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SCHEDULING BUSES IN RURAL AREAS

Armin FÜGENSCHUH∗

Abstract. In many rural areas in Germany pupils on the way to school and back

are a large if not the largest group of customers. If all schools start more or

less at the same time then the bus companies need a high number of vehicles to

serve the customer peak in the morning rush hours. In this article we present

a mathematical model and a solution algorithm for an integrated coodination of

the school starting times and the public bus services. Computational results show

that in the test counties a much lower number of buses would be sufficient if the

schools start at different times.

1. Introduction

Traffic peaks are peaks in cost. This is in particular true for rural counties, where public

mass transportation is focused on the demand of pupils. About half to two third of pupils

in rural areas take a bus to get to school. Most of them are integrated in the public bus

system, a minority is transfered by special purpose school buses. In any way the respective

county in which the pupils live is responsible for the transfer. This in particular means that

the county administration pays the fees. Since tax money is a scarce resource in our days,

the administration has great interest in reducing their payments as much as possible.

It is rather obvious that a significant lower number of buses is needed, if the bus

scheduling problem is solved together with the starting time problem, i.e., the simultaneous

settlement of school and trip starting times [7]. A small intuitive example is shown in

Figure 1. If two schools start at the same time then two different buses are necessary to

bring the pupils to their respective schools. If they start at different times then one and the

same bus can first bring pupils to one school and then pupils to the other.

A wide range of transportation problems involving public bus transit and the organization

of transporting pupils to their schools were already studied before, for example, see Bodin

and Berman [2], Braca et al. [4], Bowerman et al. [3], Desaulniers et al. [6], and Corberan

et al. [5]. However, none of the presented models completely fits to our problem, mainly

for some or all of the following reasons. In all approaches so far the school starting times

are fixed and cannot be changed to save buses. Moreover pupils are always transported
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Figure 1. The central idea (before – after)

directly to school, and changing the bus is not allowed. Locating bus stops, designing

routes (trips) and assigning pupils to routes is part of some of the optimization models, but

for us these are input figures. Finally, scheduling drivers is not an issue for us: Since our

time horizon is small (from 5:00 to 9:00 a.m.), planning of breaks is not needed. In this

article we present a new model and a heuristic solution approach that is tailored for our

problem settings.

2. A Mathematical Model

We assume that it is desired to study the integrated planning problem in a given area or

region, and at a certain period of the day. In the sequel, we call this area a county, but it

might also correspond to less (such as a single city) or more (for example if a large bus

company operates in several adjacent counties).

Let V be the set of all passenger trips in the given county. A passenger trip (or trip

for short) t ∈ V is a sequence of bus stops, each having an arrival and a departure time

assigned to. The time difference between the departure at the first and the arrival at the last

bus stop is called the service duration, and is denoted by δ
trip

t . (Generally all time-related

parameters and variables in the model are integral with the unit “minute”.) For every trip

t ∈ V we introduce an integer variable αt ∈ Z+ representing its planned starting time, i.e.,

the departure of a bus at the first bus stop. A time window α
t
, αt is given, in which the

planned trip starting time must be, see inequalities (11).

All buses start and end their tours at a depot. The trip without passengers from the depot

to the first bus stop of trip t is called pull-out trip. When the bus arrives at the last bus stop

of passenger trip t, it is either sent on the pull-in trip, i.e., back to the depot, or it is re-used

to serve another passenger trip. The duration of the pull-out and pull-in trip is denoted by

δout

t , δ
in

t , respectively. The intermediate trip from the last bus stop of trip t1 to the first bus

stop of trip t2, where no passengers are transported, is called a shift or a deadhead trip.

The connection of a pull-out trip, several passenger and deadhead trips and a final pull-in

trip which are then served by one and the same bus is called a block or schedule. For every

trip t ∈ V the decision variables vt ,wt ∈ {0, 1} indicate if trip t is the first or the last trip in

some block, respectively. Let the set A ⊂ V ×V contain all pairs of trips (t1, t2) that can

in principle be connected by a deadhead trip. The duration of the deadhead trip is given by
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δshift

t1t2
. For every pair of trips (t1, t2) ∈ A the variable xt1t2 ∈ {0, 1} indicates if t1 and t2 are

in sequence in some block, that is, the same bus serves trip t2 directly after finishing trip

t1 (apart from the deadhead trip and the idle time). Each trip is served by exactly one bus.

That means, trip t2 ∈ V either has a unique predecessor or it is the first one in some block.

This is ensured by inequalities (6). Moreover, inequalities (7) ensure that every trip t1 ∈ V

either has a unique successor or it is the last one in some block. If trips (t1, t2) ∈ A are

connected, then trip t2 can only start after the bus has finished trip t1, shifted from the end

of t1 to the start of t2, and has waited a specified time to absorb possible delays. Additional

waiting is permitted if the bus arrives before the start of t2. Using a sufficiently big value

for M, these constraints can be formulated as linear inequalities (8). Here we use variables

ωidle

t1t2
∈ Z+ for all (t1, t2) ∈ A to track the waiting time of the bus after the deadhead trip.

