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A MODEL OF COST OPTIMIZATION  
FOR THE LOCATION OF BUS-STOP 

Luigi DELL’OLIO1, José Luis MOURA2, Angel IBEAS3 

Abstract. This work provides a model for the location of bus-stops in urban public 
transport, which is based on the optimization of a cost function of the transport system. The 
cost function includes the user costs, the operating costs and the costs of constructing the 
bus-stops. In order to obtain the solution to the problem posed, we estimates the optimal 
number of stops and locates them in accordance with the configuration of the network, the 
transport demand and the traffic existing in the various stretches which compose the lines. 
Besides providing the location of bus-stops, this model also allows us to size the service by 
calculating the frequency and number of buses which satisfy the demand. 

1. Introduction 
The bibliography presents numerous current examples where location models have been 
applied, as for example, with reference to the public sector, in the location of ambulance 
depots, bus depot location etc.; or, regarding the private sector, the location of production 
plants, warehouses and intermodal centers, etc. We have taken into account in this work 
former experiences in order to find a solution to the problem of location of bus-stops at 
public urban transport. The location criteria is based on the minimization of the costs of 
public urban transport system. Minimization costs are, on the one hand, the User costs 
(CU), the Operating costs (CO) of the company which provides the service, and, on the 
other hand, the costs of Constructing (CC) the bus-stop. The user costs include the cost of 
accessing the bus-stops (CA), the cost of waiting at the stop (CW), the cost of the bus 
running (CR) and the cost of reaching its final destination (CF). All these costs are subject 
to the following restrictions: the capacity of the stops, the minimum-maximum or optimal 
distance between stops and the obvious condition that the stops are owned by transport 
lines. The decision variables are, the optimal number of stops ( lm ), their optimal location 
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defined by the distances between the centroids and the bus-stops (
ljiC ,

), and the interval 
( lh ) between buses, of each line. In order to determine the cost function, the following 
bibliography has been taken as reference: Holroyd [3], Byrne [2], Byrne and Vuchic [1], 
Wirasinghe, S. C., and Ghoneim, N. S. [7], Kocur, G. and Hendrickson, C. [5], and R.H. 
Oldfield and P.H. Bly [6], which has been applied to the particular problem here exposed. 
In addition to these authors, this study makes a significant development with respect to the 
former study by Ibeas and dell’Olio [4], especially regarding the improvements provided in 
the formulation of the access cost. 

2. Objective function and solution algorithm  
The whole model of the designed system is therefore represented by the following 
equation:  
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where aγ , wγ  and rγ  are the values of access, waiting and routing time ( mv ) is the 
pedestrian’s average speed, Vi,l is the number of passengers moving from centroid i to use 
line l, '

, ll jjN  is the number of stops between stops j and j’, '
, ll jjl  is the distance between 
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stops j and j’, ',0 ll jjv  is the average speed between stops j and j’, '
, ll jji is the intensity of 

vehicles in the stretch comprised between stops j and j’, lNb  is the number of buses in 
operation at the same time in line “l”, 10

0
321010 ,,,,,,,,, δδρααααλλβ , are parameters to 

be estimated, mc  is the cost of construction of each stop and Kjl is the capacity of stop “j” 
of line “l”. 

The model we expose here provides a way to solve a mixed integer nonlinear 
programming problem, denominated MINLP in the literature. These problems are very 
difficult to be solved, and various methodologies have been developed with this purpose. 
This is the reason why we use the solver “SBB”. This solver functions as follows: The 
Relaxed Mixed Integer Nonlinear Programming (RMINLP) model is initially solved using 
the starting point provided by the modeler. SBB will stop immediately if the RMINLP 
model is unbounded or unfeasible, or if it fails. If all discrete variables in the RMINLP 
model are integer, SBB will return this solution as the optimal integer solution. Otherwise, 
the current solution is stored and the Branch and Bound procedure will start. During the 
Branch and Bound process, the feasible region for the discrete variables is subdivided, and 
bounds on discrete variables are tightened to new integer values to cut off the current non-
integer solutions. Each time a bound is tightened, a new, tighter NLP submodel is solved 
starting from the optimal solution to the previous looser submodel. The objective function 
values from the NLP submodel are assumed to be lower bounds on the objective in the 
restricted feasible space (assuming minimization), even though the local optimum found by 
the NLP solver may not be a global optimum. If the NLP solver returns a Locally Infeasible 
status for a submodel, it is usually assumed that there is no feasible solution to the 
submodel, even though the infeasibility has only been determined locally. If the model is 
convex, these assumptions will be satisfied and SBB will provide correct bounds. If the 
model is not convex, the objective bounds may not be correct and better solutions may exist 
in other unexplored parts of the search space. 

