∑

u∈V
x̄ut = |V̄t | ≥ |Ēt | + 1 ≥

∑

e∈E
ȳet + 1 ≥

∑

u∈V
x̄ut ,

implying that T̄t is a connected subtree. Therefore, we can say that in the extended for-
mulation the number of binary variables is nk and the number of continuous variables
is (n − 1)k for n = |V |.
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3 A subproblem of the CR problem—finding a maximum weight subtree
of a tree

The maximum weight subtree problem can be defined as follows: given a graph G =
(V, E), weights ai for each node i ∈ V and be for each edge e ∈ E find a subtree
that maximizes the sum of node and edge weights which may be negative. Observe
that a convex total coloring of a tree is a collection of subtrees with each subtree
corresponding to a color. Thus, finding the subtree of a tree is a subproblem when
finding a convex total coloring. In this section we focus on the case where G is a tree
T and we show that the restriction of the LP-relaxation of the extended formulation to
a single color (defined by inequalities (6) and (7) for a fixed value of t) is actually tight
and has only integer extreme points. This result provides support for our observation
(in Sect. 5) that the LP-relaxation of the extended formulation often solves the CR
problemwithout any need for branching. This result is also important because we later
show that the projection of inequalities (6) and (7) contain all the valid inequalities
identified by Campêlo et al. [4].

We first show that we can obtain the optimal subtree of a tree in linear time by
dynamic programming. Let us fix a root r ∈ V arbitrarily. Such a root implicitly
defines an orientation of each edge away from the root. Let Si be the set of children
of node i and pi its parent node (undefined for the root). Let us define Ti = (Vi , Ei )

for each i ∈ V as the subtree of T rooted in i , and containing all descendant nodes of
i in T and corresponding edges.

We let bpr ,r = 0. The weight of an empty subtree is assumed to be zero. For each
node i ∈ V , let us define H(i) as the optimal solution value of the following problem:
Find a subtree of Ti that is either empty or is rooted at i and maximizes the sum of
node and edge weights in the subtree plus bpi ,i . Furthermore, let K be the optimal
solution value of the maximum subtree of a tree problem (i.e. maximum sum of node
and edge weights of a subtree of Tr ). We can write the following recursions:

H(i) = max

⎛

⎝0, ai + bpi ,i +
∑

j∈Si
H( j)

⎞

⎠

K = max

⎛

⎝0,max
i∈V

⎛

⎝ai +
∑

j∈Si
H( j)

⎞

⎠

⎞

⎠

For H(i), the first term corresponds to the case of the empty solution and the second
termcorresponds to the non-empty case (node i , plus parent edge (pi , i), plus profitable
downstream descendant trees). K corresponds to the maximum of values of each node
of T , or the empty tree.

This recursion can be written as the following LP
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min K

s.t. H(i) ≥ ai + bpi ,i +
∑

j∈Si
H( j) ∀i ∈ V (10)

K ≥ ai +
∑

j∈Si
H( j) ∀i ∈ V (11)

H, K ≥ 0. (12)

with dual

max
∑

i∈V
ai (ui + vi ) +

∑

i∈V \{r}
bpi ,i ui

s.t. ui ≤ u pi + vpi ∀i ∈ V (13)
∑

i

vi ≤ 1 (14)

u, v ≥ 0, (15)

where we use the convention u pr = vpr = 0 and therefore ur = 0. Assuming a
(u, v)-binary solution to the above system, the variables can be interpreted as follows:
vi = 1 if the node i is the root of the optimal solution (0 otherwise), and ui = 1 if
node i is part of the solution without being the root and 0 otherwise. Constraint (14)
allows only one node to be selected as a root. Constraints (13) model the construction
of the solution rooted at node i . More specifically if node i is part of the solution and
is not the root (ui = 1), then its parent is part of the solution, being the root (vpi = 1)
or not (u pi = 1).

Operating the change of variable xi = ui + vi and yi, j = u j where i = p j , one
finally obtains the following formulation

max
∑

i∈V
ai xi +

∑

e∈E
be ye

s.t.
∑

i∈V
xi −

∑

e∈E
ye ≤ 1 (16)

yi, j ≤ xi ∀(i, j) ∈ E (17)

yi, j ≤ x j ∀(i, j) ∈ E (18)

x, y ≥ 0, (19)

where (16) corresponds to (14), constraint (17) corresponds to (13) and (18) corre-
sponds to vi ≥ 0. This formulation has much more natural variables with xi and ye
taking value 1 if the corresponding node or edge is part of the optimal tree and 0 oth-
erwise. Also no arbitrary special node plays the role of a root. But more importantly,
constraints (16), (17) and (18) are exactly the inequalities (6) and (7) in the extended
formulation when restricted to a specific value of t .

