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1 INTRODUCTION 
 
Path choice models are powerful tools to reproduce users’ choices in order to estimate 
traffic flows in a transport network. Usually, these models are based on the comparison 
between path costs represented by crisp numbers. The deterministic models’ hypothesis is 
that users perceive exactly each path cost, and choose the one having the maximum utility. 
Thus, every user chooses the minimum cost path, and doesn’t consider any other path (1st 
Wardrop principle). This leads to the “All or Nothing” assignment model. 
In real situations, drivers do not have the precise information about the costs of the network, 
and in any case, the analyst doesn’t know the cost that they associate to each alternative. 
The cost perceived by each user can be different from the average one (systematic cost). 
Therefore, some users can choose a path different from that of the minimum cost, and 
consequently, they associate to every alternative a choice probability that is greater than 
zero. To reproduce this situation we use random utility models.  
We expose a path choice model where fuzzy numbers represents costs. In our hypothesis the 
choice of users depends on the comparison of the estimated cost of all the paths. These 
values are affected by imprecision, vagueness and uncertainty. Using fuzzy numbers it is 
possible to represent correctly this situation. 
Recently, several models based on fuzzy set theory for network assignment have been 
published. 
Akiyama and Kawahara (1997) modelled the route choice behaviour with the values of 
possibility between fuzzy goal and the fuzzy travel time for the individual routes. 
Wang and Liao (1999) considered the traffic assignment problem when the N-A incidence 
matrix for transportation is fuzzy, in the sense that which arcs are chosen into the desired 
path for travelling is uncertain. 
Chang and Chen (2000) formulated a link-based fuzzy user-optimal route choice problem 
embedding link interactions using the variational inequality approach. 
Henn (2000) proposed a route choice model taking account of the imprecision and the 
uncertainty lying in the dynamic choice process. 
Okada and Soper (2000) concentrated on a shortest path problem in a network in which a 
fuzzy number, instead of a real number, is assigned to each arc length. 
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In Section 2, we describe in detail the path choice method. In Section 3, we discuss the 
results that were obtained by applying our model on a test network. Finally, the conclusions 
are presented in Section 4. 
 
 
2 THE PATH CHOICE MODEL 
 
These are the basic assumptions on which our model is based. 
The user "i" considers all the alternatives, which form his choice set Ii. 
The user "i" associates to every alternative j of his choice set the perceived utility Ui

j. 
The utility assigned to each choice alternative depends of a number of measurable 
characteristics, or attributes, of the alternative itself and of the user Ui

j = Ui(Xi
j). 

The analyst does not know the utility assigned by the user “i” to alternative j with certainty, 
and in any case its value is imprecise. A fuzzy number can represent it. 
On the basis of the above assumptions, it is possible to express the probability that the 
decision-maker will select the alternative j, depending on his choice set Ii,proportionally to 
the preference associated to this alternative, as will be seen. 

2.1 The representation of path costs with fuzzy number 
We propose to represent path and arc costs with Triangular fuzzy numbers (TFN), due to the 
simplicity of the representation. For each arc cost we consider a main value given by 
applying a cost function to the arc. The correspondent TFN is expressed by a triplet as (xL, 
x, xR) with the single elements determined as follows: 

main value: x; upper boundary: xR = x⋅(1 + α); lower boundary: xL = x⋅(1 - α)  (1) 

The value of α is between zero and one. In Figure 1, we see the representation of the TFN 
corresponding to the crisp values 5 and 7, with α = 0,200. 
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Figure 1. Representation of TFNs. 

We can demonstrate that this model respects the independence from the segmentation of the 
arcs. The parameter α represents the imprecision of users‘ foresight of path travel time. If 
this imprecision is null, we will assume α = zero. This leads to a crisp choice: only the 
minimum cost path(s) is (are) chosen. Because of imprecise information, users also chose 
other paths (not only the minimum cost one). In this case, the total demand will fraction 
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itself on them, and we will increase α value. The value of α is the same for all the paths. 
Therefore, the base of the TFN corresponding to the cost “x” (equal to 2αx) is variable, and 
it depends on the main value of the cost. 
Each user has a different ability to foresee the path travel time. We can’t associate a value of 
α to each user, so it is wise to consider for α an average value representative for all the 
users. The parameter α must be calibrated. We assume that α is the same for all the O/D 
pairs and for all the arcs. We suggest that the value of α depends on the urban network, the 
user class and the time period. In this study, we don’t discuss α calibration. 

