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FUZZY VALUES FOR IMPRECISION AND FLEXIBLE

CONSTRAINTS IN VEHICLE ROUTING PROBLEMS

Przemysław WESOŁEK∗

Abstract. Classical definitions of vehicle routing problems often lack handling of

uncertain parameters and flexibility of constraints. The most popular approaches

to these aspects are probability distributions for uncertainty and penalty-based

goal function for flexibility. In this paper a different view is proposed: fuzzy sets

framework, modeling both imprecision and flexibility. Theoretical considerations

are presented and some practical implications are shown.

1. Introduction

Since the first definition of the vehicle routing problem by Dantzig and Ramser there has

been much research which extended the basic definition in order to incorporate specific

needs of the “real world”. Some of the extensions are widespread and present in many

variants, like time aspects.

When the author was developing a model of a shipping company, workers’ intuition

appeared to be unexpectedly important part of the model. The shippers’ everyday work —

in which the computer system was expected to help — depended greatly on the person’s

knowledge and experience. It was not possible to express that knowledge in the form of

mathematical equations, more descriptive forms had to be used. The time aspects were

chosen to start with.

The time period in which the customer requests to be served is commonly expressed

as a rigid time window. In reality, it is often possible to extend it a little for the price of

customer satisfaction. Experienced shipper knows which customers can be served outside

the time window and which ones can’t.

Moreover, travel times are subject to changes. Unfortunately, the company didn’t have

any historical data concerning travel times, so this sort of knowledge was based also on

workers’ expertise.

The surveys on commercial vehicle routing software ([4]) reveal no information about

their capability to model imprecision of time values. There are many systems and papers
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on the subject of soft time windows, but the approach presented there is mainly based on

Lagrangean relaxation and is not well suited to the situation because:

• soft time windows are incorporated into objective function; it is not expected by the

decision maker, who wants to know all decision rationale

• the cost of violating a soft time window has no clear interpretation for the decision

maker

• other aspects of the model, like imprecision, are not easy to incorporate

Hence the need for a different approach. A good option is to use the fuzzy framework:

• the representation of uncertainty in the form of fuzzy numbers is a good alternative

to traditional probability measures when historical data is missing

• much work has been done on using fuzzy theory in somewhat similar field of schedul-

ing (e.g. [5], [2])

• fuzzy values interpretation is easy for the decision maker

• it is a coherent model for both flexibility and uncertainty

An appropriate model was built to incorporate uncertainty of travel times and flexibility

of time windows into the vehicle routing problem.

2. Data acquisition

The first step is to obtain data from the experts. The expert is asked to give the travel time

between two places, in the form of sentence: “The time T̃ it takes to travel from A to B is

between t1 and t3, most possibly it is t2”. This sort of knowledge lets us construct 3-point

fuzzy travel times (see figure 1).

t1 t2 t3 time
0

1

µT̃ (x)

Figure 1. Fuzzy travel time

Information about possible relaxation of time windows is obtained in a similar manner.

Every customer is assigned by the expert to one of groups (e.g. very important, important,
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casual, unimportant), predefined also by the expert. The more important the customer, the

tighter time window is. In an extreme case, fuzzy time window is tighter than the classical

counterpart (see figure 2). The shown characteristics of a fuzzy time window are suggested

to the shipper, but he is allowed to modify them.
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Figure 2. Fuzzy time window

The notable fact is that only the right slope of the time window (the “not later than” part

of the constraint) is subject to the fuzzification process. Although the arrival long before

the scheduled time window is not recommended, the customer doesn’t suffer from that —

he is served as soon as the time window starts. For the clarity of description, time window

constraint C̃ can also be defined by its “not later than” part C̃R and “not earlier than” part

C̃L (see figure 3).
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Figure 3. Fuzzy time window parts
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3. Mathematical model

The mathematical model of the described problem is based on the multiple vehicle pickup

and delivery problem with time windows (m-PDPTW). Its classical definition can be found

in [1]. One of many modifications made is due to fuzzy values.

Let µ
C̃
(t) be the satisfaction level of the customer if the service starts at time t. When

µ
C̃
(t) = 1 the customer is fully satisfied, when µ

C̃
(t) = 0 it can be interpreted as the full

dissatisfaction of the customer. Based on the fuzzy sets theory it might be said that µ
C̃

is

the membership function of the set of service start times satisfying the customer.