The above derivation proves that the above formulation is tight (i.e. the LP always
gives the right optimal solution value). But note also that since the last LP has no
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additional variables and solves the problem for any value of a and b, this implies
that all extreme points of the polytope described by the constraint system (16)–(19)
are characteristic vectors of subtrees (otherwise the LP would not be tight for any
objective function, see prop. 1.3 of Nemhauser and Wolsey [20], p. 536). We have
therefore obtained the following result.

Theorem 3.1 The extreme points of the polytope described by (16)–(19) are the char-
acteristic vectors of the subtrees of the tree (V, E).

4 A comparison of the extended formulation with a strengthened
conventional formulation

Our goal of this section is to show that the LP-relaxation of our extended formulation
is stronger than the LP-relaxation obtained by adding all valid inequalities identified
by Campêlo et al. [4] (star, path and tree inequalities) to the LP-relaxation of the
conventional formulation. We do this in three steps. In Sect. 4.1 we characterize all
facet defining inequalities in the space of node (x) variables obtained by projecting
out the edge (y) variables from the inequalities (16)–(19) (which are precisely the
inequalities (6) and (7) for a specific value of t). In Sect. 4.2 we then show that the
inequalities obtained as a result of this projection include all the inequalities identified
by Campêlo et al. [4] (star, path, and tree inequalities). We then show the existence of
new inequalities obtained as a result of this projection that are not from the inequalities
identified by Campelo et al. [4].

4.1 A characterization of all facet defining inequalities for the subtree polytope
with only x variables

In Sect. 3 we have characterized all valid inequalities for the subtree polytope [(16)–
(19)] with a formulation that uses both node (x) and edge (y) variables. In this section
we characterize all facet defining inequalities in the space of node (x) variables
obtained by projecting out the edge (y) variables from the inequalities (16)–(19).
The results of this section are then used in Sect. 4.2 to show that the projection of
inequalities (6) and (7) to the space of x variables includes all the valid inequalities
identified by Campêlo et al. [4].

Let Pxy be the feasible set of (16)–(19) and Px = proj(Pxy) be the projection of
Pxy onto the space of x variables. Formally, testing if for a given vector x , there exist
y such that (x, y) ∈ Pxy is equivalent to testing whether the following LP has optimal
value 0 (which is equivalent to the LP having a feasible solution)

max 0

s.t. −
∑

e∈E
ye ≤ 1 −

∑

i∈V
xi

yi, j ≤ xi ∀(i, j) ∈ E

yi, j ≤ x j ∀(i, j) ∈ E

y ≥ 0,
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or equivalently if its dual

min
∑

(i, j)∈E
(αi, j xi + βi, j x j ) + λ

(

1 −
∑

i∈V
xi

)

s.t. αi, j + βi, j ≥ λ ∀(i, j) ∈ E

α, β, λ ≥ 0,

has optimal value 0. Observe that setting λ = 0 trivially provides a feasible solution
to the dual with objective function value 0 (set αi, j = 0, βi, j = 0 ∀i, j). Thus,
normalizing λ = 1 captures all other relevant solutions. Normalizing λ = 1 and
rearranging, we obtain:

min
∑

i∈V

⎛

⎝
∑

j :(i, j)∈E
αi, j +

∑

j :( j,i)∈E
β j,i − 1

⎞

⎠ xi + 1

s.t. αi, j + βi, j ≥ 1 ∀(i, j) ∈ E

α, β ≥ 0,

Observe that the constraint matrix of the LP is totally unimodular. Thus all extreme
points must be 0-1 vectors. As a result, the last LP is completely separable by edges:
we just have to choose for each edge (i, j)whether αi, j or βi, j is 1. The optimal choice
solely depends on the relative value of xi and x j . In graph theoretical terms, we have
obtained the following characterization of Px . Each facet-defining inequality of Px
corresponds to an orientation of the edges of T . The inequality associated to such an
orientation is

∑

i∈V
(1 − δi )xi ≤ 1 (20)

where δi is the number of arcs pointing into node i . Each such orientation leads to a
valid inequality. But, as we see next there is more. Our next result (Theorem 4.1) was
first obtained by Korte, Lovasz, and Schrader [14] using greedoids. A similar result
has been proved independently by Wang, Buchanan, and Butenko [23]. We provide
our detailed proof because it is simpler and more accessible.