In order to absorb possible delays (due to traffic jams, for example), a minimum waiting

time ωidle

t1t2
, typically 2 minutes, is imposed after the deadhead trip, before starting the next

passenger trip, see inequalities (13).

Let S be the set of all schools in the county. It is allowed to change this starting time

within some time window τ
s
, τs. Usually, this time window reflects the legal bounds on

the school starting time (7:30 to 8:30 a.m.). The school starting time is required to be in

discrete time slots of 5 minutes (7:30, 7:35, 7:40, etc.). For every school s ∈ S we introduce

an integer variable τs ∈ Z+ with bounds (12). Thus the planned school starting time of s is

given by 5 · τs.

The set P ⊂ S × V consists of pairs (s, t), where trip t transports pupils to a bus stop

of school s. In this case we say t is a school trip for s. The number of transported pupils

by this trip is ϕschool

st . The time difference between the departure at the first bus stop of t

and the arrival at the bus stop of s is denoted by δschool

st . There is another time window for

the pupils ωschool

st
, ω

school

st , specifying the minimal and maximal waiting time relative to the

school starting time. The lower bound ωschool

st
is chosen according to the walking time from

the bus stop where the pupils leave the bus, whereas the upper bound ωschool

st is due to law

restrictions. A typical time window is 5 – 45 minutes. For every (s, t) ∈ P the variable

ωschool

st ∈ Z+ keeps track of the waiting time for the pupils at the school bus stop relative to

the school starting time (14). For every (s, t) ∈ P the starting times of trip t and school s

have to be chosen such that the waiting time restrictions for the pupils at school s are met.

Thus, we add the following inequalities to the model in order to synchronize the start of

bus trips and schools (9).

Let C ⊂ V ×V be the set of pairs (t1, t2), where t1 is a trip that transports pupils to a

so-called changing bus stop, where they leave the bus and transfer to trip t2. We say, t1 is

a feeder trip for t2 and, vice versa, t2 is a collector trip for t1. The number of transferring

pupils between t1 and t2 is ϕ
change

t1t2
. The driving time from the first bus stop of feeder trip

t1 to the changing bus stop is denoted by δfeeder

t1t2
. For the collector trip, the corresponding

parameter is δcollector

t1t2
. At the changing bus stop, a time window ω

change

t1t2
, ω

change

t1t2
for the minimal

and maximal waiting time is given. Typically, this time window is 0 – 10 minutes. The

waiting time for pupils at the changing bus stop is settled by the variable ω
change

t1t2
∈ Z+ for

every (t1, t2) ∈ C. These variables are bounded from below and above (15). For every

(t1, t2) ∈ C the starting times of both bus trips must be synchronized in such way that t2
arrives at the changing bus stop after trip t1 within a small time window. This is assured

by inequalities (10).
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There is a multicriteria objective function. The most important goal is the reduction

of the number of deployed vehicles (1), the second-most important is the reduction of the

driving times of all pull-out, pull-in, and deadhead trips (2). On a sub-ordinate level we

want to reduce the waiting times of buses between two trips after the deadhead trip (3),

reduce the waiting times for pupils at their schools (4), and reduce the waiting times at the

transfer bus stops (5). Weight parameters µ1, . . . µ5 reflecting this order among the different

and conflicting goals are µ = (1, 10−5, 10−10, 10−10, 10−10).

min µ1 ·
∑

t∈V

vt + (1)

µ2 ·

















∑

t∈V

δout

t · vt +

∑

(t1,t2)∈A

δshift

t1t2
· xt1t2 +

∑

t∈V

δin

t · wt

















+ (2)

µ3 ·
∑

(t1,t2)∈A

ωidle

t1t2
+ (3)

µ4 ·
∑

(s,t)∈P

ϕschool

st · ω
school

st + (4)

µ5 ·
∑

(t1,t2)∈C

ϕ
change

t1t2
· ω

change

t1t2
(5)

subject to
∑

t1:(t1,t2)∈A

xt1t2 + vt2 = 1 (6)

∑

t2:(t1,t2)∈A

xt1t2 + wt1 = 1 (7)

αt1 + δ
trip

t1
+ δshift

t1t2
+ ωidle

t1t2
−M · (1 − xt1t2 ) ≤ αt2 (8)

αt + δ
school

st + ωschool

st = 5 · τs (9)

αt1 + δ
feeder

t1t2
+ ω

change

t1t2
= αt2 + δ

collector

t1t2
(10)

α
t
≤ αt ≤ αt (11)

τ
s
≤ 5 · τs ≤ τs (12)

