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AN ATOMIC DIJKSTRA ALGORITHM FOR

DYNAMIC SHORTEST PATHS IN TRAFFIC ASSIGNMENT

Fabien LEURENT∗, Vincent AGUILÉRA

Abstract. This paper presents an algorithm that solves the “single-source

minimum-cost paths for all departure times” problem in the context of dynamic

traffic assignment, when arc traversal times and costs are piecewise linear increas-

ing functions of the time of arrival to an arc.

1. Introduction

This paper presents an algorithm that solves the single-source minimum-cost paths problem

in the context of dynamic traffic assignment. In a few words, this algorithm computes, from

a given origin, all destinations and departure times, a la Dijsktra. It generates only efficient

paths, each of which being valid for a given time interval. A route in the transportation

network is coded as a linked list of “atoms”, where an atom associates an interval of

departure times, a node of the network’s graph, economic information aggregated from

the origin together with routing information to the upstream atom. Assuming increasing

piecewise linear functions for network’s arcs traversal times and costs, the computation

is very fast and efficient. The sequel is organized into three parts: (1) a framework for

dynamic traffic assignment in which the algorithm presented here plays a key role; (2) a

detailed description of the algorithm; (3) a comprehensive example.

2. Dynamic Traffic Assignment framework

The problem of Dynamic Traffic Assignment (DTA) can be stated as follows : given a set

of travelers, all with known origin, destination and departure (or arrival) time, find the most

efficient route for each traveler. In [3], Leurent proposed a model for adressing the DTA.

The core of this model comprises four blocks :

1. For each arc a of the transportation network, the Traffic Flowing block computes the

outflow and traversal time of a, taking as parameters the inflow, the minimal traversal

time and the outflow capacity.
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2. The Service Formation block, which is detailed below.

3. The User Choice block models the process of service selection by travellers. The

output of this block consists in flows per route and origin-destination volumes.

4. The Volume Loading block determines flows on the transportation network arcs based

on flows per route and traversal times per arc. This block loops back with the Traffic

Flowing block.

2.1. The Service Formation Problem

Service Formation consists in determining optimum services w.r.t. arcs traversal costs and

arcs traversal times (provided by the Traffic Flowing block). A service s = (r, h) is defined

as a route-departure time pair. The cost gs of a service s = (r, h) is defined by

gs = pr(h) + βtr(h)

where pr is the traversal cost of route r, tr is the traversal duration of route r (see 3.1.) and

β a value of time. Inputs to the Service Formation block are origin-destination (O-D) pairs

and departure times from origins. Thus, for a given O-D, the Service Formation problem

can be formulated as a single-source minimum cost path problem, with time-dependent

costs.

2.2. Time-dependent shortest path problem

Dreyfus [2] has first proposed a generalization of Dijkstra algorithm to solve the single-

source time-dependent fastest path problem. Two restrictions apply to Dreyfus’ algorithm :

(1) only one single departure time is considered and (2) the network must verify the First

In First Out (FIFO) condition. In the field of transportation, restriction (2) is not really

annoying. It translates into a “no overtaking condition”: a traveller can not arrive sooner

if he leaves later. Restriction (1) is more embarrassing. In recent years, the increasing

interest in dynamic management of transportation systems has brought a strong demand

for algorithms dealing with all departure times (see for instance Ziliaskopoulos and Mah-

massani [5]). Studies proposed so far can be divided into two broad categories, depending

on the representation of time (discrete vs. continuous). Algorithms for the discrete case

have been proposed by Chabini [1]. Orda and Rom [4] have investigated the complexity

analysis of the problem the continous case. Since then, it has been shown that the general

continuous time-dependent shortest path problem is NP-Hard. However, recent results show

that FIFO time-dependent networks exhibit nicer structural properties.

3. The atomic algorithm

The theory of dynamic networks developped by Leurent [3] offers an appropriate framework

for solving the Service Formation problem. In a few words, a dynamic network augments the
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graph of a transportation network by dynamic nodes and arcs. A dynamic node associates an

economic state (time and cost) to a node in the base network. A dynamic arc is a transition

between two dynamic nodes linked by an arc in a base network’s graph. An extension of

Dijkstra algorithm allows to deal efficiently with the possibly huge time-space expansion

of the network. At every step, only so-far efficient dynamic arcs and nodes are kept in

memory. They are constructed greedily using a propagation (or atomic) algorithm. Some

notations and definitions are introduced hereafter to ease the presentation of the algorithm’s

pseudo code.