Theorem 4.1 (Korte, Lovász and Schrader [14]) Each orientation leads to a facet-
defining inequality for Px .

Proof Let us consider an orientation A whose corresponding inequality (20) is not
facet defining. If this is so, there must exist a family of facet defining inequalities of
Px whose weighted sum implies the A-inequality. Since each facet defining inequality
corresponds to an orientation of the edges of T , there exists a family of (distinct)
orientations (B1, . . . , Bk) giving rise to inequalities whose weighted sum implies the
A-inequality. Observe that since all orientations yield inequalities with right-hand
sides equal to 1, we can assume that the nonnegative weights sum up to 1.
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Because the graph is a tree and has no cycle, there must exist a node j with all
incident arcs oriented out of node j in the orientation A. This implies that all the edges
incident to that node j must have the same orientation in all orientations B1, . . . , Bk

(otherwise the weighted sum of the inequalities associated to B1, . . . , Bk will have a
coefficient for node j strictly smaller than that of the inequality A). Let us remove
these edges and the subsequently isolated nodes from the graph. Iterating the same
argument until the graph is empty proves that the orientations B1, . . . , Bk must be
identical to A. 
�

For separation, it suffices to orient each edge toward the incident node i with the
smallest value xi . We use this characterization to fully explain all valid inequalities
((3), star, path, and tree) identified by Campêlo et al. [4] in the remaining part of this
section and the online appendix.

4.2 Dominance of the extended formulation

In this section and the online appendix we use the results of Sect. 4.1 to show that
all valid inequalities introduced by Campêlo et al. [4] [(3), star, path, and tree] are
of the form (20) and therefore dominated by inequalities (6) and (7) in the extended
formulation.1 As discussed in Sect. 4.1, obtaining each of the inequalities (3), star,
path, and tree from (6) and (7) simply requires the definition of a suitable orientation
of the edges.

We define an orientation σ : E → V to be a function which maps an edge uv ∈ E
into one of its end nodes u or v. In other words, for e = uv, if σ(e) = v, then e is
oriented from u to v. For w ∈ V , let σ−1(w) denote the set of edges e with σ(e) = w;
i.e., σ−1(w) = {e : σ(e) = w}. Given a color t and an orientation σ , we consider
the subtree inequality (6) corresponding to color t , and node-edge inequalities (7)
corresponding to color t and orientation σ ,

∑

w∈V
xwt −

∑

e∈E
yet ≤ 1, and

−xσ(e)t + yet ≤ 0 for all e ∈ E .

Adding these inequalities cancels out all edge variables and gives us the inequality

∑

w∈V

(
1 −

∣
∣
∣σ−1(w)

∣
∣
∣
)
xwt ≤ 1, (21)

where |σ−1(w)| represents the cardinality of σ−1(w); i.e., the number of edges ori-
ented intow in the orientation σ . Recall that in (20) in Sect. 4.1, we use δw = |σ−1(w)|
making (20) and (21) identical.

In the remainder of this paper, we provide edge orientations as described in Sect. 4.1
to show that (6) and (7) dominate the inequalities (3), and the star inequalities. Detailed

1 Thanks to one of the referees, we identified that Wang, Buchanan and Butenko [23] have independently
proved a similar result. They showed that all inequalities in (20) are dominated by inequalities (6) and (7).
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Fig. 1 The orientation σ implies xw0t − xwi t + xwN t = ∑N
j=0

(
1 −

∣
∣
∣σ−1(w j )

∣
∣
∣
)
xw j t ≤ 1

proofs for the path and tree inequalities are provided in an online appendix. We first
show that (6) and (7) dominate convexity inequalities (3).

Theorem 4.2 In a tree T , subtree inequalities (6) and node-edge inequalities (7)
dominate convexity constraints (3).

Proof Consider an inequality (3) and the corresponding nodes u, v and h. We define
an orientation σ that results in the left-hand side of (21) to be the same as that of (3).

