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1 INTRODUCTION 
 
Since much of human reasoning is based on imprecise, vague and subjective values, most of 
decision-making processing, in reality, requires handling and evaluation of fuzzy numbers. 
Zadeh’s (Zadeh 1965) fuzzy logic has given analysts a tool to represent the human behaviour 
more precisely, especially where relatively few data exist, and where the expert knowledge about 
the system is vague and linguistic (Hoogerdoorn et al. 1999). Bortolon and Degani (1985) 
reviewed different fuzzy ranking methods and they found that most of the methods are 
questionable regarding their counterintuitive results. The purpose of this paper is to develop a 
psychometric approach for ranking fuzzy numbers to be used in a multiattribute or multi-criterion 
decision making process. Weber’s psycho-physical law of 1834 is used to subdivide decision 
makers’ input space into subjectively equal subintervals, then a fuzzy “if-then” rule base is 
prepared to represent humans’ cognitive comparisons made between alternatives in a pairwise 
way over these intervals. Analytic Hierarchy Process (AHP) (Saaty 1980) is, then, utilized as a 
satisfying technique that can represent humans’ cognitive decision process properly to predict the 
preferences and rank the fuzzy numbers. The method is applied on a real world sample which is 
based on the stated preferences by subjects. Three fuzzy triangular numbers for each case are 
compared and the results are evaluated.  This new procedure provides intuitively promising and 
statistically significant results and can be extended to any type of fuzzy numbers.  
 
 
2 ANALYTIC HIERARCHY PROCESS (AHP)  
 
AHP provides selection and ranking of alternatives by pairwise comparisons with respect to 
related criteria. In a typical AHP, pairwise comparison matrices are prepared between alternatives, 
A1, …Am, with respect to each criterion being considered. Each entry in the matrix, aij’s, 
represents the strengths of preferences that the decision maker believes for alternative “i” over 
alternative “j”. Each aij could be regarded as an estimate of the weight of the alternative “i”, wi, to 
alternative “j”, wj. As stated by Vargas (1990) the model is based on the following axiom: 

1. Reciprocal comparison axiom; if Ai dominates Aj χ times then Aj dominates Ai 1/χ. 
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2. Homogeneity axiom; the dominance judgments are represented by means of a bounded 
scale. 

3. Independence axiom; the weights of criteria are independent of the stimuli in a 
multicriteria situation. 

4. Expectation axiom; the hierarchic structure is assumed to be complete regarding the 
purpose of decision-making. 

The right eigen vector corresponding to the largest eigen value of each matrix is positive and 
normalized, therefore, the components indicate the rank among the alternatives and sum up to one. 
 
 

3 METHODOLOGY 
  
At the first step, the input universe of discourse is categorized subjectively equal subintervals. 
Here subjectivity refers to the cognitive mapping process that is not exact replicas of reality but 
merely models of reality (Khisty 1999). To this end, Weber’s psycho-physical law of 1834 that 
states the just noticeable difference (jnd) in stimulus intensity must be proportional to the actual 
stimulus intensity itself is utilized (Lootsma 1997; Saaty and Vargas 2001).  If the alternatives are 
compared over a range of smax-smin, then the initial noticeable difference is mathematically defined 
as follows: 

max min
0 (1 )

s s
s νε

−
∆ =

+
          (1) 

Where ∆s0 is the initial step or first notice, (1+ε) is the progression factor and ν is an integer 
number showing the number of subintervals being made. The relation between intensities over a 
specific range constitutes a sequence with geometric progression as: 

1 2(1 ) (1 )1 2s s sv v vε ε∆ = + ∆ = + ∆ =− − … (1 ) 0s
νε= + ∆     (2) 

