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BRANCH-AND-PRICE FOR INTEGRATED MULTI-DEPOT 
VEHICLE AND CREW SCHEDULING PROBLEM 

Marta MESQUITA1, Ana PAIAS2, Ana RESPÍCIO3 

Abstract. We propose a branch-and-price algorithm to solve the integrated multi-depot vehicle and crew scheduling problem. An integer mathematical formulation that combines a multicommodity network flow model with a set partionning model is presented. We solve the corresponding linear relaxation using a column generation scheme. Two branching strategies are tested over benchmark instances available in the Internet. Computational results show the effectiveness of our approach. 

1. The Integrated Vehicle and Crew Scheduling Problem 
The vehicle and the crew scheduling problems are important combinatorial optimization problems that arise in the planning process of mass transit companies. Usually, vehicles are scheduled before the crews. During the vehicle scheduling process one has to optimally link timetabled trips producing vehicle blocks, so that each vehicle block forms a feasible schedule for a vehicle. If vehicles are located at different depots, one has to simultaneously construct the vehicle blocks and assign them to the depots. Then, the problem is NP-Hard. On the crew scheduling problem one has to ensure that a set of crews covers the set of vehicle blocks at minimum cost.  Each vehicle block is split into pieces of work, sequences of timetabled trips and deadhead trips, where a change of driver is not allowed. A crew duty is a combination of pieces of work that respects several constraints such as maximum and minimum spread, maximum working time without a break, break duration and a maximum number of changeovers. The vehicle blocks characteristics influence the resulting crew duties and the crew duty set may lead to changes on the original vehicle blocks.  
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The strong dependency between these two problems suggests that an integrated approach may lead to better schedules. Sequential approaches in the literature solve the vehicle scheduling firstly. Considering a predefined vehicle schedule imposes constraints that may lead to lack of feasibility and flexibility in the crew scheduling problem. In consequence, costs are potentially higher. In this paper, we propose a branch-and-price algorithm that generates exact solutions for the integrated vehicle and crew scheduling problem with multi-depots. We describe the integrated problem by an integer mathematical formulation similar to the one proposed by Huisman et al. [2], but with fewer decision variables and fewer constraints. We solve the corresponding linear relaxation, while Huisman et al. considered a lagrangean relaxation. Both approaches use column generation schemes, although embedded in different optimization schemes. To our knowledge, this paper presents the first exact approach for the integrated problem with multi-depots. 

2. Mathematical Formulation 
Let nTT ,,1 L  be a set of timetabled trips. Each trip is characterized by a starting time and 
location, and, an ending time and location. Let kDD ,,1 L  be a set of depots with a known 
location. At depot dD , kd ,,1L= , there are dv  vehicles. All vehicles are identical. An 
ordered pair of trips ( )ji TT ,  is said to be compatible if the bus released after trip iT  
completion can be assigned to trip jT . The ordered pair ( )ji TT ,  defines a deadhead trip, 
where a bus runs without passengers, between the end location of iT  and the start location 
of jT . Pull-out trips correspond to the movement of a bus from a depot to the start location 
of a trip, while pull-in trips correspond to the movement of a bus from an end location of a 
trip to a depot.  

We assume that each end location of a timetabled trip is a potential relief point, where a 
change of driver is allowed. Therefore, each task corresponds to a deadhead trip followed 
by a timetabled trip. Consequently, crew duties can start (end) at a depot or at an end 
location of a trip .Ni∈   

In what follows we define the vehicle scheduling problem on a directed multigraph and 
propose an integer mathematical formulation for the integrated problem that combines a 
multicommodity flow model with a set partitioning model. 

Let { }nN ,,1L=  be the set of vertices, where vertex Ni∈  represents trip iT . Denote 
by D  the set of k  depots. There is a vertex Dddn ∈+ ,  corresponding to each depot d . 
For each Dd ∈  we associate a graph ),( ddd AVG = , where { }dnNV d +∪=  and ( ){ } ( ){ }ndNNdnIAd +×∪×+∪= . The arc set dA  contains arcs that correspond to 
compatible pairs of trips, NNI ×⊆ , and arcs related with pull-in and pull-out trips to and 
from depot d . Costs d

ijc , dnic +,
 and jdnc ,+  are associated with the corresponding arcs. A 

fixed cost is assigned to each crew.  
If trips Ni∈  are ordered by increasing value of their starting time, then the arc set I  

contains only arcs ( )ji,  with ji <  and no circuit containing only vertices Nji ∈,  exists in 
a graph dG . 

Let L be the set of all feasible duties. Consider the decision variables, 
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 The objective is to minimize a linear combination of vehicle and crew costs. Flow conditions (2) state that each timetabled trip is performed exactly once. The flow conservation constraints (3) guarantee that each vehicle block is assigned to a vehicle that 
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returns to the source depot. Constraints (4) are depot capacity constraints. The coupling constraints (5), (6) and (7) relate the vehicle scheduling variables with the crew variables requiring that a deadhead trip is covered by a vehicle if and only if it is covered by a crew. Although (5), (6) and (7) are stated just for arcs corresponding to deadhead trips, they are sufficient to guarantee that all deadhead trips and all timetabled trips in a vehicle block are covered by crew duties. This statement follows from our task definition where the deadhead 
trip from the end of a trip i  (or from the depot) to the start of trip j and trip j are 
performed by the same driver. Consequently, the mathematical formulation (SP-VCSP) has fewer decision variables and fewer constraints than the one proposed by Huisman et al, [2]. These authors consider a second index on the duty variables to indicate the depot to which the crew belongs.  In our model, each crew is assigned to the corresponding vehicle depot.  

