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1 INTRODUCTION 
 
Equilibrium traffic assignment models replicate the traffic pattern resulting from the routes 
chosen by a population of drivers when network costs and route choices are consistent. An 
established and theoretically appealing framework for modelling equilibrium route choice is 
Stochastic User Equilibrium (SUE) in which the choices are modelled using a stochastic 
choice model and the congestion effects are dealt with through the equilibrium assumption. 
 
However, SUE models consider a population of drivers with homogeneous characteristics 
that, therefore, perceive the same set of network costs except for the variation allowed by 
the stochastic choice model considered. Moreover, since the demand (the number of trips 
between each Origin-Destination pair) is fixed, drivers are modelled as reacting to changes 
in network conditions by possibly travelling along a different route only. 
 
There are two interesting ways to refine these models that have been studied mostly 
separately in the literature: the inclusion of multiple user classes (MUC) and the 
consideration of elastic demand (ED). 
 
The introduction of Multiple User Classes in SUE models corresponds, in general choice 
models terms, to market segmentation. A heterogeneous population of drivers is divided 
into groups so that drivers have homogenous characteristics within each group. Each group 
is then modelled as in equilibrium. This refinement of the framework is useful to consider 
drivers with different perceptions of the network costs (e.g. as a result of some vehicles 
being equipped with route guidance devices), or with elements of the network costs entering 
with different importance in their generalised costs expression (e.g. because of different 
values of time or willingness to pay). Furthermore it can be used to consider limitations to 
the circulation of some categories of vehicles as e.g. HGVs. 
 
Elastic demand models consider in an aggregate way drivers’ responses to changes in 
network costs different from re-routing. In ED models the matrix of trips between each 
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origin-destination (OD) pair is not fixed but vary with the network conditions so that the 
equilibrium point is obtained as the point where route choices, network costs and also OD 
matrix entries are consistent. Studies on needs in modelling practice (e.g. SACTRA, 1994) 
have ascertained the importance of modelling variable demand for the correct evaluation of 
network variations’ effects suggesting using elastic demand models for including a number 
of effects as e.g. trip suppression, trip rescheduling and mode switch when more detailed 
models are not available. 
  
A unified MUC SUE ED model constitutes an interesting and flexible tool for transport 
studies and its development involves obtaining an equivalent objective function and suitable 
efficient algorithms for its solution. In this paper such an objective function and solution 
algorithms are discussed building on the work of Daganzo (1982) for MUC SUE and of 
Maher and Zhang (2000) on SUE ED. 
 
 
2 MUC SUE AND SUE ED FORMULATIONS AND ALGORITHMS 
 
A MUC SUE framework has been put forward by Daganzo (1982) who considered K user 
classes, each with its OD matrix and network costs. He considered the link flows by user 
class but also standardised flows, obtained similarly to those used in traffic engineering, to 
account in an aggregate way for the flow of all user classes on a link. The standardised flow 
va on link a is obtained as: 
va = α k( )

K
∑ xa

k( )  (1) 

where α(k) is the coefficient to standardise the flow of vehicles of the users class k and xa
(k) is 

the flow of the vehicles of class k on link a. 
 
The cost ca

(k) on a link a and for the user class k (which here is assumed separable from the 
flows on other links) is defined as: 
ca

k( ) = c0a
k( ) + β k( )ba va( ) (2) 

that is as the sum of a fixed part c0a
(k) (if need be, different for each class), and a flow 

dependent part obtained as the product of a coefficient β(k) typical of each user class and a 
strictly increasing function ba(va) common to all user classes and depending on the 
standardised flow va. 
 
Daganzo (1982) put forward an objective function for his setting of the MUC SUE problem 
and showed that its minimum is unique and equivalent to the MUC SUE conditions on a 
network. He also suggested solving for equilibrium in the probit case using simulation and 
the Method of Successive Averages (MSA). The work of Daganzo provided the theoretical 
basis for the work of Van Vuren and Watling (1991) who, studying the effect of having 
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different proportions of drivers choosing their route through a network with the aid of route 
guidance devices, considered user classes in User Equilibrium, User Optimum and logit 
Stochastic User Equilibrium and obtained the relevant equilibrium point over a network 
with the MSA. 
 
Also Maher and Hughes (1996) investigated the effect on the overall traffic pattern of the 
introduction of proportions of vehicles equipped with route guidance devices. To this aim 
they put forward an extension of the program of Sheffi and Powell (1982) for SUE to 
include a number of user classes, each with a different variation of the utilities or with 
systematic costs being multiples of each other. They considered probit and logit choice 
models, though their program is independent of the choice model, and solved for 
equilibrium in link based cases using extensions of the optimised line search algorithms that 
they also proposed for SUE (see e.g. Maher and Hughes, 1997) which improve significantly 
on the MSA. The same algorithms can be applied with any choice model whose choice 
function can be calculated or approximated analytically. 
 
Similar algorithms, and new ones based on preconditioned conjugate gradient search 
direction, were developed and tested for path-based cases solved with the probit model by 
Rosa and Maher (2002) who used the MUC SUE framework of Daganzo (1982). 
 
The problem of Stochastic User Equilibrium with Elastic Demand (SUE ED) has been 
studied as a bilevel programming problem by Maher and Hughes (1998) considering two 
separate objective functions: one for SUE and one for ED. They proposed feasible descent 
direction algorithms that move iteratively along separate search directions for the network 
flows and for the demand. Then Maher et al. (1999) proposed a program, independent of the 
choice model used, whose optimum coincides with the SUE ED point for a network. Maher 
and Zhang (2000) studied further the properties of the objective function of such a program 
establishing its local convexity near the optimum. Along with the program, Maher et al. 
(1999) put forward the Balanced Demand Algorithm (BDA) for its solution that uses a 
single search direction and exploits the fact that, when the demand is in balance with the 
flows, the traditional search direction for their objective function reduces to the 
correspondent direction of a SUE problem. Therefore the SUE ED problem is reduced so 
that it can be solved with a simple modification of a SUE algorithm. 
 
