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1 INTRODUCTION 
 
Uncertainty and unreliability is a topic for all modes of transport. Car drivers as well as public 
transport users might not arrive at their destination in time, or in severe cases, not arrive at all. 
Du and Nicholson (1997) distinguished two sources of uncertainty. Firstly, supply variations 
such as road or track blockage leading to network degradations. Secondly, demand variations 
engendered by peak periods or sporting events, which can lead to capacity problems for the 
road network as well as for the public transport systems. Both sources of variation can lead to 
unpredictable delays and uncertainty in travel times. The nature of the delays is, however, 
different for public and private transport. Car-users will spend more time in their vehicles 
waiting in queues or driving with reduced speed, but the in-vehicle time for public transport 
users keeps relatively constant (except maybe for longer dwelling times). In congested 
situations transit network users might, however, not be able to board the first vehicle arriving 
at their bus stop or platform because of insufficient space. This uncertainty in waiting time, 
because of a non-zero probability that the transit vehicle is overcrowded, seems to be under-
researched in the context of transit assignment. 
 
This paper discusses an absorbing Markov Chain approach to transit network loading and its 
application to the congested transit assignment problem. The approach, set out in Bell and 
Schmöcker (2001), respects priority rules and capacity constraints (for example, passengers 
boarding upstream have priority over those who want to board at stops or stations downstream 
where the vehicle might be full). A transit assignment model is presented, where passenger 
route choice is influenced by the delay incurred by the failure to board a given line. In this 
paper, two improvements are presented. Firstly, the service headways of the transit lines are 
introduced. Secondly, time-dependent queues on platforms are included. There is an 
application to the London underground network.  
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2 ABSORBING MARKOV CHAINS AND MARKOVIAN TRIP ASSIGNMENT 
 
A Markov chain is characterised by a transition matrix defining the probability of an entity 
(in this case a traveller) moving from one state to another state. Conservation requires the 
rows of this matrix to sum to one. In this context, the states represent the intermediate vertices 
of the graph, the origins, a destination and a notional “bin” where trips that fail to board 
collect. A trip fails to board if there is insufficient capacity on the line. In the event of 
multiple destinations, the transition probabilities have to be considered one destination at a 
time, as they are destination-specific. The destination and the bin constitute absorbing states, 
in the sense that this state once entered is not left within the time interval. 
 
In this paper, it is assumed that the vector of failure probabilities, fτ , is only constant during a 
given time interval, τ. These failure probabilities are linked across intervals, since passengers 
who fail to board a vehicle in interval τ are still on the platform in the interval τ+1. 
 
Let 

n = number of vertices 
k = destination vertex 
τ =  time interval 
tij|k,τ = probability of transition from vertex i ≠ k  to vertex j ≠ k within 
  time interval τ 
ri|k,τ = probability of transition from vertex i ≠ k to destination vertex k  
  within τ 
oi|k,τ = trips destined for vertex k originating at vertex i within τ 
fi,τ = probability that a trip fails to board at vertex i within τ 
cij,τ = generalised cost of travel from vertex i to vertex j within τ 
δij = 1 if i equals j, and 0 otherwise 
 

The time-dependent transition matrix for the absorbing Markov chain may be written as 
 

Pk,τ =  1 0T   
   rk,τ Tk,τ  

 
where 0T is a 1 x (n - 1) vector of zeroes, rk,τ is a (n – 1) x 1 vector of terminating 
probabilities, and Tk,τ is a (n – 1) x (n – 1) matrix of transition probabilities. Let pij|k,τ be an 
element of Pk,τ . Then the conservation of trips implies that 
 

∑j  pij|k,τ = 1   for all vertices i and all destinations k    
 
Define the following vectors and matrices: Tk,τ = [tij|k,τ], ok,τ = [oi|k,τ], fτ = [fj,τ], bτ = [bj,τ], sτ = 
[sj,τ] and zτ = [zj,τ]. 
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The transition probabilities are calculated with an all-or-nothing (AON) assignment as 
follows: 
 
 tij|k,τ  = (lij + (1 – lij)(1 – fj,τ)) if j follows i ≠ j on the least cost path from i to k, and 0 

otherwise  (1) 
 

Cyclic paths are implicitly excluded by the least cost criterion. 
 
 
3 TIME DEPENDENT NETWORK LOADING 
 
The static network loading problem is described in more detail in Bell and Schmöcker (2001). 
In the time-dependent problem, it is assumed that passengers who fail to board within time τ 
at platform j will mingle with the passengers starting their trip at the platform within the next 
interval τ+1. This results in time-dependent failure probabilities fτ  and therefore also the 
time-dependent transition probabilities shown in (1). 
 