Let Path[u, v] = (w0 = u, w1, . . . , wi = h, wi+1, . . . , wN = v) be the path
connecting u to v. For all edges e j = w j−1w j of the path, define the orientation as
shown in Fig. 1.

σ(e j ) =
{

w j for j ≤ i,
w j−1 for j > i,

Then, we can define the orientation of all other edges in the tree that are not on the
path Path[u, v] away from Path[u, v]: For every w ∈ V \V (Path[u, v]), there is one
and only one node w j in Path[u, v] such that the path Path[w j , w] connecting w j to
w intersects with Path[u, v] at only w j ; i.e.,

V (Path[w j , w]) ∩ V (Path[u, v]) = {w j }.

All edges e of Path[w j , w] are oriented from w j to w.
Now, the orientation σ is defined over all the edges of the tree T . It satisfies

δw =
∣
∣
∣σ−1(w)

∣
∣
∣ =

⎧
⎨

⎩

0 for w ∈ {u, v},
2 for w = h, and
1 for the other nodes w ∈ V \{u, h, v}.

Thus, the left-hand side of (21) is the same as (3), completing the proof. 
�
Now, we show that (6) and (7) dominate the star inequalities described in [4].

4.2.1 Star inequalities

For S ⊆ V , let N (S) = {h ∈ V \S : hv ∈ E for some v ∈ S}. Campêlo et al. [4]
described the following star inequalities.

Theorem 4.3 (STAR INEQUALITIES in Theorem 3.1 of [4]) Let v ∈ S ⊂ V such
that the subgraph of T induced by S is connected and each connected component of
T − S has more than one node. Let {V1, . . . , Vp} denote the partition of V \S and let

123



An extended formulation of the convex recoloring problem... 541

{hi } = Vi ∩ N (S) for i = 1, . . . , p. For every color t ∈ C and ui ∈ Vi\N (S) for
i = 1, . . . , p, the following inequality defines a facet of Px (T, C):

xvt +
p∑

i=1

xui t −
p∑

i=1

xhi t ≤ 1. (22)

An example of a star inequality (22) is shown in Fig. 2.
We show that inequalities (6) and (7) together imply the star inequalities. As in the

proof of Theorem 4.2, we provide a suitable orientation of the edges of T such that
the left-hand side of the resulting inequality (21) is the same as (22).

Theorem 4.4 The star inequalities (22) are dominated by (6) and (7).

Proof For inequality (22), we are given v ∈ S ⊆ V such that the induced graph by S
is connected. The set N (S) represents the set of immediate neighbors of S in the tree.

The partition {V1, V2, . . . , Vp} of V \S is induced by the connected components of
T [Vi ] of T [V \S]. Recall that {hi } = Vi ∩ N (S) for i = 1, . . . , p. The inequality (22)
is then defined for nodes ui ∈ Vi\N (S) for i ∈ {1, 2, . . . , p}. Figure 2 illustrates v,
S, N (S), Vi , hi and ui ∈ Vi\N (S) for i = 1, . . . , p.

We define the orientation σ as follows: For all edges of the subgraph of T induced
by S ∪ N (S), orient all edges away from the node v. Then, all the other edges are
partitioned into the subsets E(T [Vi ]) of the edges of the subtrees T [Vi ] induced by
Vi . For each i there is a unique path connecting ui to hi in T [Vi ]. Orient all edges
in this path from ui to hi . All other edges of T [Vi ] are oriented away from the path
connecting ui to hi as in the proof of Theorem 4.2.

Now, the orientation σ is defined over all the edges of the tree T . It satisfies

δw =
∣
∣
∣σ−1(w)

∣
∣
∣ =

⎧
⎨

⎩

0 for w ∈ {v} ∪ {u1, . . . , u p},
2 for w ∈ N (S) = {h1, . . . , h p}, and
1 for the other nodes.

