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Abstract. The problem of efficient traffic coordination in urban street networks is 
carefully studied in the paper. The problem description was simplified as much as 
possible, by defining minimal set of decision variables and deriving necessary 
constraints on their values. The structure of feasible solutions is established 
introducing new basis of street network loops. The software package was worked 
out to support the inspection process of all possible solutions for rectangular 
street networks and both crisp and fuzzy parameters. 

1. Introduction 

The coordination control of traffic in urban areas by signals is one of the most effective 
means of improving quality of the process. Such problems are formulated as mixed – 
continuous and integer – mathematical programming ones, and up till now were solved by 
dynamic programming or branch and bound methods or integer programming ones [2-4, 9, 
10], i.e. computationally inefficient.  

The paper presents new methodological approach towards solving traffic control and 
management problems in street networks. The approach is based on decomposition of a 
process of finding optimal solutions into two main stages. The first one establishes all 
possible integer solutions, so called control structures, and the second one yields optimal 
signal settings for given control structure. Thus the second stage is purely continuous. To 
do this, a coordination problem was reformulated and described in terms of one-way streets 
intersections and mutual vehicle groups position. The capacity and loop constrains were 
derived and the method of effective finding all control structures is included. The 
possibility of software package supporting the process of yielding all control structures and 
particular solutions in crisp and fuzzy environment finishes the paper.  
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2. Fundamental considerations 

2.1. Basic definitions and node’s constraint 
A street network would be represented by directed graph G(V,E), where the vertices are 
intersections of one-way streets and edges are streets sections between them (fig.1, left). 
Thus the junction of one-way street and two-way street could be modeled by two vertices 
and one road section joining them. The intersection of two two-way streets is described by 
four vertices and four links between successive pairs of them forming loop in graph G. 

State of traffic, in framework of group model [7], is described by vehicle groups. Each 
vehicle group (fig.1, right) has his time length p, time position f and volume q. Time 
position is measured from middle of the group to reference point in time. We assume 
periodicity of a traffic process with constant cycle length C. 

 
Figure 1. Street node and vehicle groups. 

Relationship between vehicle groups coming from opposite directions on i-th 
intersection (fig.1) could be obtained as difference of their positions fA and fB. Let’s define 
new variable, the mutual position of vehicle group at an entrance of one-way intersection, 
as follows 
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Thus when positions of opposite vehicle groups A and B are shifted by ½ C , their mutual 
position becomes zero. It is ideal displacement of groups. The range of values of ui depends 
on vehicle groups length piA and piB and also cycle length C. Introducing parameter ai = 
½(C- piA - piB) as the half of reserve time in cycle we may derived the basic constraint for ui 
as folows 
 au ii ≤||  (2) 
The module inequality (2) is symmetrical due to the definition of vehicle group position f, 
what has a great influence on simplicity or complicity of future considerations. This kind of 
constraints is related to node capacity and for saturation flow qs the reserve time ai equals 
zero. 
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2.2. Network’s constraint 
In closed street network, besides constraints (2) related to capacity, we must regard 
periodicity of traffic in some areas. The most frequent arrangement is loop of four street 
segments has shown in fig.2. The mutual position u1 of groups at node 1 depends on mutual 
positions u2 and u3 of groups at nodes 2 and 3, which are related to mutual position u4 at 
node 4 [8]. 

Figure 2. Loop in a street network. 

Let tij denotes free travel time between i-th and j-th intersections respectively. Then the 
loop constraint may be express as follows 
 21423413414321 ttttCkuuuu −−−−=+++ ÷  (3) 
where k1-4 is an integer. In general travel times participate in (3) with plus sign when link is 
directed counter-clockwise and with minus sign when link is directed clockwise. 

The right-hand side of the equation (3) is not constant for given C because integer 
variable k1-4 can takes several values, so the equation is nonlinear and impose complexity of 
the coordination problem. The right-hand side of (3) we will call the lack of synchronism of 
loop 1-4 and denote by b1-4, and its value, named control structures, has a great influence on 
traffic coordination in a loop of road segments.  

3. Problem formulation and solution 

3.1. Statement of the problem 
The relationships described in last section of the paper lead the following formulation of the 
coordination problem: find all vectors u of continuous variables satisfying set of two kinds 
of constraints (2) and (3) and all vectors k of integer variables satisfying constraints (3). 
This statement is more general than classical ones because it seeks all feasible solutions and 
could elucidate each approach.  

