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Abstract. Recently Aw, Rascle and Zhang introduced a second order model 
(ARZ) that does nor exhibit the usual drawbacks of this family of models, i.e. 
negative velocities and/or densities. In this paper we analyze the inhomogeous 
Riemann problem for this model, which is shown to be equivalent to the 
inhomogeous Riemann problem for a related first order model with modified 
equilibrium flow density relationship. The boundary conditions for the ARZ 
model are deduced. They can be expressed in terms of an upstream demand and 
downstream supply. 

1. Introduction 

The Payne-Witham second order traffic flow model [1], a hyperbolic system with 
relaxation, has had much success with applications. Nevertheless this model exhibits 
known deficiencies. Notably it has been shown that this model can exhibit negative speeds 
[2], a violation of the anisotropic character of the traffic, due to the fact that information 
can travel faster than cars in this model and thus “overtake” cars. In order to overcome this 
deficiency, Aw and Rascle [3], and independently Zhang [4] proposed a new second order 
model called ARZ in the paper, based on very different rationales.  

The object of this paper is to analyze the inhomogeous Riemann problem for this model. 
The aims are the following: 

• Derive correct formulas for the Godunov scheme applied to the discretization of 
this model, 

• Define proper boundary conditions, 
• Define consistent intersection models. 
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In the case of the first order LWR (Lighthill-Whitham-Richards) traffic flow model [5], [6] 
this program has been carried out successfully [7], [8], [9], and it has been shown that the 
concept of local supply and demand of traffic is the fundamental theoretical tool for this 
program. In this paper we generalize these ideas to the AWR model. 

The outline of the paper is the following. First we describe the AWR model and recall 
some basic facts concerning waves in the AWR model. Then we point out the invariance 
properties of the relative speed (a Lax-Riemann invariant of the model). It follows that the 
inhomogeneous Riemann problem for the AWR model can be solved as an inhomogeneous 
Riemann problem for a LWR model with suitably modified fundamental diagram and right-
hand-side conditions. Thus we can call upon the solution of the inhomogeneous Riemann 
problem for the LWR model [7] to solve the problem for the ARZ model. Finally we state 
the resulting boundary conditions for the ARZ model on a link. These boundary conditions 
are expressed in terms of suitable modified supply and demand functions. 

2. The ARZ model 

The ARZ model can be stated as: 
 ( ) 0=ρ∂+ρ∂ vxt  (1a) 
 ypy xt τ

−=∂+∂ 1  (1b) 

(conservative form.), with 
• x, t : the position and time 
• ∂t , ∂x : the partial derivative with respect to time and space variables 
• ρ (x,t) : the density at time t and location x  
• v (x,t):  the speed at time t and location x  
• ( ) ( ) ( )txvtxtxq

def
,,, ρ=  : the flow at time t and location x 

• ( ) ( ) ( ) ( )( )( ) ( ) ( )( )xtxQtxqxtxVtxvtxtxy ee
def

,,,,,,,, ρ−=ρ−ρ=  : the relative flow, i.e. 
the difference between the actual flow and the equilibrium flow, 

• ( )xQe ,ρ  : the equilibrium flow (at location x) , i.e the fundamental diagram, 
• ( )xVe ,ρ  : the equilibrium speed (at location x) , 

• ( ) ( ) ( ) ( )( )( ) ( ) ( )txytxvxtxVtxvtxqtxp e
def

,,,,,,, =ρ−=  : the flux of relative flow, 
• τ : a relaxation time constant. 
Let us also define the relative speed I (x,t) at time t and location x : 

 ( ) ( ) ( )( )x,tx,tx,tx, ρ−= e
def

VvI  (2) 
Note that Iy ρ= and that Iqyvp == . 