2.2 Definition of the choice set Ii 
For defining the choice sets (for each O/D pair), we research the “non dominated1" paths by 
comparing the characteristic points of each TFN. We find the non-dominated path sets using 
the dominance check. For each O/D pair, we will assume that a path is not dominated by the 
minimum cost one if the lower boundary of its TFN is lower than the upper boundary of the 
TFN of the minimum cost path2, as we will see in the following figures. 
The value of α plays an important role in the selection of the paths which will form the 
choice set. The number of the paths in the choice set depends on the cost imprecision: the 
higher the imprecision, the more numerous is the choice set. As an example, consider three 
paths (A, B, C). Let their estimated costs be respectively: x ≅  25 minutes, y ≅  30 minutes 
and z ≅  40 minutes. If we want to represent the case of low imprecision, α will assume a 
low value. Let α be equal to 0,050. We see that paths B and C are dominated by path A, as a 
result users consider in their choice set only the minimum cost path (Fig. 3). 
 

alfa = 0,050

0.0
0.2
0.4
0.6
0.8
1.0

0 5 10 15 20 25 30 35 40 45

Cost

m
em

be
rs

hi
p

 
Figure 3. Low imprecision. 

If we want to represent more imprecision than the previous case, α will assume a higher 
value. Let α be equal to 0,150. We see that only path C is dominated: the choice set is 
formed by paths A and B (Fig. 4). 
 

                                                           
1 The “non-dominated” paths are the most convenient paths [Okada, Soper (2000)]. 
2 In other words, the TFNs must be partially overlapping. 
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Figure 4. Medium imprecision. 

High imprecision: let α be equal to 0,300. We see that all the paths are non-dominated (Fig. 
5). 
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Figure 5. High imprecision. 

2.3 Coefficients of preference 
It’s wise to think that the fraction of demand that will load each path is proportional to its 
convenience. In our hypothesis users associate a preference index to each path according to 
its estimated cost. Let’s consider in this phase the case of independent paths (there are not 
any shared sub-paths). In the next paragraph we will see how to deal with the case of shared 
sub-paths. We propose to associate a numerical value to the convenience of each non-
dominated path. We define for the path “i” the coefficient of preference as follows:  

Cpref,i = (min-cost,R – i-cost,L) / (i-cost,R – i-cost,L)  (2) 

with: 
min-cost = main value of the minimum cost path; 
i-cost = main value of the cost of the path “i”; 
min-cost,R = min-cost⋅(1 + α): upper boundary of the TFN associated to the minimum cost 
path; 
min-cost,L = min-cost⋅(1 - α): lower boundary of the TFN associated to the minimum cost 
path; 
i-cost,R = i-cost⋅(1 + α): upper boundary of the TFN associated to the path “i”; 
i-cost,L = i-cost⋅(1 - α): lower boundary of the TFN associated to the path “i”; 
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The value of Cpref,i for every path is between zero and one. The coefficient of preference is 
equal to 1 for the minimum cost path. For the other paths, it becomes lower in proportion to 
the increase in its crisp cost. We assume that the choice probability of a certain path (and 
consequently the demand fraction that will be assigned to it) is proportional to its coefficient 
of preference. We calculate the choice probability of each non-dominated path for a certain 
O/D pair by normalising the coefficients of preference  as follows:  

p’i = Cpref,i / (ΣCpref,i)  (3) 

As an example, let’s consider a user whose alternatives are given by two independent paths 
A, B). Let the cost of B be 10 minutes greater than the cost of A. The choice probabilities 
depend on the expected path costs and on the level of imprecision. In the following table, 
the choice probabilities obtained by applying the proposed method in three different cases 
can be seen. We have assumed α = 0,150 

Table 2-1 

 
Path A B A B A B 
Cost ≅  2’ ≅  12’ ≅  40’ ≅  50’ ≅  5h 20’ ≅  5h 30’ 

Choice probability 1,000 0,000 0,811 0,189 0,531 0,469 

 
The results are realistic for any combination of path costs. Note that we obtained these 
results utilising only one value of α to represent the imprecision. 

