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JOINT PRICING AND NETWORK CAPACITY SETTING

PROBLEM

Luce BROTCORNE∗, Patrice MARCOTTE†, Gilles SAVARD‡, Mickael WIART§

Abstract. We consider the problem of jointly determining installed capacity levels

and associated tariffs on the arcs of a multicommodity transportation network.

We model this situation as a joint pricing and network capacity setting problem.

Capacities are available at discrete, non uniform levels. This problem is first

formulated as a mixed integer bilevel program. Next, we develop an algorithmic

framework and give numerical results showing that our procedure is capable of

solving problems of significant sizes.

1. Introduction

This presentation is devoted to a model that captures the interaction between system design,

price setting and consumer choice over a transportation network. The problem involves two

decisions makers acting non cooperatively and in a sequential way. The upper level (leader)

strives to maximize its revenue raised from tariffs imposed on a set of goods or services in

its control, while the lower level (follower) optimizes its own objective, taking into account

the tariff schedule set by the leader. The leader explicitly incorporates the reaction of the

follower in his optimization process. In the field of economics, this fits the principal/agent

paradigm (Van Ackere [5]) whereas in the field of mathematical programming this problem

belongs to the class of bilevel optimization problems with bilinear objectives at both levels

of decision.

In the current context of deregulation, pricing decisions have become crucial for airline,

trucking, telecommunication and service industries where intense price competition and

network modifications have occurred. Clearly a profit maximizing firm must consider the
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trade off between the cost of service and the revenue generated when designing its system

and prices. Until now, design and pricing issues have mostly been treated separately.

However, they are intrinsically linked and have to be addressed jointly. To our knowledge

the only papers addressing the joint design and pricing problem are those of Lederer [4],

Başar and Srikant [1] and Bashyam [2], Brotcorne et al. [3]. With the exception of the last

one, these works describe some theoretically insights into the problem but no computational

procedures are provided.

The specificity of the problem considered here consists of simultaneously determining

which arc capacity level to install and what is the tariff policy applied. It differs from

our previous work [3] where no capacity was considered. The capacity network design

problem, sometimes called network loading problem, is nowadays relatively important in

the transportation or telecommunication industry (see for example [8]).

In this presentation, we first present the bilevel model for the joint pricing and network

capacity setting problem we consider. Next, we describe a primal dual algorithm and give

some numerical results.

2. Bilevel Model

Let us consider a network based on the underlying graph G = (N, A), with node set N and

arc set A. A node represents either a supply site, a demand site, or the endpoints of an

arc on which goods are carried. The set of arcs is partitioned into two subsets A1 and A2

where A1 denotes the set of links operated by the leader and A2 the set of links operated by

its competitors. With each arc a ∈ A1, we associate a discrete set La of indexes of available

fixed non uniform capacity levels cl
a . The levels are assumed to be ordered in increasing

order of capacities. In order to satisfy the economy of scale principle the cost per unit of

capacity is decreasing. More precisely let f l
a be a fixed opening cost for each capacity level

cl
a, we have f l+1

a /c
l+1
a < f l

a/c
l
a for all l.

With each arc a ∈ A1, we associate a tariff Ta, to be determined by the leader, and an

operating cost ga charged to the leader. Arcs in A2 are tariff-free and only bear a unit cost

da which is outside the control of the leader.
Demand is modeled by a set K of commodities. These may represent distinct physical

goods or identical physical goods associated with different points of origin and destination.
Each commodity is associated with an origin-destination pair (o(k),d(k)). The demand
vector bk corresponding to commodity k is specified by:

bk
i =



















nk if i = o(k),

−nk if i = d(k),

0 otherwise,

where nk represents the amount of flow of commodity k to be shipped from o(k) to d(k).

The variable xk
a (resp. yk

a) denotes the flow of commodity k on arc a ∈ A1 (resp. a ∈ A2).

The binary variable vl
a, associated with each arc a ∈ A1 and capacity level index l ∈ La,

indicates whether (vl
a = 1) or not (vl

a = 0) capacity cl
a is installed on arc a.The leader’s

variables are either discrete (design variables) or real-valued (tariffs). Lower level variables,

i.e., flows, are real-valued.
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The joint pricing and network capacity dimensioning (JPCS) problem can be formulated
as a mixed bilevel program with bilinear objectives and linear constraints. The commodity
flows xk

a and yk
a correspond to an optimal solution of the lower level linear program param-

eterized by the upper level tariffs Ta, which is solved on the sub-network resulting from the
binary variables vl

a:

JPCS : max
T,v

∑

k∈K

∑

a∈A1

Taxk
a −

∑

a∈A1

∑

l∈La

f l
avl

a −
∑

k∈K

∑

a∈A1

ga xk
a (1)

s.t.
∑

l∈La

vl
a ≤ 1 ∀a ∈ A1, (2)

vl
a ∈ {0, 1} ∀a ∈ A1, ∀l ∈ La, (3)

min
x,y

∑

k∈K

(
∑

a∈A1

Taxk
a +

∑

a∈A2

dayk
a) (4)

s.t. Axk + Byk = bk ∀k ∈ K, (5)
∑

k∈K

xk
a ≤

∑

l∈La

cl
av

l
a ∀a ∈ A1, (6)

xk
, yk ≥ 0 ∀k ∈ K. (7)

The upper level objective (1) is to maximize total net revenue and is expressed as the

difference between the sum of revenues arising from tariffs Ta and the sum of fixed capacities

opening costs and operating costs. The objective of the lower level problem (4) is to

minimize the total cost of the paths selected by network users. Constraints (2) assess that

one capacity level is selected per link a. Constraints (6) state that the flow on an arc is lower

or equal to the arc capacity selected. Constraints (5) represent the flow balance equations.

Note that no capacity restrictions are imposed on arcs from A2. It means that the demand

non routed on the leader network will be routed by the competitors.

For specific tariff levels and design variables, the flow repartition for the lower level

problem is given by a capacitated multicommodity flow problem solution on the sub-network

composed of tariff-free and tariff arcs with which capacities are associated. We assume that,

given the choice between flow solution of equal cost, the one selected is the one yielding

the highest profit for the leader. As in Labbé et al. [7], we also assume that: there cannot

exist a tariff schedule that generates profits and simultaneously creates a negative cost cycle

in the network, and also that there exists at least one path composed of tariff-free arcs for

each origin-destination pair. These assumptions imply that the lower level optimal solution

is well defined since no sign restrictions are imposed on the tariffs, and that the upper level

profit is bounded from above.

For general bilevel programs, constraints involving both upper and lower level variables

(such as constraint (6)) cannot be moved freely from one level to the other, without altering

both the feasible set and the optimal solution of the bilevel program. Upper level constraints

are transparent to the follower, and can only be induced through a proper choice of the

leader’s tariffs. By transferring them to the lower level, we obtain a relaxation of the

original program. It is a remarkable feature of JPCS, and the wider class of bilinear bilevel

programs to which it belongs, that one can perform this operation, which will be exploited

in the design of a solution algorithm (c.f. Brotcorne et al. [3]). Since this problem has

been proved to be NP-Hard [6], our aim is to develop a heuristic solution algorithm.



Joint pricing and network capacity setting problem 307

3. Mixed integer program for JPCS

To obtain the MIP formulation, first the capacity constraint are moved from the lower level
to the upper level. Next, the lower level is replaced by its primal dual optimality constraints.
Then there is bilinearity in the objective and in the constraints. For the bilinearity in the
objective,

∑

a∈A1

∑

k∈K Taxk
a is linearized using the complementarity slackness constraints.

And the complementarity slackness constraints are linearized using boolean variables. The
resulting formulation of the MIP is:

MIP : max
T,v,x,y,λ

∑

k∈K

(−
∑

a∈A2

dankyk
a +
∑

i∈N

λ
k
i e

k
i ) −

∑

a∈A1

∑

l∈La

f l
avl

a −
∑

k∈K

∑

a∈A1

nk gaxk
a

s.t.
∑

k∈K

nk xk
a ≤

∑

l∈La

cl
avl

a∀a ∈ A1,

∑

l∈La

vl
a ≤ 1∀a ∈ A1,

Axk
a + Byk = ek∀k ∈ K,

λ
k A ≤ T∀k ∈ K,

λ
k B ≤ d∀k ∈ K,

yk
a ≤ uk

a∀a ∈ A2,∀k ∈ K,

d − λk B ≤ L(1 − uk
a)∀a ∈ A2,∀k ∈ K,

xk
a ≤ zk

a∀a ∈ A1,∀k ∈ K,

T − λk A ≤ L(1 − zk
a)∀a ∈ A1,∀k ∈ K,

xk
, yk ≥ 0∀k ∈ K,

vl
a ∈ {0, 1}∀a ∈ A1,∀l ∈ La,

zk
a, z

k
a ∈ {0, 1}∀a ∈ A2,∀k ∈ K,

4. A solution algorithm for JPCS

The difficulty in solving JPCS is twofold: the presence of binary variables and the comple-
mentarity constraints arising in the optimality conditions of the lower level linear program.
First the capacities constraints (6) are moved from the second level to the first one. Next
the lower level problem is replaced by its primal dual optimality constraints. Let λk be the
dual variables associated with the flow conservation constraints (5). We obtain the next
single level bilinear problem.