For the trip matrix it follows that 
 
 oj|k,τ   ← oj|k,τ + bj|k,τ-1 fj,τ-1 / (1 - fj,τ-1)  for all fj,τ-1 > 0 (2) 
 
where bj|k,τ-1 are the number of boarders at j destined for k in interval τ-1. The second term is 
the number of passengers who are left on the platform from the previous time interval. 
 
Let ∇j|k,τ  be defined as trips to k starting at j plus trips to k starting elsewhere and arriving at j, 
with ∇k,τ = [∇j|k,τ ]. From this definition follows 
 

∇j|k,τ  = oj|k,τ + ∑ i oi|k,τ ( tij|k,τ + ∑ l ≠ k til|k,τ  tlj|k,τ + …) 
 =  ∑ i ≠ k oi|k,τ ( δij +  tij|k,τ + ∑ l ≠ k til|k,τ  tlj|k,τ + …)  for all j ≠ k  
 

or in matrix notation 
 
 ∇k,τ T   =  ok,τ

T (I + Tk,τ + Tk,τ
2 + Tk,τ

3 + …)  =  ok,τ
T (I – Tk,τ)-1               (3) 

 
The number of passengers boarding is made up of passengers changing line and passengers 
boarding for the first time plus passengers left over on the platform. This may be calculated as 
follows 
 
 bj|k,τ ←  ∑ i ∇i|k,τ  tij|k (1 – lij) for all j and k    (4) 
 
Therefore the total number of boarders at each platform is 
 
 bj,τ = ∑ k bjk,τ      for all j    (5) 
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The space available for boarding at vertex j depends on the capacity of the line and the 
number of passengers who pass through vertex j without either boarding or alighting, and may 
be calculated as follows 
 
 sj,τ = Max {0, zj - ∑ k ∑ i ∑ m ∇i|k,τ  tij|k  lij  tjm|k ljm } for all j  (6) 
 
Note that fτ is an endogenous variable. The number boarding depends on fτ . However, fτ 
depends on the number of spaces at each stop, which depends on the capacity of the line and 
the numbers boarding and alighting elsewhere, which in turn depends on fτ. This is known as 
a fixed point problem. The following iterations, if convergent, lead to fτ. 
 
Time-dependent Correction Algorithm 
Step 1 (Initialisation): τ = 0, fj,τ = 0 for all j, τ 
Step 2 (Increase τ): τ  ← τ + 1 
Step 3 (Calculate Tk,τ for all k): Solve (1)  
Step 4 (Calculate bτ and sτ): Solve (2) to (6) 
Step 5 (Update fτ): If bj,τ > 0  then fj,τ ← Min {1, Max {0, 1 – (1 – fj,τ) sj,τ / bj,τ}} 
 else if sj > 0  then fj,τ ← 0  
                                                               else fj,τ ← 1 
Step 6 (Termination of inner loop): Return to Step 4 until fτ ceases to change 
Step 7 (Termination of time interval loop): Return to Step 2 until τend is reached 
 
 
4 CAPACITY CONSTRAINED, DYNAMIC ASSIGNMENT 
 
Clearly the assignment of a trip will influence the probability of that trip failing to board. In 
reality, the risk of a failure will influence route choice, depending of course on the assignment 
principle adopted (AON, UE or SUE). This effect can be accommodated by incorporating the 
risk of failure to board in the cost of travel.  A more precise approach would be to look at the 
delay resulting from a failure to board. This requires knowledge of the headway. Suppose the 
headway is h, measured in the same units as direct_cost, which represents the non-delay 
elements of cost. Then, assuming uniform arrivals and that the failure probability is the same 
for successive vehicles arriving in the same time interval all else being equal (mingling on the 
platform), the expected cost is approximated by 
 
 cij,τ = direct_costij,τ + 0.5 h fj,τ / (1 – fj,τ)    (7) 
 
The safety margins can be incorporated into route choice through an outer loop with the 
Correction Algorithm as an inner loop to yield a capacity constrained transit assignment 
method. 
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5 LONDON UNDERGROUND NETWORK 
 
Congestion is experienced daily in the tube train system of central London. Passengers 
seeking to board during the morning peak hour at central locations may have to wait for two 
or three trains before they find a space. The central part of the tube network (Figure 1) is 
coded. Data on the origin-destination demand are currently being sought from London 
Underground.  
 

 
Figure 1: Central London underground network 

 
6 CONCLUSIONS 
 
This paper presents a capacity constrained transit network loading method which respects the 
sequence in which passengers board transit vehicles, i.e. passengers in the vehicle have 
priority over those on the platform. The model includes time-dependent queues and assumes 
that passengers who could not board the previous train will mingle with the passengers 
arriving in the next time interval. The costs of failing to board a train are included in a route 
choice model, which leads to a capacity constrained transit assignment method. Using the 
example of the central London underground network, it will be shown that this model is able 
to identify the critical stations in the network in a computationally efficient way. 
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