ωidle

t1t2
≤ ωidle

t1t2
(13)

ωschool

st
≤ ωschool

st ≤ ω
school

st (14)

ωchange

t1t2
≤ ω

change

t1t2
≤ ω

change

t1t2
(15)

v,w ∈ {0, 1}|V|, x ∈ {0, 1}|A| (16)

τ ∈ Z|S|, α ∈ Z|V|, ωidle ∈ Z|A|, ωschool ∈ Z|P|, ωchange ∈ Z|C|. (17)

3. Solving the Model

The above model is a generalization of VRPTW. Since VRPTW is NP-hard we cannot

expect a polynomial algorithm for its solution unless P = NP. In order to obtain good

feasible solutions, we develop a parametrized greedy heuristic. This heuristic consists of a

starting time propagation step to remove invalid parts from the solution space by constraint
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propagation (using an algorithm of Bar-Yehuda and Rawitz [1]), and a construction step

that builds up a solution step-by-step. The construction step also makes frequently use of

the starting time propagation subalgorithm. In a final step of the heuristic starting times

are assigned to the trips and schools.

In each construction step of our heuristic a local “best” deadhead-trip is identified:

(t1, t2) = argmin{si j : (i, j) ∈ A},

where si j is a scoring function measuring how good two trips i, j would fit together in

some schedule. For example, setting si, j := δshift

i j
gives the well-known nearest-neighbour

insertion heuristic. However, due to the coupling of time windows, the selections made by

this criterium frequently yield solutions of poor quality. We obtained much better results

by the following scoring function:

si j(λ) := λ1 · δ
shift

i j

+ λ2 · |αi
+ δ

trip

i
+ δshift

i j
− α

j
|

+ λ3 · |αi + δ
trip

i
+ δshift

i j
− α j |

+ λ4 · |αi
+ δ

trip

i
+ δshift

i j
− α j |

+ λ5 · |αi + δ
trip

i
+ δshift

i j
− α

j
|

(18)

where the parameters λ = (λ1, . . . , λ5) ∈ Q5
+

are chosen randomly once at the beginning of

the heuristic.

The so selected trips t1, t2 are connected by setting xt1t2 := 1. Because of this, time

windows on the starting time of some trips and schools might change. The starting time

propagation algorithm is called for an update of all bounds. By this procedure, we either

obtain that (t1, t2) was an infeasible deadhead-trip. In this case we have to set xt1t2 := 0,

remove (t1, t2) from A, and go back to select the next best deadhead trip. Otherwise we

get strengthened bounds on the time variables.

The above steps are repeated iteratively until all binary variables v,w, x are either fixed

to zero or one. Then, we end up with a schedule for all buses and strengthened bounds

on the time variables. Finally the remaining mixed-integer program (where only α and τ

remain as variables) is solved by a standard MIP solver to obtain feasible starting times for

the trips and the schools.

4. Input Data and Computational Results

The heuristic was implemented in C++ on a 2.6GHz Intel-Pentium IV computer running

debian Linux and tested with five real-world data sets ct 1 to ct 5 from different counties in

Mecklenburg-Western Pomerania, North Rhine-Westphalia, and Saxony-Anhalt. The sizes

of sets in the instances are shown in Table 1. For each of the five counties the heuristic is

called 1,000 times with randomly chosen λ parameters at the beginning of each run. The

best result is kept. In Table 2 we summarize our computational results. In general, the

number of buses (1) is reduced by 10 – 30% (note that a single bus costs about 35,000 Euro

per year), but significantly more time is spent on deadhead trips (2). The quality-of-service
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in terms of waiting times is improved. The waiting time for the drivers (3) is reduced up

to 60%. Also the waiting times for pupils at their schools (4) is much lower and (in all but

one case) at transfer bus stops (5) is slightly lower after the optimization than before. The

running times (in seconds) for the algorithm are given in the last column.

instance |V| |A| |S| |P| |C|

ct 1 247 60,762 43 195 165

ct 2 490 239,610 102 574 406

ct 3 191 36,290 82 294 182

ct 4 134 17,822 37 201 204

ct 5 404 162,812 84 579 708

Table 1. Size of the input data sets

inst. (1) (2) (3) (4) (5) time

ct 1 82 – 65 423 – 953 2,026 – 657 3,550 – 2,505 301 – 300 754

ct 2 226 – 173 711 – 2,122 1,827 – 517 9,550 – 7,279 797 – 972 27,128

ct 3 90 – 66 488 – 1,225 592 – 332 4,946 – 2,583 404 – 244 1,395

ct 4 43 – 38 93 – 407 834 – 197 4,258 – 1,801 466 – 149 133

ct 5 176 – 135 725 – 1,790 2,126 – 834 11,769 – 5,921 650 – 612 6,562

Table 2. Planned solutions per objective (before – after)
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