Thus, the left-hand side of (21) is the same as (22), completing the proof. 
�

4.2.2 New facet-defining inequalities

In addition to the path, star and tree inequalities, new facet-defining inequalities can be
derived from (20). The smallest graph for which this happens has 7 nodes (see Fig. 3).
The depicted orientation of the edges gives rise to the facet-defining inequality

x1 + x2 + x4 + x6 + x7 − 2x3 − 2x5 ≤ 1

that is not a path, star or tree inequality. In particular, Nodes 3 and 5 are incident
to inward-pointing arcs only. For a tree inequality only the single root satisfies this
property.
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- 
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hi 

Fig. 2 The orientation σ implies the coefficients of a star inequalities

Fig. 3 The orientation σ

implies a new type of
facet-defining inequality

x1

x2

x3 x4 x5

x6

x7

5 Computational results

We conducted computational experiments to see the performance of the proposed
extended formulation. In our computational experiments we use only the inequali-
ties (5)–(8) with the non-negativity constraints for y-variables. We do not include
any other inequalities and our implementation of GUROBI does not add any other
inequalities either. No presolve feature is used in GUROBI. Tested problem instances
are constructed with trees from the phylogenetic tree repository, TreeBASE.org. As
in Campêlo et al. [4], we solved CR problems with objective w(u, t) = 1[C(u) = t]
where 1[C(u) = t] = 1 if C(u) = t and 0 otherwise.

Campêlo et al. [4] provided us with the 90 instances of colored phylogenetic trees
which they tried to solve. They had selected ten phylogenetic trees fromTreeBASE.org
and randomly generated a coloring according to two probability parameters: pc =
0.005, 0.05 or 0.5, the probability of changing the color, and pn = 0.25, 0.5 or
0.75, the probability of noise. The root of the tree is assigned to the color 1, and in a
recursive manner, the child node has the same color as its immediate forefather with
probability 1 − pc or has the next unused color with probability pc. After generating
the coloring, each node keeps its color with probability 1 − pn , or changes its color
with probability pn . If a color change occurs, a color is selected with equal probability
across the available colors. Thus, for each tree, they generated nine instances with
three pc’s and three pn’s. Among ten provided trees, one tree with |V | = 1577 in
their paper includes two trees: ID of Tr9414 with |V | = 900 and ID of Tr6664 with
|V | = 678.We perform a computational experiment on the 81 instances from the other
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Table 1 Data set from
TreeBASE.org

TB-ID n Note

Tr60729 213 Campêlo et al. [4]

Tr60079 301

Tr6287 404

Tr4755 567

Tr2400 636

Tr4756 710

Tr6038 813

Tr53777 981

Tr25470 1441

Tr69195 1838 Trees larger than those considered in
Campêlo et al. [4]

Tr60915 2025

Tr57261 2387

Tr46272 2409

Tr73427 2632

Tr47159 4586

Tr48025 5743

nine trees except the one with |V | = 1577. Table 1 summarizes information of the
nine phylogenetic trees from TreeBASE.org; the ID and the number of nodes in each
of them. The computational results over the 81 instances are summarized in Sect. 5.1.

As shown in Table 1, we also attempted larger instances from TreeBASE than
those attempted by Campêlo et al. [4]. One of the larger instances Tr48025 is the
largest one among all trees of TreeBASE. The results on the larger instances are
summarized in Sect. 5.2. The strength of the extended formulation is evident from
the fact that GUROBI solved every instance we attempted at the root node without
branching.

5.1 The instances used by Campêlo et al. [4]

We used Python 2.7 as the programming language and Gurobi 6.0 as the MIP Solver
turning off all presolve features while Campêlo et al. [4] used Java 1.6 as the language
and Gurobi 5.0 as the solver. Our computational experiments were carried out on a
machine with 16GB of RAM running a single thread on a 2.3GHz processor while
the experiments performed by Campêlo et al. [4] were carried out with 65GB of RAM
and 1.6GHz processor.

Campêlo et al. [4]’s branch-and-cut algorithm is a two-phase algorithm. In the
first phase, the conventional formulation without convexity constraints is solved and
violated constraints are dynamically generated as cutting-planes and added as Lazy
Constraints. In the second phase, the branch-and-cut algorithm is applied by generating
most violated star and tree inequalities for each colorwith a certain stopping criterion to
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Fig. 4 Computation times of Campêlo et al. [4] (B&C) versus the extended formulation (EXT )

generate cutting-planes. Each phase has one hour time limit. Some detailed parameters
are determined with best setting from their experiments.

Our computational experiments use the extended formulation given by (5)–(8) and
the non-negativity constraints for y-variables. We do not add any other valid inequal-
ities in our computational experiments and GUROBI does not add any constraints
either.

