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Abstract. This paper presents the theoretical discussions, the improvement and 
the complete resolution, in the homogenous case, of the recent second order 
macroscopic model developments suggested by Aw & Rascle and Zhang 
respectively. The improved model respects strictly the anisotropic character and 
solve the lacks concerning the resolution of Riemann’s problem. 

1. Introduction 
Since the legendary Lighthill and Whitham (LW for short) [8] model, important researches 
in traffic flow modeling are devoted to the high order traffic modeling aiming at the 
improvement of the first order modeling approaches. Several high order models are build 
and in particular the Payne-Witham (PW for short) model [1],[2]. However, those models 
present some deficiency with respect to real traffic phenomenon. The observed 
inconsistency concerns the propagation of the waves (shock) with a higher speed than 
traffic. In this case the anisotropic character of the traffic is violated. In order to overcome 
this non physical solution, other models were proposed by Ross [3], Zhang [4] and A. Aw 
& Rascle [6] (AR for short).  However, screening the theoretical models developments of 
both authors, we can observe that some lacks exist, in particular for the Riemann problem 
resolution. In this paper, the considered second order model is improved in order to find the 
complete resolution of the analytical solutions. 

2. Mathematical model equations 
The basic mathematical model can be expressed by the following system equations: 
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1. Conservation equation: 
 ( ) 0vxt =∂+∂ ρρ  (1) 
2. Momentum equations: 
 0v))(Vv(v x
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where ∂t and ∂x correspond to the partial derivative with respect to time and space 
respectively and V’(ρ) corresponds to the derivation of the equilibrium speed-density 
relationship Ve(ρ) that well-known as the fundamental diagram. 

In order to study the elementary waves associated with these models and to discuss the 
analytical solutions, it is necessary to rewrite these models into the conservative form. For 
this purposes, the following variable y is defined as: y = ρ (v - Ve(ρ)). The physical 
meaning of this variable corresponds to the relative flow between the actual flow (q= ρ v) 
and the equilibrium flow Qe(ρ), see figure 1. 

 
Figure 1. Physical meaning of the variable y; fundamental diagram 

The conservative form is given by the following system equations:  
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The system (3) is strictly hyperbolic because the calculation of the eigenvalues based on 
the gradient computation of the flux matrix F(U) gives two distinguish following values: 
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In order to demonstrate that the models strictly preserve the anisotropic behavior of the 
traffic, it is enough to express these eigenvalues (λi)  in the coordinates (ρ , v), reads: 
 λ1(U) = v + ρ Ve’(ρ)  and  λ2(U) = v   (5) 
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The greatest eigenvalue (λ2) is equal to the flow speed v.  Consequently, the anisotropic 
character of traffic is strictly preserved.  The computation of the eigenvectors r1(U) and 
r2(U) associated to each eigenvalue gives: 
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Before solving the Riemann Problem, it is necessary to compute first, the elementary 
waves associated to each eigenvalue. The associated waves with the eigenvalue λ1(U) 
correspond to rarefaction or shock waves taking into account the strictly nonlinear character 
of this eigenvalue: ∇λ1(U)r1(U)≠ 0. On the contrary, the second eigenvalue λ2(U) is 
linearly degenerated ∇λ2(U)r2(U)=0 and corresponds to contact discontinuities. We can 
distinguish the following waves:  

1. wave (shock or rarefaction) given by:   y/ ρ – y0/ ρ0 = 0, which can be written in 
the (ρ,v) coordinates  as:  

 v - Ve(ρ) - v0 + Ve (ρ0) =0  (7)  
2. Contact singularity is characterized by: 
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 Which can be written also in the coordinates (ρ,v) as: 
 v-v0 = 0  (9) 

3. Solutions of the Riemann Problem 

The resolution of Riemann's problem consists first to define the initial conditions and 
second to find the auto-similar solutions. Generally, the initial conditions are defined as 
following: 
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The different solutions found are: 1-shock or 1-rarefaction waves or contact 
discontinuity, which can connect the left (ul) to the right (ur) states of traffic. Each wave is 
associated to the eigenvalue by using the relation λ1[U(ξ)] = ξ with ξ = x/t. For ξ 
increasing, this relation is valid for the rarefaction waves and the characterization of the 
Lax entropic shock waves. Consequently, the solution includes 1-wave and 2-waves 
successively.  In summary, the general solutions of the Riemann problem include:  

• 1-wave connecting the state ul to the intermediate state u0 to be found. 
• 2-wave connecting the intermediate state u0 to the state ur. 
In order to find the different analytical solutions of the system (3) which correspond to 

the Riemann problem solutions, the used equilibrium relationship between traffic volume 
and density is depicted in the figure 1 representing the fundamental diagram. The 
equilibrium speed density relationship is deduced from the fundamental diagram and 
depicted in the figure 2.a. For solving the Riemann problem for any defined traffic states 
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(left: ul and right: ur) it is necessary to extend the both limits of density (ρ→0 and ρ→ρmax) 
as indicated in figure 2.a. 

According to the two defined traffic states several case can be distinguished and for 
each case the analytical solution consists to connect both states through the fundamental 
diagram. The intersection of the right state with the fundamental diagram corresponds to 
the Riemann problem solution (u0). Figure 2 indicates one example of Riemann problem 
solution. In this case, the considered traffic state is the following: vr  > vl  (ρr < ρl). 

 

 
Figure 2. Example of Riemann Problem solutions in (x,t) coordinates 

The intersection of the equilibrium relationship with the right traffic state corresponds 
to the solution of the Riemann problem. In this particular case and in the (x,t) coordinates, 
the final analytical solution includes : 1-rarefaction wave from ul to u0 and 1-contact 
discontinuity wave from u0 to ur . In u0, the speed characteristic corresponds to the 
eigenvalue λ1 =  v0 + ρ0 Ve’(ρ0)  where : 
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In this case, we assume that λ1 (ul)= vl + ρl Ve’(ρl) ≥  0. 

In this example only one case is solved. The general approach consists to define all 
cases with respect to the left and right traffic sates and to search the different type of waves 
which could be generated (connection from the left to right states direction) and to find the 
analytical solution of each one. 

4. Comparison of analytical and numerical Riemann problem 
solutions 

For each case (fixed traffic states), the analytical solution can be found. This solution is 
discretised using the Godunov [7] numerical scheme.  Figure 3 depicts the numerical and 

(a) (b) 
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the analytical solutions. The speed and density variables are reported. The time and space 
intervals are equal to 1 second and 50 meters respectively.  Screening this figure, we can 
observe that the numerical and the analytical solution are very close to each other. 

Figure 3. Example of analytical and numerical Riemann Problem solutions in (ρ,x) 
and (v,x) coordinates  

For checking the consistency of the modeling approach, we can impose the speed at the 
boundary conditions as the equilibrium speed Ve(ρ). In this case, the equation (2) is 
dropped and the model is equivalent to the first order model (LWR).  

( ) 0)(V ext =∂+∂ ρρρ  (12) 
with  Qe(ρ) =  ρ Ve(ρ)  
The resolution of the equation (12) corresponds to the solutions of the first order 

modeling approach. Figure 4 represents the traffic evolution in time and space of the 
density and the speed respectively. 

5. Conclusions 
In this paper, the second order modeling approach is presented and the Riemann problem 
resolution is presented for one particular case. The developed solution is dedicated to the 
homogenous case only without relaxation term. Next steps will focused primarily on the 
resolution of the homogenous case including the relaxation term and secondarily the 
resolution of the non homogeneous case with the relaxation term. 
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Figure 4. Convergence of the second order model to the LWR 
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