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Abstract. In order to model the impact of incidents an alternative resolution
method is proposed for the Lighthill-Whitham-Richards model. Is is based
on an explicit handling of shock waves (generation, tracking and collision).
Contrary to finite difference methods which impose a fixed discretization grid,
the Wave Tracking method is event based. The different possible events are
studied and they all lead to the resolution of Riemann problems or extended
Riemann problems which are proved to generate waves.

1. Introduction

An incident can be defined as a local and temporal modification of the characteristics
of a road. It may be due to an accident, some work on the road or some vehicle
parked on the road because of a breakdown or for delivery for example.
In any case, it can be represented by a modification of the fundamental relation-

ship QE linking flow Q and density K. Hence an incident can be represented on
a space-time diagram as a rectangular zone of length L and duration T where the
fundamental relationship is modified and equal to QE

I .
It is clear that the impacts of an incident are not restricted to this zone. Indeed,

for example, congestion generally go upstream the incident and persist after its end.
Thus, one way of evaluating the impacts of an incident is to calculate a traffic model
around it. Such a model generally gives result in terms of density or flow which can be
converted in terms of travel time, h×km, or even in terms of environmental indicators
(such as emitted noise).

The objective of this paper is to propose a resolution method for the LWR traffic
stream model of Lighthill, Whitham [7] and Richards [11] in the vicinity of an incident
in order to evaluate its impact, for example by comparing some indicators with and
without the incident.
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2. The LWR model and its extension for incident

The LWR model is a traffic stream model calculating at each position x and time t
the density K(x, t) with the following equation:

∂K(x, t)

∂t
+

∂QE(K(x, t))

∂x
= 0 (1)

The resolution of such an hyperbolic equation is not trivial and analytical solution
seem to be restricted to simple cases such as constant or uniform initial or boundary
conditions (see for example for [4, 8, 10, 12]).
Generally, a numerical scheme such as the Godunov scheme is used in order to

transform the previous equation into a finite difference one (see [1, 6]). The resolution
then results in a simple two step algorithm:

1. Calculate the flowQx,t passing from cell [(x−1)∆x;x∆x] to cell [x∆x; (x+1)∆x]
between t∆t and (t + 1)∆t;

2. Calculate the new density Kx,t+1 of each cell [x∆x; (x + 1)∆x] at time t + 1:

Kx,t+1 = Kx,t + ∆t/∆x × (Qx,t − Qx+1,t) (2)

Incorporating incidents in such a scheme is no very difficult (see [9]). Indeed, only
the first step has to be modified for the cells corresponding to the incident zone.
But this is only valid if the incident coincide with the discretization grid, that is if

the physical and temporal extensions of the incident are integer numbers of the space
and time discretization steps (∆x and ∆t). The problem is that small scale incidents
(but with high severity) may have large scale impacts. So, in order to represent
such impacts, one needs to have a small discretization step. This might be annoying,
in particular in a traffic assignment perspective, where it is interesting to use large
discretization steps in order to increase the calculation speed of the model (because
of some iterative algorithm searching for some Wardrop-like equilibrium).
We present in this paper a new resolution method based on the tracking of the

waves induced by an incident and which does not suffer from such kind of problem of
discretization scale.

3. Application of the Wave Tracking resolution method to the

incident case

3.1. Review of the Wave tracking method

The Wave Tracking (WT) method is a numerical scheme mainly developed by Holden
and Risebro [5]. It has already been applied to the LWR model in [2].



Its principle is to give an approximated solution to an initial problem P:

P :





∂K(x, t)

∂t
+

∂QE(K(x, t))

∂x
= 0

K(x, 0) = k0(x)
(3)

by building the exact solution K̃(x, t) of the following approximated problem:

P̃ :





∂K(x, t)

∂t
+

∂Q̃E(K(x, t))

∂x
= 0

K(x, 0) = k̃0(x)
(4)

where Q̃E is a piecewise linear approximation of the flow-density relationship and k̃0

is a piecewise constant approximation of the initial density profile of the road.
This approximated problem has the peculiarity to have solution which are only

made of shock waves separating constant density zones. Hence, its resolution can be
made with an iterative loop:

1. Calculate next collision time between two adjacent waves

2. Two colliding waves generate a new wave

3. If end of simulation is not reached, go back to step 1

3.2. Application to the incident case

The principle of the application of the WT method to the incident case is to introduce
two types of special artificial waves:

• Two stationary waves corresponding to the entry and the exit of the incident
zone.