Figure 4 and Table 2 show the comparison between our computational results and
those of Campêlo et al. [4]. In Fig. 4, the horizontal axis marked by (B&C) represents
the computational time (in log scale) of the branch-and-cut algorithm performed by
Campêlo et al. [4] in seconds. The vertical axis marked by (EXT ) represents the
computational time of our extended formulation. Each mark corresponds to a problem
instance. The marks under the diagonal line indicate the instances where the extended
formulation outperformed Campêlo et al. [4]. The details of Fig. 4 are elaborated in
Table 2. In Fig. 4, Time Limit Exceeded (TLE) of Table 2 are replaced by the time
limit (2h=7200s.)

The extended formulation was able to solve in under 22min all TLE cases in
Campêlo et al. [4]. For 79 instances out of total 81, the extended formulation beats
Campêlo et al. [4] in terms of running time. The strength of the extended formulation
is highlighted by the fact that every instance is solved by GUROBI at the root node
without any need for branching. In fact, the LP-relaxation of the extended formula-
tion using inequalities (5)–(7) and non-negativity provides integer solutions for all
instances solved by us. This fact further validates the strength of the LP-relaxation of
the extended formulation.
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Table 2 Computation times of Campêlo et al. (B&C) in [4] versus the extended formulation (EXT )

(pn , pc) = (25%, 0.5%) (pn , pc) = (25%, 5%) (pn , pc) = (25%, 50%)

|V | k B&C EXT |V | k B&C EXT |V | k B&C EXT

213 3 1 0.0 213 14 0 0.2 213 103 7 0.8

301 6 0 0.1 301 20 1 0.2 301 148 5 3.3

404 6 1 0.1 404 29 2 0.4 404 197 24 5.9

567 4 3 0.1 567 29 9 0.8 567 277 314 15.5

636 6 1 0.2 636 35 6 1.5 636 333 49 76.8

710 10 19 0.4 710 35 8 1.6 710 361 56 36.2

813 9 11 0.5 813 42 5 2.7 813 430 117 82.6

981 13 10 0.9 981 65 13 8.8 981 469 78 167.7

1441 7 47 0.6 1441 75 28 24.0 1441 699 2275 709.1

(pn , pc) = (50%, 0.5%) (pn , pc) = (50%, 5%) (pn , pc) = (50%, 50%)

|V | k B&C EXT |V | k B&C EXT |V | k B&C EXT

213 4 0 0.0 213 14 1 0.2 213 98 6 1.0

301 3 0 0.1 301 20 2 0.3 301 153 21 3.6

404 4 2 0.2 404 22 4 0.5 404 206 59 10.4

567 5 3 0.2 567 28 15 0.9 567 273 564 20.9

636 7 4 0.3 636 28 28 1.4 636 317 235 37.4

710 4 2 0.3 710 41 32 2.8 710 338 499 85.6

813 7 13 0.5 813 49 27 5.0 813 393 337 100.6

981 9 113 1.5 981 45 55 6.7 981 476 664 211.1

1441 10 403 2.3 1441 80 411 36.4 1441 681 TLE 881.8

(pn , pc) = (75%, 0.5%) (pn , pc) = (75%, 5%) (pn , pc) = (75%, 50%)

|V | k B&C EXT |V | k B&C EXT |V | k B&C EXT

213 3 1 0.0 213 12 8 0.1 213 110 30 1.4

301 7 22 0.1 301 21 49 0.5 301 165 57 4.4

404 5 91 0.1 404 22 127 1.3 404 207 134 9.8

567 5 22 0.2 567 34 147 4.6 567 278 657 24.2

636 5 352 0.4 636 28 217 4.6 636 309 4102 59.3

710 6 349 0.4 710 36 570 6.8 710 361 TLE 65.8

813 9 2085 1.6 813 45 1273 19.7 813 425 TLE 133.8

981 6 765 1.0 981 50 1476 28.4 981 492 TLE 306.6

1441 9 TLE 4.3 1441 65 TLE 440.4 1441 750 TLE 1299.5

TLE time limit (2h) exceeded
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Table 3 Computation times of the extended formulation for larger instances