The relative speed I satisfies the following equation, as a result of (1a) and (1b): 
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 IIvII xt τ
−=∂+∂= 1

&  (3) 

which expresses that the relative speed I decreases exponentially along trajectories. 
In the rest of the paper we shall focus on the model without relaxation, i.e. the relative 

speed I is constant along trajectories, and (1b) reads: 
 0=∂+∂ py xt  (4) 
The fundamental diagram and the equilibrium speed density relationship are depicted 
below: 

Figure 1 : equilibrium relationships 

3. Waves 

The material of this section is fully described in a companion paper. Let us recall the main 
results. The system of hyperbolic conservation laws (1a), (4) can be expressed as: 
 ( ) 0=∂+∂ UFU xt

  (5) 

with ( )
( )
( )( ) 










ρ+ρ

+ρ
=


ρ= yyQ

yQ
UFyU

e

e

and   

The eigenvalues of ( ) ( )UFUA
def
∇=  are: 

 ( ) ( ) ( ) vvVvv e =ρλρρ+=ρλ ,and', 21   (6) 
In the (ρ,v) plane, two traffic states Ul and Ur are connected by a 1-wave if and only if their 
relative speed is identical, i.e. 
 ( ) ( ) ( ) ( )rerlelrl VvVvUIUI ρ−=ρ−⇔=  (7) 
Further, two states Ul and Ur connected by a 1-wave and such that Ul is upstream of Ur are 
connected by a 1-shockwave if rlrl vv ρ≤ρ≥ or  and they are connected by a 
1-rarefaction wave shockwave if  rlrl vv ρ≥ρ≤ or . (Lax entropic condition). 
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Two traffic states Ul and Ur are connected by a 2-wave if their relative speed is identical,  
 rl vv =  (8) 
2-waves are contact discontinuities which propagate at the speed of the traffic flow. 

4. Dynamics of the relative speed I 
a. Following from (3), if the relaxation process is neglected,  
 0=∂+∂= IvII xt

&  (9) 
and I is constant along vehicle trajectories (lines ( ) ( )( )ttxvtx ,=& ). It must be noted that (9) 
holds only where there are no discontinuities of speed and/or density.  
b. Following the results of section 3, I is conserved through 1-waves. 
c. Let us consider a fundamental diagram discontinuous with respect to position x, at say  
x = x0. For any given quantity B depending piecewise continuously on the position, the 
symbol [B] denotes the difference between the values of B on the left and right side of the 
discontinuity:  [ ] ( ) ( )−−+= 00 xBxBB

def . 
The velocity of propagation of the discontinuity at x0 is 0. It follows from the Rankine-
Hugoniot formula that: 
 [ ]

[ ]
[ ]
[ ]ρ== q

y
p0   

From [q] = 0 it follows that the traffic flow is conserved through the discontinuity. Thus 
 [ ] ( )[ ] 00 == Ixqp   
and [I] = 0: I is conserved at x0 . 
Summary: I is conserved along vehicle trajectories, through 1-waves and across fixed 
discontinuities. 

5. Inhomogeneous Riemann problem 
a. The inhomogeneous Riemann is defined as follows: 

• The problem is defined on a whole line 
• The initial data 00 ),()(

=
= t
def

txUxU  is constant on each half-line 0<x , 0>x : 
 ( )

( ) 0if
0if

0

0

>=

<=

xUxU
xUxU

r

l  (10) 

• The fundamental diagram is assumed piecewise continuous with respect to the 
space variable x, with a single discontinuity at x = 0:  

 ( ) ( )
( ) ( ) 0if,

0if,
,

,

>ρ=ρ
<ρ=ρ

xQxQ
xQxQ

ree

lee  and   ( ) ( )
( ) ( ) 0if,

0if,
,

,

>ρ=ρ
<ρ=ρ

xVxV
xVxV

ree

lee   
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• The solution is assumed self-similar. 
The solution of this problem is defined by sectors in which the traffic state is constant and 
uniform, separated by waves. U equals Ur in sector (T). As is shown in the companion 
paper, in the homogeneous case there are two waves, a slower 1-wave and a faster 2-wave.  
In the inhomogeneous case the 1-wave may split into two 1-waves, one with negative speed 
and one with positive speed. The phenomenon is similar in the LWR model, except that in 
the latter, only one type of waves occur. 
b. In view of the results of section 4, the relative speed on the left-hand side of the 
discontinuity, ( )ldef

l UII =  , is propagated across the discontinuity. Let us define the traffic 
state Um by the following conditions: 
 ( ) ( ) ( )rdef

rm
def

mlm
def

m UvvUvvIUII ===== ,   

By self-similarity of the solution of the Riemann problem, the traffic state Um  propagates at 
speed vr along a 2-wave (Wm) and is given by: 

