
 

MAXIMUM FLOWS IN FUZZY NETWORKS WITH 
FUNNEL-SHAPED NODES 

Roman V. Tyshchuk 
Information Systems Department, AMI corporation, Donetsk, Ukraine 

E-mail: rt_science@hotmail.com 
 
 
 

1 INTRODUCTION 
 
During the consideration of the main problems in the fields of transportation and 
communication, the following task is very often should to be solved [FF78], [PG81]. The 
commodity should to be transported from the source of supply to the consuming node. The 
hauling units are situated in different places. It is supposed that the transportation network 
has a limited capacity. In this task it is necessary to find the optimum route of the hauling 
units from their initial places to the source of supply and then to the consuming node. There 
is another task with the similar structure: for the existing communication network it is 
necessary to build a central communication node through which all the information should 
be transferred and then it is necessary to get a maximum information flow.  
In all this examples to solve the task the special node is need to be chosen, through which all 
the flow should be transferred from the source to the sink. This node is called funnel-shaped 
node. 
In practice during the analysis of such systems it is often the many forms of uncertainty, 
described in [B96] should to be taking into consideration. The most of the existing methods, 
which are solving the considered problem, are not able to work with such forms of 
uncertainty like dispersion, vague data defining, measurement errors and so on. In this 
connexion it is necessary to develop a new methods, which can to operate with the above-
mentioned forms of uncertainty. There are some approaches, which are proposed to solve 
the network flow tasks with fuzzy input data [D01], but this problem is not investigated 
completely and still actual. 
 
 

2 METHODOLOGY  

2.1 Preliminary remarks of applying fuzzy sets theory to the network flow problems 
In many cases some aspects of the network flow theoretic problems are uncertain. In these 
cases it can be useful to deal with this uncertainty using the methods of fuzzy logic. There 
are several ways in which a network can be fuzzy [B96], [T01b], [MN99]. In this paper one 
of much interest type of network fuzziness is considered, which is occurred when the 
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network has known nodes and arcs, but fuzzy weights (or capacities) on the arcs. Thus only 
the weights are fuzzy. According to [T01b], [D01] a fuzzy flow ˜ f  in the network N with the 
source node s and the sink node t with arcs capacities { ˜ c i } is function, defining on the set of 
arcs E as following: 

0 ≤ ˜ f (e) ≤ ˜ c (e)         (1)      

where 

0 ≤ ˜ f i
R(e) ≤ ˜ c i

R(e)
0 ≤ ˜ f i

L(e) ≤ ˜ c i
L(e)

 
 
 

      (2)      

where i is the number of the corresponding α-level, L is the index, representing the lower 
bound of the α-level interval, R is the index, representing the upper bound of the α-level 
interval; 

˜ f (x, y)
(x , y) ∈ E
∑ = ˜ f (y, x)

(y ,x ) ∈ E
∑ , ∀ x ≠ s,t      (3)      

One of the main problems in solving fuzzy flow network flow tasks is a defining the ranking 
procedure for the fuzzy numbers. One of the fuzzy numbers ranking methods, proposed by 
Dubois and Prade, is based on “fuzzy max” and “fuzzy min” operations, which are the 
maximum and minimum operations of real numbers extended to fuzzy numbers. Note that 
when ˜ a  and ˜ b  are fuzzy numbers, m ˜ a x( ˜ a , ˜ b )  and m ˜ i n( ˜ a , ˜ b ) are not always one of the ˜ a  or 
˜ b  and they may be built with parts of both ˜ a  and ˜ b . This approach is proposed to use in 
augmenting flow building procedure and in the maximum flow finding operation. Another 
method is assuming that the decision-maker a priory chooses a degree of conformity for 
which the inequality may be considered as true by himself. As a variant of this method the 
four coefficients PSE, PS, NSE, NS [DP88] are proposed to use to describe the relative 
position of two fuzzy numbers from the point of view of possibility theory. This approach is 
proposed to use in the maximum network flow algorithm with fuzzy input data in choosing 
the maximum of all augmenting paths to decrease in general the total number of operations. 
As well known the network flow tasks usually are very complex and one of the ways to 
solve such problems is simplifying or modification the existing network to use the known 
methods and approaches. For the considering task the algorithm is proposed in which the 
maximum network flow algorithms with fuzzy input data for the networks with one source, 
one sink and one commodity are solved sequentially [T01a]. 

2.2 General formulation of the maximum flow finding task in fuzzy networks with 
funnel-shaped nodes 

Let N be a fuzzy undirected network with arc capacities ˜ c ij  representing by fuzzy numbers. 

Let s, a and t be the source, the funnel-shaped node and the sink respectively. Let ˜ f ij
1  be a 

flow from node i to node j, which has a direction to funnel-shaped node and let ˜ f ij
2  be a flow 

from node i to node j, which has a direction from funnel-shaped node. Let ˜ v 1  be a fuzzy 
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flow value from source to funnel-shaped node and let 2v~  be a fuzzy flow value from funnel-
shaped node to sink. It is necessary to find a maximum value of the flow v~ : 

˜ v → max                      (4)       
with the following constraints: 

˜ f ij
1 = ˜ f ji

1

( j ,i) ∈ E
∑

( i, j ) ∈ E
∑              (5)                  

˜ f ij
2 = ˜ f ji

2

( j ,i )∈ E
∑

( i, j ) ∈ E
∑       (6)       

˜ f ij
1 + ˜ f ij

2 ≤ ˜ c ij , ∀ i, j           (7)       