 
Figure 1. Branch and Bound Algorithm 

Another important aspect is the problem linked with the restriction which establishes 
that the stops to be located must be owned by respective lines. If the whole line could be 
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represented by a continuous and derivable function y=f(x), there would be, in general, no 
problem in accounting for the equations of the condition that a stop must be owned by that 
line, but, in order to have a real view of a certain line, this is usually analyzed by “parts” 
(segments of straight lines, etc.), which brings about higher complexity in some of these 
restrictions. 

3. Dealing with no-convex function in parts 
This section exposes a non-convex function in segments which presents in the most reliable 
manner, the route followed by a transport line. This non-convex function in segments may 
be represented by the following equations (see fig.2): 

 
Figure 2. Non-convex function in segments. 

xxf α=)(    ax ≤≤0     (5)                                                                     
)()( axaxf −+= βα   bxa ≤<    (6) 

)()()( bxabaxf −+−+= γβα , cxb ≤<    (7)                                                                      
Thus, this function may be expressed as: 

321)( xxxxf γβα ++=                                                     (8)                                                            
                                     321 xxxx ++=                                                           (9)                                                                             

axaw ≤≤ 11                                                            (10)                                                                                                      
122 )()( wabxwab −≤≤−                                               (11)                                                                                                                       

23 )(0 wbcx −≤≤     (12)                                                                                                                                           
12 ww ≤                                                               (13)                                                                                                                                                              
{ }1,0, 21 ∈ww                                                          (14)                                                                                                                                                    

Proof. The last two restrictions yield three possible cases: 
 
 
 
 
 

a b c 

f(x) 

α 

β 
γ 

x 



210 L. dell'Olio et al. 

Case 1.  012 == ww  Case 2. 02 =w ,  11 =w  Case 3. 112 == ww  
ax ≤≤ 10 , 02 =x , 
03 =x  

ax =1 , )(0 2 abx −≤≤ ,
 03 =x  

ax =1 ,  )(2 abx −= , 
)(0 3 bcx −≤≤  

1xx =       ⇒     
xxf α=)(  

2xax += ⇒
)()( axaxf −+= βα  

3xbx += ⇒

+−+= )()( abaxf βα  
)( bx −+ γ  

Table 1. Possible cases 

Therefore, by making the suitable changes, we can express the conditions that each stop 
to be located should belong to the line studied. 

4. Aplication 
This model was applied to the public transport system of the city of Santander (Spain). 
Data concerning 460 bus journeys with different origins and destinations was determined in 
the time range between 7:30 and 8:30 (a.m.), considering this time interval to be the peak 
hour for both private vehicles and for buses. Surveys were carried out on different days and 
in different periods of the year considering the climatic effect and the external conditioning 
that may be observed on the road infrastructure. From the following journeys, we obtained 
different times employed by the users to travel by bus so as to be mathematically 
modellised with variables representing the study area. Once the specifications concerning 
the objective function considered - as well as those related to the corresponding restrictions 
on this function - have been included in the program, the result is shown in figure 3. The 
solution to the problem posed about the optimal location of stops can be seen in this figure, 
and, as it is possible to observe, the distribution of the stops around the line is coherent and 
homogeneous, according with the population density of each zone of the city.  

 
Figure 3. Map of lines bus-stop and population density. 
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5. Conclusions 
To conclude, it can be stated that the model exposed sizes both the optimal number of stops 
and their adequate location. This question is not a secondary problem; dealing with it may 
provide the companies and society with important savings in resources. Moreover, the 
minimization of the user cost allows a more coherent distribution of the stops along the 
line. The model described also sizes the service by estimating the optimal interval between 
buses per transport line, and the number of buses. In addition, at the stage of project, the 
cost of the construction of stops may take on key relevance. In the proposed model, this 
cost is also of major significance in determining the optimal number of stops. As can be 
seen in this model, the time used in bus transfers is not accounted for (although they may 
occur) given that this model has been planned for a medium-size city like Santander 
(Spain), with a population of about 200,000 inhabitants, and with a very low number of 
transfers. We should also indicate that the mathematical modeling used may not include 
other social and/or political factors which, without doubt, affect decisions on location, and 
are, on many occasions, difficult to quantify. Mathematical models only help to take 
decisions; as in any real problem, decisions may be taken in accordance with all the 
conditions stated by the agents implied in decision making. 
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