2.4 Overlapping paths 
If three or more paths form the choice set, two of them may be overlapping in a certain 
measure. In this case, if we applied the proposed model (using formulation (3)), we would 
have unrealistic results due to the Independence of Irrelevant Alternatives property. To 
avoid this problem it is necessary to modify the calculus of choice probabilities. We can 
introduce an index that represents the overlapping degree of each path with the others. The 
coefficient of overlapping for the path “i” is defined as follows: 

Cover,i = [(li,1/li) + (li,2/li) + … + (li,i-1/li) + (li,i+1/li) + … + (li,n/li)] / nover  (4) 

with:  
li: length of the path “i”; 
li,1 (li,2, li,3…): length of the shared sub-paths from the path “i” and the path 1 (2, 3…); 
nover: number of paths partially overlapping in the choice set.  
This coefficient will be equal to zero if path “i” is independent. For the overlapping paths, it 
takes a value that increases proportionally to the length of the shared sub-paths. The value 
of the coefficient of overlapping is always lower than one. Now we introduce the coefficient 
of independence as follows: 

Cind,i = 1 – Cover,I  (5) 
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1 (≅ 40’)

2 (≅ 30’)

3 (≅ 30’)

4 (≅ 30’)
5 (≅ 30’)
6 (≅ 30’)

It has the opposite meaning of the coefficient of overlapping. It will be equal to 1 if path “i” 
is independent; it will be lower than 1 if path “i” has some shared sub-paths. It is, in any 
case,  greater than zero. We can now calculate the choice probabilities of the non-dominated 
paths as follows: 

pi = Cpref,i⋅Cind,i / (Σ Cpref,i⋅Cind,i)  (6) 
If the paths are all independent, the coefficients of independence will be all equal to one. As 
a result, the choice probabilities assume the same values that we would obtain if we applied 
the normalisation of the coefficients of preference (as we saw in the previous paragraph – 
see formulation (3)). Therefore, that case may be seen as a particular case of formulation 
(6). In this way, we obtain very realistic results in the case of overlapping paths. 
 
 

3 NUMERICAL EXAMPLE 
 
 
 
 

 
 
 
 

 

Figure 6. 

 
Consider six paths (Fig. 6). Let the first one be independent and let its cost be about 40 
minutes. Let the other paths cost be about 30 minutes. Paths 4, 5, 6 are practically 
coincident. As a result, the coefficient of overlapping is equal to zero for paths 1, 2, 3; and is 
equal to 0,667 for paths 4, 5, 6. The probability vector expected (P1, P2, P3, P4, P5, P6) 
must have the following characteristics: 
P2 = P3 (because path 2 and path 3 have the same cost and are both independent); 
P4 = P5 = P6 (because path 4, path 5 and path 6 have the same cost and are overlapping in 
the same measure); 
P1 < P2, P3 (because all paths 1, 2, 3 are independent, but path 1 cost is greater than the 
others); 
P2, P3 = P4 + P5 + P6 (because paths 4, 5, 6 form only one alternative, due to their high 
overlapping, which is as convenient as the alternatives given by paths 2 and 3. 
Consequently, we expect that users associate the same choice probability to path 2, path 3 
and the group of the paths 4, 5, 6). 
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We assume α = 0,150. In the following table the results given by our model can be seen. 
The choice probabilities respect all the conditions exposed above, reproducing exactly what 
we expect from the users’ behaviour. 
 

Table 2-2 

PATH Lower 
Boundary 

Main 
value 

Upper 
Boundary Cpref,i P'i Cover,i Cind,i Cpref,i⋅Cind,i Pi 

1 34,0 40,0 46,0 0,042 0,008 0,000 1,000 0,042 0,012
2 25,5 30,0 34,5 1,000 0,198 0,000 1,000 1,000 0,329
3 25,5 30,0 34,5 1,000 0,198 0,000 1,000 1,000 0,329
4 25,5 30,0 34,5 1,000 0,198 0,667 0,333 0,333 0,110
5 25,5 30,0 34,5 1,000 0,198 0,667 0,333 0,333 0,110
6 25,5 30,0 34,5 1,000 0,198 0,667 0,333 0,333 0,110

 
 

4 CONCLUSIONS 
 
The aim of this work is to propose a path choice model where fuzzy numbers are utilised to 
represent the imprecision of path costs for a road network. Our model gives realistic results 
in all the cases examined. It is important to remark that we utilise only one parameter for 
representing the imprecision of the costs. Moreover, we need only one value of this 
parameter to represent users imprecision correctly; both in first phase (selection of non-
dominated paths) and in second phase (attribution of choice probabilities). 
In real situations, in the choice set there may be some partially overlapping paths. Thus, our 
model may give unrealistic results due to the IIA property. To avoid this problem, we 
propose a correction of the calculation of choice probabilities by introducing an index that 
allows us to consider path overlapping. In this way, we obtain realistic results in the load 
assignment of the network in all the cases examined. 
The Method of Successive Averages was utilised to generate user equilibrium flows in a 
simple network. We made several assignments, changing for each of them the length or the 
capacity of certain arcs, and the number of users. For each condition, we applied our model 
with different values of α. The average user cost was taken as a representative parameter of 
the state of the network. We have found that our model has gives realistic results in all the 
cases examined. 
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