 ( )lrrem

rm

IvV
vv

−=ρ
=

−1
,

 (11) 

Figure 2: modified fundamental diagram, supply and demand 
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The Riemann problem can be restricted to sector (S) bounded by the half-line x < 0 and the 
2-wave (Wm), with initial and boundary conditions Ul and Um . Now (4) reduces to lII =  
on (S), following the results of section 4 and applying the definition of Um . Therefore  
 ( ) ( ) lele IxQqandIxVv ρ+ρ=+ρ= ,,  (12) 
and (1a) reduces to: 
 ( )( ) 0, =ρ+ρ∂+ρ∂ lext IxQ  (13) 
(13) is a LWR-like model, with a modified fundamental diagram ( ) le IxQ ρ+ρ→ρ ,  (see 
figure 2 above, with I > 0), and the solution of (13) yields the density, the solution of (12) 
the speed in sector (S). 
c. The methodology for solving (13) has been developed in [7], and is based on the local 
demand and supply concept. Crucial for the derivation of the full solution are the flow q0 at 
the origin and the densities l,0ρ  and 

r,0ρ  on the left- and right- side of the origin. 
 
 
 
 
 
 
 
 
 
 

Figure 3: Example of a solution to the Riemann problem, with supply < demand 

In order to apply the method, it is necessary to define the supply and demand associated 
to the modified fundamental diagram (see figure 2 above, with I < 0). First we define the 
critical density and the maximum flow for the modified fundamental diagram: 
 ( ) ( )[ ]

( ) ( )[ ] rlIQIq
rlIQI

exma

ecrit

,*forMax
,*forMaxArg

,*,*

,*,*

=ρ+ρ=
=ρ+ρ=ρ ρ   

Then the demand and supply functions are defined for the modified fundamental diagram: 
 ( ) ( ) ( )

( ) ( ) rlIIq
IIIQI

critxma

crite
e ,*forif

if,,
,*,*

,*,*
,* =


ρ≥ρ

ρ≤ρρ+ρ=ρ∆  (14a) 

 ( ) ( ) ( )
( ) ( ) rlIIIQ

IIqI
crite

critxma
e ,*forif,

if,
,*,*

,*,*
,* =


ρ≥ρρ+ρ

ρ≤ρ=ρΣ  (14b) 

The demand on the left and right side of the origin follow: 
 ( ) ( )lmre

def
rllle

def
l II ,,,

,,
ρΣ=Σρ∆=∆  (14c) 

and the flow at the origin for all times t > 0 is obtained by the usual Min formula 
 [ ]rlq Σ∆= ,Min0  (15) 
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Note that the downstream supply Σr depends on the upstream relative speed Il, a property 
fundamentally at odds with the supply in the LWR model. Finally, the densities left and 
right of the origin at all times t > 0 are deduced: 
 ( )


∆≤Σ=Σ

Σ≤∆=ρ=ρ
−

lrlle

rll
l qIq

q
00

1
,

0
,0 if,

if  (16a) 

 ( )



∆≤Σ=ρ
Σ≤∆=∆=ρ

−

lrm

rllle
r q

qIq
0

00
1
,

,0 if
if,  (16b) 

6. Conclusion: boundary conditions and Godunov scheme 
Upstream boundary conditions for a link are the upstream modified demand, following 
(14c), and the upstream relative speed. The upstream relative speed and the link density 
yield the link supply, by (11), (14b), (14c). The link inflow is then given by (15). The 
density at the entrance of the link results from (16b). 

Downstream conditions for a link are the downstream velocity; and the downstream 
fundamental diagram. By (11) the downstream state Um can be deduced, and from (14b), 
and the downstream supply results. The link outflow is then given by (15); the link demand 
is straightforward.  

The Godunov scheme [7], is a discretization scheme for network traffic simulation, 
which is conservative and based on a piecewise constant approximation of the traffic state. 
In order to apply the scheme, only flows from one cell to the next are required, they result 
from (14) and (15).  
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