 

3 MUC SUE ED FORMULATIONS AND ALGORITHMS 
 
Maher and Zhang (2000) proposed formulation and algorithms for the MUC SUE ED 
problem when the systematic costs for different user classes are multiples of each other or 
the user classes have the same systematic cost but different cost dispersions. 

OSPITE
394



 

 
Here program and algorithms for including elastic demand in the more general MUC SUE 
framework of Daganzo (1982) are discussed. In such a case the MUC SUE ED conditions 
are defined through the consistency of the standardised flows as: 
va = α (k )

K
∑ qij

(k ) c(k ) v( )( )
IJP
∑ Pijp

(k ) c(k ) v( )( )        ∀  a (3) 

where qij
(k)(.) is the demand for class k between the OD pair ij and Pijp

(k)(.) is the probability 
of choice of path p between i and j for the class k. A pattern of consistent standard flows 
defines a pattern of costs (common and by user class) which in turn corresponds to a unique 
pattern of path choice probabilities, link flows and OD matrices by user class. 
 
One way to write an objective function for MUC SUE ED is to consider together the MUC 
framework defined by Daganzo (1982), his objective function for MUC SUE, and the 
objective function for SUE ED put forward by Maher et al. (1999). However, a simpler 
objective function can also be written, building on the objective function for MUC SUE of 
Daganzo (1982), as: 

zSUEED c( ) = ba
−1 ω( )

0

c a
(1) − c

0a
(1)

β (1)

∫
a
∑ dω −

α (k )

β (k )
K
∑ qij

(k ) σ( )dσ
S0 ij

( k )

Sij
(k ) c( )

∫
IJ
∑      (4) 

or, equivalently, with respect to the standard link flows, as: 

zSUEED v( ) = − ba ω( )
0

v a

∫
A
∑ dω + vaba va( )

A
∑ −

α (k )

β(k )
K
∑ qij

(k ) σ( )dσ
S

0 ij
( k )

Sij
(k ) v( )

∫
IJ
∑   (5) 

These objective functions are independent of the choice model used and can be minimised 
as unconstrained. 
 
The equivalence of the stationary point for programs (4) and (5) to the MUC SUE ED 
condition can be seen taking their gradient. In the case of (4), and with additive path costs, a 
term of the gradient results: 
∂zSUEED

∂ba

= ba
−1 ca

(1) − c
0a

(1)

β(1)

 

 
 

 

 
 −

α (k )

β (k )
K
∑ qij

(k ) Sij
(k )( )∂Sij

(k )

∂ba

= va
IJ
∑ −

α (k )

β (k )
K
∑ qij

(k ) Sij
(k )( )Pijr

(k )

IJ
∑ β(k )δra   (6) 

which is zero only when condition (3) is satisfied. It is possible to show, along lines similar 
to those for the SUE objective function of Sheffi and Powell (1982), that (4) is strictly 
convex and that (4) and (5) have a common and unique minimum, because of the 
correspondence between link standard flows and common costs. 
 
In this paper the above formulation is discussed in more detail and path-based algorithms 
for its solution based on (5) are proposed and tested. The algorithms are obtained by 
extending the BDA mentioned above to the MUC case and considering either fixed steps (as 
in the MSA) or more efficient optimised step calculations (using information on the actual 
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shape of the objective function). Also the use of a preconditioned conjugate gradient search 
direction is considered. This is obtained by observing that the traditional search direction 
used for SUE can be see as a preconditioned gradient direction, with the Jacobian of the link 
costs as a preconditoner (see Rosa and Maher, 2002), and a similar consideration applies to 
the BDA search direction for the function (5). The efficiency of the algorithms is tested on a 
small test network and on the Sioux Falls network. Both the logit and the probit choice 
model are used in the tests (the probit is solved analytically with approximations such as 
those of Clark, 1961, and Mendell and Elston, 1974). The tests show that the BDA 
algorithm with optimised step length adapted for MUC SUE ED is more efficient than a 
BDA version of the MSA. However the BDA using preconditioned conjugate gradient 
obtained with the Polak-Ribiere formula using the same optimised step calculation methods 
outperforms the normal BDA algorithm when the efficiency is measured in terms of the 
number of stochastic network loadings required to reach a pre-set level of convergence. In 
terms of calculation times to reach the same pre-set level of convergence the new search 
direction is of advantage in the probit case but, typically, there seems to be little to choose 
between the traditional BDA search direction and the preconditioned conjugate gradient one 
in the logit case (for which the choice function is very fast to calculate). The efficiency of 
the BDA algorithms improves further if they are started with a number of MSA iterations. 
The following figure gives an example of the convergence trends obtained plotting a 
convergence measure function of the distance between the current and the auxiliary solution 
(expressed in terms of path flows) at each iteration against the number of loadings. The 
figure refers to a case where a probit (with the Mendell-Elston approximation) traffic 
assignment with 3 user classes has been carried out on a set of 2009 paths enumerated 
before the assignment on the Sioux Falls network. It illustrates clearly how the BDA 
algorithm with optimised steps improves on the MSA and shows the even more efficient 
convergence trend due to using the preconditioned conjugate gradient BDA search 
direction. 
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Although the algorithms presented here have been tested in a path-based case with paths 
enumerated before the assignment they can also be used in link-based cases. 
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