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Abstract. In this paper I propose a Branch-and-Price algorithm for the solution of

the Vehicle Routing Problem with Time Windows where the pricing subproblem,

the resource constrained elementary shortest path problem (RCESPP), is solved to

optimality.

1. Problem formulation

The Vehicle Routing Problem with Time Windows (VRPTW) is defined over a graph

G = (V, A) where V = {0, . . . , n} is the node set in which node 0 represents the depot while

nodes N = {1, . . . , n} represent the customers. A given nonnegative cost ci j is associated

to each arc (i, j) ∈ A. Each customer i has an associated time window [ai, bi] and has to

be visited within its time window. It is common that waiting until instant ai at node i is

allowed if the vehicle arrives early. The travel time ti j , the service time si and the delivery

request di at node i are given. A common assumption is that the costs and the travel-times

coincide, and the starting time of the vehicles leaving the depot is assumed to be equal to

0. Let K be the number of available vehicles at the depot with capacity Q.

The VRPTW requires the computation of at most K tours with minimum cost such

that: each route starts and ends at the depot, each customer is visited once, the capacity of

the vehicle is not exceeded along the route and for each customer i the service time starts

within the associated time window and it takes si.

VRPTW is NP-hard in the strong sense since it generalizes the CVRP when ai = 0 and

bi = ∞ for each customer i. For a recent survey on the VRPTW see Cordeau et al. [2].

The structure of the VRPTW suggests to formulate it as a set partitioning problem based

on a large set of all feasible routes, say P. The solution of the set partitioning problem asks

to select from this set K routes of minimum cost such that each customer is served exactly
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by one route.

Minimize
∑

r∈P

crzr

subject to
∑

r∈P

airzr = 1 ∀i ∈ V (1)

∑

r∈P

zr = K (2)

zr ∈ {0, 1} ∀r ∈ P (3)

where cr represents the cost of the route r equal to
∑

(i, j)∈A|(i, j)∈r ci j , air equal to 1 if the

user i is served by route r, 0 otherwise and zr a binary variable equal to 1 if the route r

is selected in the solution, 0 otherwise. This set partitioning reformulation, called Master

Problem (MP), is solved through column generation by considering the linear relaxation of

a restricted master problem RLMP with a limited subset of columns, P′ ⊆ P.

All problem related constraints are considered in the subproblem of constructing the set

of feasible routes P. The high flexibility of the set partitioning formulation to handle several

constraints within the same framework is the reason for the extensive research performed

in the last 20 years.

2. The elementary shortest path problem

The pricing subproblem arising from the set partitioning reformulation of the VRPTW can

be reformulated as an elementary shortest path problem with two resource constraints in

which the path starts from the depot and goes back to it and the resources consist of the

amount of load the vehicle can deliver and the time spent.

It is possible to address the pricing problem by optimizing its relaxation, obtained by

dropping the constraint that the path must be elementary. The two different approaches have

been followed for instance by Feillet et al. [6] and Desrochers et al. [4]. For a recent survey

on models and algorithms for the RC(E)SPP I refer the reader to Irnich and Desaulniers

[8].

3. Improved dynamic programming

Improved dynamic programming algorithms have been recently proposed by Righini and

Salani [10], [11]. Where the concepts of bi-directional search and bounding have been used

to compute the solution of the RCESPP. Moreover the authors proposed a new dynamic

programming algorithm called Decremental state space algorithm.

Bi-directional dynamic programming has been sometimes considered as a useful tech-

nique to speed-up Dijkstra’s algorithm for the computation of an s-t shortest path on a

digraph with non-negative arc weights.
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In bi-directional search states are extended both forward from vertex s to its successors

and backward from vertex t to its predecessors. States, recurrence equations and domination

rules are symmetrical to the standard rules proposed by Desrocher [3].

Bounding is used to limit the length of forward and backward paths in order to avoid

unnecessary duplications. In the RCESPP when labels are propagated both forward from s

to t and backward from t to s the algorithm must examine two subsets of states whose size

grows exponentially with the number of arcs in the corresponding forward and backward

paths. Without bounding the same s-t path would be found twice, as a forward path

from s to t and as a backward path from t to s. The effect of bounding is to stop the

extension of forward and backward paths “at half way” between s and t so that all feasible

matchings of forward and backward paths correspond to all feasible complete s-t paths

without duplications. To stop the extension of paths a critical resource is selected, whose

consumption is monotone along the paths, and only paths that consume at most half of the

available amount of that resource are allowed.

Decremental state space relaxation State space relaxation has been used as a method

alternative to exact optimization of the pricing problem: instead of the optimal value of the

pricing problem, a lower bound is obtained.

The exact dynamic programming algorithm forbids multiple visits for each vertex, while

the algorithm with state space relaxation does not.

With decremental state space relaxation Righini and Salani [11] pursued a compromise

between these two extreme cases by the following idea: some vertices are identified as

critical, according to the structure of the optimal RCSPP solution obtained with state space

relaxation and the set of relaxed vertices is decremented at each iteration. Hence the set

of critical vertices is enlarged at each iteration and eventually the algorithm provides the

optimal solution to the RCESPP without having to consider the entire set of vertices.

4. Computational results

Computational experiments were performed on a 1.6GHz PC equipped with 512Mb of

RAM.

r-instances and rc-instances of the well known Solomon’s data set [12] were used in the

computational tests, standard preprocessing techniques proposed by Desrosiers et al. [5]

were applied and a standard implementation of the Branch-and-Price algorithm with the

addition of 2-path cuts (see Kohl et al. [9]) was used. The search tree was explored with a

best-first search policy. Branching were performed first on the number of vehicles and then

on the arcs.

Tables 1 to 4 are organized as follows: the instance name, the number of vehicles and

the optimal solution are reported first; then the root node lower bound with the addition of

2-cuts; finally the number of nodes of the search tree and the total time spent to find and

prove the optimality.
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Unreported instances have not been solved within the time limit of two hours, except

for RC106.100 and RC208.50 where the time limit was not imposed. Following instances

with 25 nodes have been solved at the root node in less than a second of computation time

and hence are not reported: R101 to R107, R109 and R111; RC101 to RC108; RC201 and

RC205.

Instance Veh IPopt LB nodes time(s)

R101.50 12 1044.0 1044.0 1 0.53

R101.100 20 1637.7 1636.0 23 14.78

R102.50 11 909.0 909.0 1 1.13

R102.100 18 1466.6 1466.6 1 27.49

R103.50 9 772.9 769.3 11 11.37

R103.100 14 1208.7 1206.9 33 256.60

R104.50 6 625.4 620.8 13 187.59

R105.50 9 899.3 893.7 5 2.43

R105.100 15 1355.3 1350.1 35 49.17

R106.50 5 793.0 793.0 1 3.70

R106.100 13 1234.6 1227.9 217 555.03

R107.50 7 711.1 707.6 21 26.14

R108.25 4 397.3 397.3 1 1.23

R109.50 8 786.8 776.7 7 25.43

R110.25 4 444.1 438.8 11 2.13

R110.50 7 697.0 695.4 13 45.57

R111.50 7 707.2 696.6 301 795.41

R112.25 4 393.0 388.0 9 153.38

Table 1. VRPTW class R1

Column generation coupled with the exact solution of the pricing problem allowed to

compute the optimal solution of two instances of the Solomon’s set previously unsolved

(RC106.100 and RC208.50 marked in boldface in the tables). Most of the instances were

solved at the root node of the search tree, while for others instances the search tree has a

moderate size. Future research should be performed in the direction of improving the lower

bound in the early nodes of the search tree as proposed by Chabrier [1] and Fukasawa et

al. [7].
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