The modification of the classical definition of m-PDPTW is based on Zimmermann’s

work on fuzzy linear programming ([6]). Every time constraint Ci in the form of a hard

time window:

ai ≤ ti ≤ bi

is removed in favour of fuzzy constraint C̃i = (a
i
, b

i
, bi, ai) (a trapezoidal fuzzy time window,

as shown on figure 2). Then, the additional objective is defined, to maximize the minimal

satisfaction level of all flexible constraints:

max Sat(x) = max µ
C̃1∩···∩C̃n

(x) = max min
C̃i

µ
C̃i

(T̃i)

Figure 4 illustrates how satisfaction levels for fuzzy service start times are calculated.

Notice that only the C̃R part of the constraint is important. Here, the necessity measure

plays a crucial role ([2]). Its value N((−∞, t]) describes, to what extent we are sure that by

the time t the service has already started. Then, the satisfaction level of C̃i by the value T̃i

is equal to the maximal fulfillment level of both fuzzy values at the same time:

sup
ti

min

{
µ

C̃R
i
(ti),N ((−∞, ti])

}
= sup

ti

min

{
µ

C̃R
i
(ti), inf

t>ti
µ

T̃i
(t)

}

time
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1
C̃R

T̃ N((−∞, t])

Figure 4. Fuzzy constraint fulfillment by a fuzzy value
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4. Solution feasibility

For bigger instances of the problem, the mathematical definition is not well suited. There-

fore, one of many available optimization techniques must be used. When an intermediate

solution is obtained, its quality must be measured. As mentioned earlier, one of the mea-

sures is the minimal satisfaction level. In this section a simple algorithm is given, which

effectively calculates this value.

The method is based on the classical critical path method (CPM). For every vehicle let

us define the route R as the sequence of places the vehicle visits in order, R = (C̃1, . . . , C̃k).

The method is based on propagation of time constraints along the route.

First, the left parts of constraints are modified, starting from the first on the route, C̃L
1
.

The earliest starting time is equivalent to the left slope of the constraint. Then, some travel

time T̃12 is needed to arrive to the next customer on the route. Hence, its earliest starting

time cannot be earlier than the arrival time:

C̃L
2 = max{C̃L

2 , C̃
L
1 ⊕ T̃12}

In the same manner, all further constraints on the route are updated.

Secondly, backward propagation of right parts of constraints is performed. The latest

starting time of the last constraint on the route C̃k needn’t be modified and is equivalent to

its right slope C̃R
k
. But it determines the latest service start time for the previous customer

k − 1: it must start early enough to travel and arrive to customer k before it’s latest start

time:

C̃R
k−1 = min{C̃R

k−1, C̃
R
k ⊖ T̃k−1,k}

Similarly, all preceding constraints on the route are updated.

The procedure results in tighter time windows. It may happen, that the maximal satis-

faction of both slopes C̃L
i

and C̃R
i

of customer i at the same time is lower than 1. It means

that such constraint cannot be more satisfied, as all possible schedules of start times must

lie between the calculated earliest and latest service start times.

Hence, the global satisfaction level is equal to the satisfaction level of least satisfied

tighten constraint, after running the above procedure for all routes:

Sat(x) = min
i

max
t
µ

C̃L
i
∩C̃R

i
(t) = min

i
max

t
min{µ

C̃L
i
(t), µ

C̃R
i
(t)}

This is the value of one of the objective functions for the given solution. The second

objective is to minimize the total travel cost. Because the travel times are uncertain, also

travel costs are uncertain and modeled with fuzzy numbers. Hence the total cost is fuzzy

and to compare solutions to each other the method of comparing fuzzy values must be used

([3]).

5. Conclusions

In the search for a good model of both uncertainty and flexible constraints the fuzzy sets were

proposed. The choice was based on experience in applying fuzzy methods to scheduling.
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Thanks to such a choice the model constructed is coherent and intuitive to the decision

maker.

Although the full optimization method is not developed yet, the prototype was built and

presented to the decision maker. Figure 5 shows a simple example of how the fuzzy aspects

are presented.

The next step is to complete the model by providing a full optimization method, consid-

ering both objectives (cost and satisfaction). Presentation of the results is also an important

issue, as in multi-objective space there might be no way to point the best solution.

Figure 5. Exemplary fuzzy system
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