3.1. Notations and definitions

A transportation network is modelled by a topological description and an economic descrip-

tion. The topology of a transportation network is a edge-labeled directed graph G = (N, A),

where N denotes G’s set of nodes and A ⊂ (N × N × L) defines G’s set of arcs, L being an

infinite set of distinguished arc labels. A path in G is a sequence (ni)i=1...n of n nodes (n > 1)

such that (ni, ni+1, li) ∈ A, i = 1 . . .n − 1. Also, we will call a route between two nodes o

and d a cycle-free path between o and d. The economic description of the transportation

network associates two functions to each arc a = (a+, a−, l) in A :

• the traversal duration ta(h) gives the amount of time needed to travel from node a+

to node a− along arc a, h being the time of entrance at node a+ ; the exit time at

node a− is Ha(t) = h + ta(h) ; ta is admissible iff Ha is an increasing function (this

condition expresses the FIFO constraint) ;

• the traversal cost pa(h).

The traversal duration tr and traversal cost pr of a route r are defined as functions of the

entrance time h in r by the two following recursive relations:

tr(h) =

∑
a∈r ta(h + tr>a(h)

pr(h) =

∑
a∈r pa(h + tr>a(h))

where r > a (resp. r < a) denotes the sub-route of r that is strictly upstream (resp.

downstream) a.

Definition 1 (Atom). An atom α is a 5-tuple α = [n, η, ϕ, a, θ] where:

• n ∈ N is the destination node of α ;

• η = [H1; H2] is a range of departure times ;

• ϕ = [P1; P2] is a range of traversal costs ;

• a = (a+, a−, l) ∈ A is such that a− = n ; a is the arc associated to the atom α in the

base network ;

• θ is the predecessor atom of α.
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Also, null atoms (with no associated arc and no predecessor atom), denoted by

[n, η, ϕ,−,−], are introduced to allow for finite linked lists of atoms. It should be clear that

a finite linked list lα of atoms defines a path. Intuitively, if such a path is a route r, the

range of traversal costs ϕ of the head atom of lα encodes a piece of the piece-wise linear

traversal cost function pr .

Definition 2 (Domination). An atom α1 = [n, η1, ϕ1, a1, θ1] is said dominated on the non-

empty range of departure times η by another atom α2 = [n, η2, ϕ2, a2, θ2] (having the same

destination node n than α1) if the following conditions hold :

• η ⊂ (η1 ∩ η2)

• ∀h ∈ η, ϕ1(h) > ϕ2(h)

The domination relation is denoted by α1 ≺η α2

3.2. Inputs

Inputs to the algorithm are:

• a transportation network G of topology G = (N, A, L). The economic description

of G is made of piece-wise linear functions: the traversal duration function ta and

traversal cost function pa of an arc a ∈ A are defined on na intervals of the arrival

time [ha,i, ha,i+1[, for i = 1 . . .na − 1.

• an origin O, i.e. a distinguished node in N ;

• a range η0 = [H1; H2] of departure times ;

• a cost function ϕ0(h) = K(h − H1).

Additionnaly, the algorithm uses three internal data structures:

• a set L of atoms waiting to be processed ;

• a set M that contains the most efficient atoms found so far ;

• a set D of dominated atoms, acting as a garbage collector.

3.3. Algorithm’s pseudo-code

1: α0 ← [O, η0, ϕ0,−,−]

2: L ← {αO}

3: M ← ∅

4: D ← ∅

5: while L is not empty do

6: Find α = [n, η, ϕ = [P1; P2], a, β] in L such that P1 is minimum

7: L ← L \ {α}



466 F. Leurent, V. Aguiléra

8: if β ∈ D then

9: D ← D ∪ {α}

10: else

11: for all a ∈ {(a+, a−, l) ∈ E, a+ = n} do

12: for all i ∈ [1; na − 1] do

13: η− ← η ∩ H−1
a ([ha,i; ha,i+1])

14: ϕ− ← ϕ + ta(η
−)

15: α− ← [a−, η−, ϕ−, a, α]

16: if ∃β ∈ L ∪M, α− ≺ β then

17: D ← D ∪ {α−}

18: else

19: L ← L ∪ {α−}

20: for all β ∈ M, β ≺ α− do

21: M ← M \ {β}

22: end for

23: end if

24: end for

25: end for

26: M ← M ∪ {α}

27: end if

28: end while

When the algorithm terminates, M contains atoms encoding the minimum cost routes

from O to all other nodes in G, for all departure times in η0.
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arc a entry time αa,i βa,i

AB [0; 10[ 5 1

[10; 30[ 15 0

[30; 50[ 15 −0.5

[50;+∞[ 5 0

AC [0; 20[ 10 0

[20; 30[ 10 0.5

[30;+∞[ 15 0

BD [0; 20[ 15 0

[20; 50[ 15 1

[50;+∞[ 45 0

CB [0; 15[ 15 1

[15; 25[ 30 0

[25; 55[ 30 −0.5

[55;+∞[ 15 0

CD [0;+∞[ 50 0

Figure 1. A simple dynamic network.
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Step α Continuations L M