JPCS : max
T,v,x,y,λ

∑

k∈K

∑

a∈A1

Taxk
a −

∑

a∈A1

∑

l∈La

f l
avl

a −
∑

k∈K

∑

a∈A1

gaxk
a (8)

s.t.
∑

l∈La

vl
a ≤ 1 ∀a ∈ A1, (9)

vl
a ∈ {0, 1} ∀a ∈ A1 ∀l ∈ La, (10)

∑

k∈K

xk
a ≤

∑

l∈La

cl
avl

a ∀a ∈ A1, (11)
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Axk + Byk = bk ∀k ∈ K, (12)

xk
, yk ≥ 0 ∀k ∈ K, (13)

λ
k A ≤ T ∀k ∈ K, (14)

λ
k B ≤ d ∀k ∈ K, (15)

Txk + dyk − λkbk = 0 ∀k ∈ K. (16)

This latter problem is solved using a primal-dual algorithm. More precisely, we apply

an exact penalty function to the lower level complementarity term (PEN). Next, we update

sequentially the upper and lower level variables, increasing the penalty parameter when no

progress is achieved. Whenever a basis change occurs at the lower level, tariffs that are

optimal with respect to the new bases are computed. This ‘inverse optimization’ procedure

actually solves a modified multicommodity flow problem. The main steps of the procedure

are described in Figure 1.

Figure 1. Main steps of the heuristic

For fixed tariffs, the penalized problem PEN (17) is defined as:

PEN f ixed T : max
v,x,y,λ

∑

k∈K

∑

a∈A1

((1 − M1)Ta − ga)xk
a −M1

∑

k∈K

∑

a∈A2

dayk
a + (17)

M1

∑

k∈K

λ
kbk −

∑

a∈A1

∑

l∈La

f l
avl

a

s.t.
∑

l∈La

vl
a ≤ 1 ∀a ∈ A1,

vl
a ∈ {0, 1} ∀a ∈ A1, ∀l ∈ La,

∑

k∈K

xk
a ≤

∑

l∈La

cl
av

l
a ∀a ∈ A1,

Axk + Byk = bk ∀k ∈ K,

xk
, yk ≥ 0 ∀k ∈ K,
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λ
k A ≤ T ∀k ∈ K,

λ
k B ≤ d ∀k ∈ K.

It can be decomposed in one subproblem for the λ variables and one for the x, y, v

variables. This MIP problem is a network loading problem which can be solved using

CPLEX or a specific algorithm.

For fixed x, y, v variables, the PEN problem is a linear problem which is in fact a

penalized inverse optimization program.

PEN x, y, v f ixed : max
T,λ

∑

k∈K

∑

a∈A1

Taxk
a − M1(

∑

k∈K

∑

a∈A1

Taxk
a +
∑

k∈K

λ
kbk) (18)

s.t. λk A ≤ T ∀k ∈ K,

λ
k B ≤ d ∀k ∈ K.

5. Numerical Results

To assess the efficiency of the proposed method, preliminary results on instances that could

be solved to optimality using a mixed integer formulation of (JPCS) are provided in Table

1. We consider a set of randomly generated grid networks with 60 nodes, 208 two-way

arcs and 10 origin-destination pairs. The proportion of toll arcs varies from 5% to 10%

and the initial solution is defined as the follower solution corresponding to zero tolls.

We report the results for the primal dual heuristic together with the exact solution of the

MIP formulation of the JPCS problem using CPLEX. The first column ‘%TA’ of Table 1

provides the percentage of tariff arcs. Label ‘%OPT’ refers to the ratio of the heuristic

objective over the optimal solution achieved using CPLEX 9.0, which was stopped whenever

a time limit of 4 hours was reached. In the case of premature termination, the optimum

value is replaced by the best lower bound achieved. This is indicated by a star (*) in the

third column. The two ‘CPU’ labels refer to running times expressed in seconds. These

%TA CPU MIP %OPT CPU HEU

5 8.61 98.43 22.05

5 14400.00 *100.00 24.13

5 4.30 100.00 20.70

5 2412.36 100.00 19.20

5 149.26 100.00 16.85

%TA CPU MIP %OPT CPU HEU

10 14400.00 *93.60 24.52

10 572.56 99.14 24.95

10 1.27 100.00 14.18

10 93.28 99.36 19.99

10 14400.00 *95.60 21.63

Table 1. Computational results.

results show that our heuristic method performs well. For eight instances the deviation is

less than 2% from the optimum. Also the running time is almost constant for the heuristic,

the average running time is 20.82 sec. whith a standard deviation of 3.27, in comparaison
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the average running time for the MIP solution is 4644.16 sec. with a standard deviation of

6423.21.
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