3. Branch-and-Price 

The ILP formulation for the VCSP involves a huge number of duty variables (crew variables) and it is inefficient to handle these variables explicitly. Therefore, the model is tackled using a branch-and-price technique. At each node of the branching tree we solve the linear relaxation of a restricted master problem using a column generation scheme. We consider explicitly all the vehicles scheduling variables and we consider implicitly all the crew scheduling variables. On a previous work [3], Mesquita and Paias proved that an integer optimal solution to 
the SP-VCSP was obtained when (8) and (9) are relaxed to 0≥dijx  and 0 ,

,,
≥++ idndni xx , 

respectively. This result suggests to branch only on the duty crew variables. 

3.1. Root node 
At the root node, an initial set of columns is needed to start the pricing problem. Therefore, we solve a multi-depot vehicle scheduling problem, without requiring that each vehicle returns to the source depot. This problem can be viewed as an assignment problem or a minimum cost flow problem, and can be solved in polynomial time. The optimal solution gives a set of vehicle blocks covering all timetabled trips. Firstly, each vehicle block is assigned to exactly one depot. Secondly, vehicle blocks are split into duties satisfying a subset of the crew feasibility constraints. The resulting set of duties is checked for the remaining constraints and a big cost is assigned to non-feasible duties.  

3.2. Solving the pricing problem 
The column generator development was inspired on the one proposed by Desrochers and Soumis [1] for solving the linear relaxation of a set covering model for the crew scheduling problem. Each feasible crew duty can be seen as an adequate path in a network that takes into account special features of the integrated problem. The feasibility is established by using resources that are consumed along the network. Imposing time windows on each 
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(some) vertex of that network restricts the resource consumption. The column generation subproblem is a minimum cost path problem with resource constraints in the duty network. We solve it, exactly or heuristically, by dynamic programming. 

3.3. Branching Rules 
When the LP solution of a node is not integer, we choose an arc corresponding to a deadhead trip such that the sum of all the crew variables covering this arc is not integer. Two new nodes are created, one fixing that sum to one and the other fixing it to zero. Note that, fixing the sum to one means that there is one crew covering the fixed arc and, consequently by constraints (5), (6) and (7), there is a vehicle covering it. The branching constraint is explicitly added to the current restricted master problem in a way that the structure of the pricing problem remains unchanged, contrary to the usual scenario. We tested two branching strategies. In the first one, we start to branch considering arcs 
( )ji,  where i  and j  correspond to timetabled trips and afterwards, if necessary, we look 
for arcs ( )ji,  where i  or j  are depots. In the second one, we first look for arcs related 
with pull-out and pull-in trips, and after to arcs corresponding to compatible pairs of trips.     

4. Computational Results 
The branch-and-price algorithm is coded in C, using ILOG CPLEX 9.0 Callable Library Routines to optimize master LP’s. Some results have been obtained for randomly data problems with 80 trips and 4 depots 
available at http://www.few.eur.nl/few/people/huisman/instances.htm. For these test instances, computational results are compared with the ones obtained by Huisman et al [2], although both approaches differ on some basic assumptions.  We considered two types of duties, namely a tripper type and a normal type. A tripper type duty has a spread between 30 and 300 minutes. The normal type duty has a break with minimum length of 45 minutes and a spread between 30 and 585 minutes. For such type, the maximum work time is 540 minutes and the maximum duration allowed before a break occurs is 300 minutes. The pricing problem is solved exactly considering simultaneously both types of duties. Huisman et al. [2] split the normal duty type into four types and solve the pricing problem independently for each one of them. In these preliminary tests, changeovers are not allowed. Our cost structure may also be different from the one used in [2] (which is partially unclosed). A fixed cost of 5000 is assigned to each crew in the solution.  To minimize the number of vehicles, each pull-in/pull-out trip has a penalty of 5000 added to its cost. This corresponds to consider a vehicle penalty of 10000. The first upper bound is obtained by adding the fixed cost of a duty crew to the lower bound obtained at the root node. Table 1 reports average results. The column “root gap” presents, for each problem type, the gap between the LP optimal value obtained at the root node and the integer optimal value. For each branching strategy, we present the number of nodes (“#nd”) and the number of calls of the LP solver (“#LP”). Columns “#vc” and “#cr” display the number of vehicles 
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and crews, respectively, while “tot” is the sum of these values. The following columns display the values obtained in [2] for the same measures.  
Prob Root gap Strategy 1 Strategy 2  Huisman results 
type  #nd #LP #nd #LP #vc #cr tot #vcH #crH totH 
80A 2.1E-05 41 211 48 223 9.4 18.9 28.3 9.2 20.4 29.6 
80B 5.5E-04 27 170 17 126 11.4 22.3 33.7 11.3 24.8 36.1 

Table 1. Computational Results 

The gaps obtained at the root node of the branching tree were very small, showing that our LP relaxation is very tight. Regarding results in [2], our approach achieved a smaller number of crews but a greater number of vehicles for both types of problems. We obtained better values for the sum of the two quantities (number of crews and number of vehicles). However, a different cost distribution may explain these variations. Concerning the two branching strategies we tested, we are not able, by now, to conclude which one performs better in general. For type A problems, strategy 1 outperforms strategy 2, while for type B, strategy 2 is better than strategy 1.  

5. Conclusions and Further Research 
In this paper, we propose a branch-and-price approach to solve exactly the integrated multi-depot vehicle and crew scheduling problem.  Preliminary computational results seem to be promising. For the test instances, the number of nodes in the branching tree is small. This can be explained by the tightness of the LP relaxation as well as the effectiveness of the branching rules. The choice of the initial set of duties for the pricing problem is adequate, as we have always obtained feasible duties and solved the LP relaxation in a small number of iterations.  We are now testing other branching strategies and looking for better upper bounds. We are also comparing the behavior of different approaches that heuristically/exactly solve the pricing problem. 
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