0 α0 α1 = [B, [0; 10], [5; 25], AB, α0]

α2 = [B, [10; 30], [25; 45], AB, α0]

α3 = [B, [30; 50], [45; 55], AB, α0]

α4 = [B, [50; 200], [55; 205], AB, α0]

α5 = [C, [0; 20], [10; 30], AC, α0]

α6 = [C, [20; 30], [30; 45], AC, α0]

α7 = [C, [30; 200], [45; 215], AC, α0]

α1, α5, α2,

α6, α3, α7,

α4

α0

1 α1 α8 = [D, [0; 7.5], [20; 35], BD, α1]

α9 = [D, [7.5; 10], [35; 45], BD, α1]

α5, α8, α2,

α6, α9, α3,

α7, α4

α0, α1

2 α5 [B, [0; 5], [35; 45],CB, α5] ≺ α1

[B, [5; 15], [45; 55],CB, α5] ≺ α1, α2

[B, [15; 20], [55; 57.5],CB, α5] ≺ α2

[D, [0; 20], [60; 80],CD, α5] ≺ α8, α9

α10 = [D, [10; 20], [60; 80],CD, α5]

α8, α2, α6,

α9, α3, α7,

α4

α0, α1, α5

Table 1.

4. A comprehensive example

Let us consider a simple transportation network whose topology is the graph pictured on

the left-hand side of Figure 1. The table on the right-hand side defines the arcs’ traversal

durations ta,i(h) = αa,i+βa,i(h−ha,i). Arcs’ traversal costs are supposed identical to traversal

durations, i.e. pa,i = ta,i. The problem addressed in this example is to find the fastest

dynamic paths in G, starting from node A for a departure time between 0 and 200. After

the initialisation stage (lines 1 to 4)

α0 ← [A, [0; 200], [0; 200],−,−]

L← {α0},M ← ∅,D← ∅

the algorithm creates continuation atoms, for each arc emanating from node A, and for

each piece of the traversal time function (lines 11 to 15). The continuations of the atom

α0 are given in Table 1, Step 0. The most efficient atom is now α1, which most efficient

continuations along the arc BD are the atoms α8 and α9 (Step 1). Then, while processing

α5 (Step 2), it happens that the three first continuation atoms are dominated by α1 or α2.

The fourth one, with destination node D, is dominated on [0; 7.5] by α8 and on [7.5; 10]

by α9. However, one piece of this atom, namely α10 , is not dominated, and is added to

the waiting list L before Step 4. The remaining steps (from Step 4 to Step 13) are listed in

Table 2.
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Step α Continuations L M

3 α8 α2, α6, α9,

α3, α7, α4,

α10

α0, α1, α5, α8

4 α2 α10 = [D, [10; 30], [45; 85], BD, α2] α6, α9, α3,

α7, α10, α4,

α0, α1, α2, α5,

α8

5 α6 [B, [20; 30], [57.5; 65],CB, α6] ≺ α2

[D, [20; 30], [80; 95],CD, α6] ≺ α10

α9, α3, α7,

α10, α4,

α0, α1, α5, α8,

α2

6 α9 α3, α7, α10,

α4,

α0, α1, α5, α8,

α2, α9

7 α3 α11 = [D, [30; 40], [85; 95], BD, α3]

α12 = [D, [40; 50], [95; 100], BD, α3]

α7, α10, α4,

α11, α12

α0, α1, α5, α8,

α2, α9, α3

8 α7 [B, [30; 40], [65; 70],CB, α7] ≺ α3

[B, [40; 200], [70; 230],CB, α7] ≺ α3, α4

[D, [30; 200], [95; 265],CD, α7] ≺ α12, α13

α13 = [D, [50; 200], [115; 265],CD, α7]

α10, α4, α11,

α12

α0, α1, α5, α8,

α2, α9, α3, α7

9 α10 α4, α11, α12,

α13,

α0, α1, α5, α8,

α2, α9, α3, α7,

α10

10 α4 α13 = [D, [50; 200], [100; 250], BD, α4] α11, α12, α13 α0, α1, α5, α8,

α2, α9, α3, α7,

α10, α4

11 α11 α12, α13 α0, α1, α5, α8,

α2, α9, α3, α7,

α10, α4, α11

12 α12 α13 α0, α1, α5, α8,

α2, α9, α3, α7,

α10, α4, α11,

α12

13 α13 α0, α1, α5, α8,

α2, α9, α3, α7,

α10, α4, α11,

α12, α13

Table 2.