Lootsma (1997) showed and also provided various examples that human beings follow a uniform 
pattern when they subdivide a particular range into subjectively equal intervals with a progression 
factor roughly 2.  
We assumed that the range over which a decision maker considers the intensities of the stimuli is 
the range over which the fuzzy numbers are supported. Based on Simon’s (1957) bounded 
rationality that describes the cognitive limit of the decision maker, we also assumed that the 
number of subintervals is limited, and for computational purpose this is set to 5. These 
subintervals are labelled as Much More Desirable (MMD), More Desirable (MD), Desirable (D), 
Less Desirable (LD) and Much Less Desirable (MLD) to represent decision makers’ cognitive 
state about universe of discourse. 
In the second step, a categorization scheme is defined to reflect the decision makers subjective 
weight assignments for the output universe of discourse that represents his/her preference values 
of alternatives in pairwise based comparisons. Likewise the case for the input domain, the output 
domain is labelled as Absolute Importance (AI), Demonstrated Importance (DI), Strong 
Importance (SI), Weak Importance (WI), and Equal Importance (EI).  
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At the final step, a set of “if-then” rules are prepared to reflect the cognitive comparisons made 
between each alternative and to provide the corresponding preference values as seen in Table 1, 
i.e. “if alternative A is MMD and alternative B is MMD, then preference of A over B is EI. 
Utilizing Min operator for “AND” ensures the model to be consistent with the reciprocal axiom. 
Because of the additive nature of the Center of Area (COA) defuzzification method, the values on 
column 3 of Table 1 are used for calculations, while the ones in parentheses show their 
corresponding values in Saaty’s scale. Once the defuzzified results, aij ’s, are obtained, their 

equalities in Saaty’s scale, aij′ ’s, can be found from following transformation functions, 

( )f a aij ij′= , which comply with the axioms:  

5
( ) 1 8 2 9 5

4

aijf a a aij ij ij
−

= + × = − ∀ ≥   (3) 

1 1( )  55 11 2
1 8

4

f a aij ija aij ij
= = ∀ <− −

+ ×

  (4) 

Consequently, the pairwise matrices are obtained to capture the final ranking and preferences.  
 
 

4 DATA 
 
In order to justify that the method replicates human decision-making process and ranks the fuzzy 
numbers properly, we used real world sample data used by Akiyama and Tsuboi (1996) for fuzzy 
route choice model. The data set consists of 93 subjects who provided their stated values as 
triangular fuzzy numbers for three routes in their choice sets with respect to their perceptions on 
travel time, congestion and safety being considered as the main factors for route choice. They also 
provided their overall preferences regarding all three factors.  
Relying on the fact that the travel time is the most important factor of all, we employed the model 
to predict the overall preference values from fuzzy travel times. Since the preference values reflect 
all the factors being considered, to reduce the contributions of the other factors to some degree, 
we only kept 73 subjects whose travel time perceptions at the highest membership value, 1.0, are 
in opposite orders with their selection preference orders. 
 
 

5 RESULTS 
 
Using Central Limit Theorem, we can assume that the errors are normally distributed around zero. 
The standard deviation is calculated as 0,124 which implies that 68.8 % of the preference values 
can be predicted within the range of ±12.4%. For the selected 47 cases within this range, the 
results are depicted in Figure 1, where alternatives A and B indicate the first and second preferred 
alternatives respectively. 

OSPITE
50



 

Table 5. Fuzzy “if-then” Rules 
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Figure 1. Predicted preferences compare to stated actual preferences 

 
 

AND 
“Alt. A” “Alt. B” THEN 

MMD 5 (1) 
MD 6 (3) 
D 7 (5) 

LD 8 (7) 
MMD 

MLD 9 (9) 
MMD 4 (1/3) 
MD 5 (1) 
D 6 (3) 

LD 7 (5) 
MD 

MLD 8 (7) 
MMD 3 (1/5) 
MD 4 (1/3) 
D 5 (1) 

LD 6 (3) 
D 

MLD 7 (5) 
MMD 2 (1/7) 
MD 3 (1/5) 
D 4 (1/3) 

LD 5 (1) 
LD 

MLD 6 (3) 
MMD 1 (1/9) 
MD 2 (1/7) 
D 3 (1/5) 

LD 4 (1/3) 

IF
 

MLD 

MLD 5 (1) 
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6 CONCLUSIONS 
 
In this paper, we followed a psychometric approach to develop a method that handles multi-
criterion or multiattribute decision-making where humans are involved. Saaty’s AHP is utilized to 
represent behaviourally plausible human decision-making process. First, decision makers’ input 
space is subdivided into subjectively equal spaces using Weber’s psycho-physical law of 1834 
with a progression factor of 2. Then, “if-then” based rules are prepared to reflect human cognitive 
computation for capturing the pairwise preferences among the alternatives. To justify the new 
procedure, a real world sample is used and results are evaluated for triangular fuzzy numbers. We 
found that this new procedure is able to replicate human behaviour with statistical significance 
and with intuitive sufficiency. Although, we used triangular fuzzy numbers for evaluation, this 
method can easily be extended to any type of fuzzy numbers. Likewise, the fuzzy rule base can be 
adjusted to accompany any cognitively possible number of subjective intervals used for the input 
space. 
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