(pn , pc) = (25%, 0.5%) (pn , pc) = (25%, 5%) (pn , pc) = (25%, 50%)

|V | k Time |V | k Time |V | k Time

1838 11 1.8 1838 114 57.2 1838 934 1127.4

2025 16 4.2 2025 91 48.2 2025 985 1541.2

2387 16 6.7 2387 129 173.4 2387 1221 4394.6

2409 7 2.7 2409 137 157.4 2409 1145 2855.8

2632 13 6.2 2632 126 133.5 2632 1314 6172.6

4586 24 36.9 4586 236 1537.9 4586 2275 OOM

5743 28 103.5 5743 312 4740.4 5743 2854 OOM

(pn , pc) = (50%, 0.5%) (pn , pc) = (50%, 5%) (pn , pc) = (50%, 50%)

|V | k Time |V | k Time |V | k Time

1838 8 4.6 1838 87 55.5 1838 945 2599.1

2025 6 1.9 2025 101 78.1 2025 1007 2593.8

2387 22 37.0 2387 128 429.5 2387 1191 4899.7

2409 13 10.7 2409 112 251.0 2409 1231 5711.0

2632 18 34.8 2632 133 438.1 2632 1300 9427.2

4586 16 114.3 4586 228 1973.5 4586 2248 OOM

5743 29 1619.4 5743 316 39,324.2 5743 2895 OOM

(pn , pc) = (75%, 0.5%) (pn , pc) = (75%, 5%) (pn , pc) = (75%, 50%)

|V | k Time |V | k Time |V | k Time

1838 8 5.0 1838 106 713.6 1838 919 3060.7

2025 12 19.5 2025 110 520.4 2025 1008 3542.6

2387 13 64.7 2387 122 3231.6 2387 1214 6753.3

2409 12 44.7 2409 115 2669.3 2409 1177 8070.1

2632 14 94.1 2632 136 4287.5 2632 1309 25,198.2

4586 22 945.3 4586 228 85,137.5 4586 2273 OOM

5743 27 3585.9 5743 302 LTLE 5743 2867 OOM

LTLE longer time (24h) limit exceeded, OOM out-of-memory

Moreover, Campêlo et al. [4] made comparison in terms of the computation times
of the cases with pc = 0.5% between their algorithm and dynamic programming
algorithm developed by Moran and Snir [18] and implemented by Campêlo et al [4].
Our running times with the extended formulation are significantly smaller than those
of both algorithms.

5.2 Larger instances from TreeBASE.org

Given the computational effectiveness of the LP-relaxation of the extended formula-
tion, we also considered larger phylogenetic trees from TreeBASE.org than those
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attempted by Campêlo et al [4]. In particular, we considered trees ranging from
|V | = 1838 to |V | = 5743 as shown in Table 3. From seven larger trees, we generated
63 problem instances for different values of pn and pc as shown in Table 3. 51 out
of the 63 problem instances were solved within the time limit of 2h. Another five
problems were solved but required more than 2h, which are underlined in Table 3.
One instance exceeded longer time limit (24h) marked by LTLE. Six of the largest
problems could not be solved because of insufficient memory.

From our computational experiments, we want to highlight the fact that every
problem instance solved by GUROBI was solved at the root node without any need
for branching. This experimental observation provides support for the strength of our
extended formulation. This strength of the extended formulation has allowed us to
solve much larger problems than were solved before.

6 Concluding remarks

We introduced an extended formulation for the convex recoloring problem on a tree
using O(nk) variables. The number of variables in the extended formulation is about
twice that of the conventional formulation. The extended formulation also has O(nk)
constraints. We showed that the LP-relaxation of the extended formulation dominates
the LP-relaxation of the conventional formulation along with three classes of (expo-
nentially many) valid inequalities identified by Campêlo et al. [4].

Besides the quick run time, the LP-relaxation of the extended formulation provides
an integer optimum for all problem instances we considered. This indicates that the
LP-relaxation of the extended formulation is a very good approximation of the integer
polytope. We also showed that the natural restriction of the extended formulation
completely defines the subtree polytope on a tree. This provides some theoretical
support to the strength of our LP-relaxation.

There exist, however, fractional extreme points to the LP-relaxation of the extended
formulation even for path graphs. For example, the convex recoloring problem on a
path graph T with V (T ) = {1, 2, 3} and C = {1, 2} has a fractional extreme point to
the LP-relaxation of the extended formulation [(5)–(7) and non-negativity],

(
x11 = x12 = x21 = x22 = x31 = x32 = y12,1 = y23,2 = 1/2; y12,2 = y23,1 = 0

)
.

The extended formulation provided in this paper uses structural properties of a tree
to obtain the subtree inequalities (6). These inequalities do not naturally extend to a
general graph. A natural follow up to our work would be to obtain strong extended
formulation for the CR problem on general graphs.
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