• Two instantaneous waves corresponding to the beginning and to the end of the
incident

The problem then results in the following issues:

• What happens when a (classical) shock wave intersect a special wave?

• What happens at the four corners of the zone of the incident (in a space-time
diagram)? That is: what happens at the generation/vanishing of those special
waves?

It can be demonstrated (extensive proof will be made in the full paper) that each of
those questions results in the resolution of a Riemann problem (RP) with parameters
Kup and Kdown:

∀x K(x, t) =

{
Kup if x < x0

Kdown if x > x0

(5)



or an extended Riemann problem (ERP) with parameters Kup, Kdown, QE
up and

QE
down, defined as follows:

∀x K(x, t) =

{
Kup if x < x0

Kdown if x > x0

∀x,∀t > t0 Q(x, t) =

{
QE
up(K(x, t)) if x < x0

QE
down(K(x, t)) if x > x0

(6)

It is well known that a RP results in the generation of a shock wave or a rarefaction
fan and we have demonstrated that in the case of the approximated problem it only
results in the generation of one or several shock waves [2].
Lebacque [6] has extensively studied and solved the ERP problems and we have

demonstrated in [3] that they can also be easily solved with the WT method by
generating zero, one or several waves upstream and downstream the boundary at x0

(corresponding to a stationary wave).

Hence, the WT algorithm is still valid if it is slightly modified in order to incor-
porate the generation of waves at the corners of the incident zone and the behaviour
of special waves (when they collide with other shock waves).

4. Validation and illustration

Depending of the severity of an incident, Mongeot [9] has defined and studied different
possible types of incident. Each one will be numerically simulated with WT and
compared to the analytical results.
Other illustrations can be made of the potentialities of the method. For this

purpose, more complex scenarios will be proposed in the full paper. For example,
we will show how the method can be used in order to evaluate the benefit of a
variable message sign placed upstream an incident in order to deviate part of the
traffic. Several levels of confidence in the information medium can be considered and
for each one the effects can be measured in terms of travel time or total delay for
example.

References

[1] C. F. Daganzo. A finite difference approximation of the kinematic wave model
of traffic flow. Transpn. Res.-B, 29(4):261–276, 1995.

[2] V. Henn. A wave-based resolution scheme for the hydrodynamic LWR traffic
flow model. In “Traffic and granular flows”, Delft, The Netherlands, Oct. 2003.
Delft Technical University.



[3] V. Henn. Tracking waves through boundaries: Boundary conditions in the wave
tracking resolution of the LWR model. In Mathematics in Transport, 2005. sub-
mitted for presentation.

[4] B. Heydecker. Incidents and interventions on freeways. PATH Research report
UCB-ITS-PRR-94-5, University of California, Berkeley, 1994.

[5] H. Holden and N. H. Risebro. Front tracking for hyperbolic conservation laws,
volume 152 of Applied mathematical sciences. Springer, 2002.

[6] J.-P. Lebacque. The Godunov scheme and what it means for first order flow
models. In J.-B. Lesort, editor, Proc. of the 13th International Symposium on
the Theory of Traffic Flow and Transportation. Pergamon, 1996.

[7] M. J. Lighthill and G. B. Whitham. On kinematic waves II. A theory of traffic
flow on long crowded roads. Proc. of the Royal Soc., A(229):317–345, 1955.

[8] P. G. Michalopoulos, G. Stephanopoulos, and V. B. Pisharody. Modeling of
traffic flow at signalized links. Transpn. Science, 14:9–41, 1980.

[9] H. Mongeot. Traffic incident modelling in mixed urban networks. PhD thesis,
Faculty of Engineering and applied science, Southampton, 1998.

[10] H. Mongeot and J.-B. Lesort. Analytical expressions of incident-induced flow
dynamic perturbations using the macroscopic theory and an extension of the
lighthill and whitham theory. Transpn. Res. Record, 1710, 2000.

[11] P. I. Richards. Shocks waves on the highway. Oper. res., 4:42–51, 1956.

[12] S. C. Wirasinghe. Determination of traffic delays from shock-wave analysis.
Transpn. Res., 12:343–348, 1978.