˜ v = ˜ v 1 = ˜ v 2 ,        (8)       
˜ f ij

k > 0 .        (9)       

It is easy to see that this problem is similar to the task of the two-commodity flow finding in 
non-oriented network. But in this task we have two different types of the same commodity, 
not two flows of two commodities. It is necessary also that these two types of the flow 
should be equal. And if in the two-commodity task it is necessary to maximize the total flow 
of two commodities, in this task it is necessary to maximize the 1/ 2( ˜ v 1 + ˜ v 2)  value. 
Also it is easy to show that the maximum flow through the funnel-shaped node can be find 

as the min ˜ v 1, ˜ v 2 ,1/ 2max(˜ v 1 + ˜ v 2 )[ ], where ˜ v 1  and ˜ v 2  are the fuzzy maximum flows from s 

to a and from a to t respectively. Note that in this case it is necessary to use a “fuzzy min” 
operation. 

2.3 Algorithm 
One of the main fuzzy flow network features is concerning to the fact that the result of the 
solving the maximum flow task in fuzzy network is directly depending on the augmenting 
flow value on each iteration. This feature is directly determining the functioning of this 
algorithm and also determining the thesis that that the maximum flow through the funnel-

shaped node can be find as the min ˜ v 1, ˜ v 2 ,1/ 2max(˜ v 1 + ˜ v 2 )[ ].  Therefore during the 

augmenting flow value finding in given task it is necessary to follow the rule mentioned 
below: if it is possible to make the current arc F-saturated for the lower bound of the α-level 
interval then the upper bound of the α-level interval of the augmenting flow value should be 
equal to the lower bound value of the α-level interval of the augmenting flow value. For 
example, if the arc capacity is represented by the interval fuzzy number and equal to (2,5) 
then it is not allowed to choose the augmenting flow value equal to (1,5), it is necessary to 
choose sequentially (1,1), (1,1), (0,3) or (2,2), (0,3) etc. 

Step 1. Find a values ˜ v 1  and ˜ v 2  using the maximum network flow algorithm with fuzzy 
input data (Fig. 1). 
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Figure 1. Finding the maximum flows from s to a and from a to t. 

Step 2. Build a new network N′ with additional node s′ and additional arcs (s′, s) and (s′, t) 
with unlimited capacities. Find a fuzzy maximum flow from s′ to a (Fig. 2). 
 
 
 
 

 
Figure 2. Finding the maximum flow from s′  to a 

Step 3. Compute the value ˜ v * = min ˜ v 1, ˜ v 2 ,1/ 2 ˜ v [ ]. If ˜ v * = 0  then stop algorithm. The result is 

equal to 0.  
Step 4. Build a new network N″ with additional node s″ and additional arcs (s″, s) and (s″, t) 
with capacities ˜ v * . Find a fuzzy maximum flow from s″ to a (Fig. 3). 
 
 
 
 

Figure 3. Finding the maximum flow from s″ to a 
Decompose this flow on the s″ - a flow through the node s and a - s″ flow through the node 
t. Remove all additional nodes and arcs from the network.  

2.4 Illustrating example 
As an example to illustrate algorithm we consider a small network shown in Fig.4. The node 
a is a funnel-shaped node. Interval fuzzy numbers presents all the arc capacities, shown in 
the network near the arcs. 
 
 
 
 
 
 
 

Figure 4. Example network 
 S-1 S-2 1-a 2-a 2-3 3-a   a-2 2-3 3-T a-3 a-T 

˜ v 1  (2,3) (5,6) (2,3) (4,5) (1,1) (1,1)  ˜ v 2  (3,3) (3,4) (5,6) (2,3) (3,4) 
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Table 1. Results of the first step of the algorithm 

 S′-S S′-T S-1 S-2 1-a 2-a 2-3 3-a T-3 T-a 
˜ v  (7,9) (4,6) (2,3) (5,6) (2,3) (4,5) (1,1) (2,3) (1,2) (3,4) 

Table 2. Results of the second step of the algorithm 

After the first two steps the algorithm gave the following results: 
1v~ = (7,9), 2v~ = (8,10), v~ = (11,15). Thus *v~  = (5.5,7.5) 

 S′′ -S S′′ -T S-1 S-2 T-3 T-a 1-a 2-a 2-3 3-a 
˜ v  (5.5,7.5)  (5.5,7.5) (2,3) (3.5,4.5)  (2.5,3.5) (3,4) (2,3) (4,5)  (0.5,0.5) (2,3) 

Table 3. Results of the fourth step of the algorithm 

Note, that on the 2-d step the value 1/ 2max( ˜ v 1 + ˜ v 2 )  has been defined using the maximum 
flow finding algorithm with fuzzy input data for the networks with one source, one sink and 
one commodity.  
 
 

3 CONCLUSIONS 
 
Our ideas and conceptions of the real world are often vague and ill defined. In particular, 
imprecise observations or possible perturbations mean that fuzzy numbers may well better 
represent capacities and flows in a network than crisp quantities. In this paper an approach 
based on fuzzy set theory has been presented to solve the maximum flow finding task in the 
fuzzy network with funnel-shaped node. The main two ranking methods of the fuzzy 
numbers have been described, which are used in fuzzy network flow tasks. The main fuzzy 
flow network features are described and the algorithm has been proposed using maximum 
network flow algorithms with fuzzy input data for the networks with one source, one sink 
and one commodity. 
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