Let consider rectangular street network represented by planar graph in fig.3 with m 
rows and n columns. There are m n one-way intersections in network so the same number 
of capacity constrains (2) could be considered. In planar graph of m n nodes [1] exists (m-
1)(n-1) independent loops thus we could consider the same number of (3) constraints. 
Usually the planar base of loops was used in formulation of coordination problems [1-4,9]. 
We will introduce another base of loops (fig.3) equivalent to planar one named developed 
base [5]. The (3) constraints in this base are following  
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 ijijiooj buuuu =+++00  (4) 

 
Figure 3. Planar and developed bases of graph. 

The main advantages of the developed base are that the vertex 00 is common for all loops 
of the base and vertices i0 and 0j are common for m and n loops respectively. 

3.2. Fuzzyfication of model parameters 
The vehicle group parameters such as time length and time position are indeed not constant 
values but they change from cycle to cycle [7]. To include these changes their fuzzyfication 
is done by triangular membership function and the law of extension was used (fig.4).  

Figure 4. Membership function of vehicle group parameters. 
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3.3. Structure of the problem 
The mentioned above properties of developed loops base gives possible to present set of 
solutions of the fuzzy coordination on the plane of ui0 and u0j (see examples of 3x3 street 
network in fig.5), with u00 and C as parameters. The values of membership functions from 0 
to 1 are coded by colors from red through yellow to green respectively. Disjoint sets of 
each loop (control structures) correspond to different values of integer variable k 
characterized the loop. The solutions are obtained by inspection of all areas and finding 
values of uij giving maximum the minimum value of membership functions for all loops.  

Figure 5. Fuzzy sets of feasible solutions. 

The proper package in MS Visual C++ with graphical interface had been developed 
and gives possible visualization not only feasible areas of solutions but also trajectories of 
vehicles groups in street network. For crisp values of vehicle group parameters the 
characteristic functions of feasible sets are presented by the package. The largest network 
studied of five two-way streets in W-E direction and two two-way streets and one one-way 
street in N-S direction has consisted of 50 nodes and base of 36 loops. 
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4. Conclusions 

The presented study of the structure of traffic coordination in street networks problem, by 
reformulation to obtain minimal set of variables and constraints, gives possible the 
inspection of all feasible solutions (control structures) of a mixed continuous-integer 
problem.  

The incorporation of fuzzy parameter to the simple crisp model enlarges usefulness of the 
approach and make possible to implement the results in adaptive traffic control with time 
windows [6].  

Future investigations, based on obtained results, are concentrated on deriving algorithms 
for optimization area traffic coordination with particular performance indexes, including 
delay, and treating cycle time as variables in optimization process. 

References 

[1] N. Gartner. Constraining Relations among Offsets in Synchronized Signal Networks, 
Transpn. Science, Vol. 6, No. 1, pp. 88-93, 1972. 

[2]  N. Gartner J.D.C. Little H. Gabbay. Optimization of Traffic Signal Settings in 
Networks by Mixed-Integer Linear Programming. The MITROP Computer Program. 
Operations Research Center, Massachusetts Institute of Technology, Technical Report 
No.91, Cambridge 1974. 

[3] N. Gartner S.F. Assmann F. Lasaga D.L. Hou. A Multi-Band Approach to Arterial 
Traffic Signal Optimization. Transpn. Res., Vol. 25B, No. 1, pp. 55-74, 1991. 

[4] G. Improta A. Sforza. Optimal Offsets for Traffic Signal Systems in Urban Networks. 
Transpn. Res., Vol. 16B, No. 2. pp. 143-161, 1982. 

[5] M. Kaczmarek. Fixed-Time Group Control of Traffic in Linear Urban Networks. Proc. 
of the Scientific Conference TRANSSYSTEM’89, pp. 61-63, Warsaw, 1989. 

[6] M. Kaczmarek. Adaptive area coordination of traffic in street networks. Proc. of the 
International Scientific Conference on Transportation, pp. 75-84, Warsaw, 2001 (in 
Polish).  

[7] M. Kaczmarek. Fuzzy group model of traffic flow in street networks. Transpn. Res., 
Vol. 13C, pp. 93-105, 2005. 

[8] M.Kaczmarek. Group Control of Traffic on Roundabouts. Proc. of the IEE Conference 
on Road Traffic Control, pp.119-123, London, 1990. 

[9] J.D.C. Little. The Synchronization of Traffic Signals by Mixed-Integer Linear 
Programming. Operations Research, 14, pp. 568-594, 1966. 

[10]  R.S. Pillai A.K. Rathi S.L. Cohen. A Restricted Branch-and-Bound Approach for 
Generating Maximum Bandwidth Signal Timing Plans for Traffic Networks. Transpn. 
Res., Vol.32B, No. 8, pp. 517-529, 1998. 


