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A REINFORCEMENT LEARNING MODEL FOR SIMULATING 
ROUTE CHOICE BEHAVIOURS IN TRANSPORT NETWORK 

Toshihiko MIYAGI∗ 

Abstract. This paper proposes a new algorithm for finding disaggregate user 
equilibrium on a congested network, in which a driver is assumed to be an agent 
who learns from driving experiences to get maximal payoffs under the condition 
of incomplete travel information. Day-to-day route choice behaviours of each 
driver are formulated as a kind of repeated game with learning, and a simple 
adoptive procedure that lead to Nash equilibrium is proposed. The model 
presented here can cover a wide range of network equilibrium concepts from 
deterministic to stochastic user equilibriums.  

1. Introduction 

It has been suggested from laboratory tests or questionnaires on travel choice behaviours 
that traveller’s behaviour is rarely result of reasoned action or of effective use of 
information. For example, Selton et al. [12] have carried out a psychologically designed 
decision-experiment, where all players had to repeatedly decide between two alternative 
roads with different road capacities and should try to maximize their payoffs. Two 
treatments had been repeatedly tested for N test persons: while in treatment 1 each player is 
known only the payoff of his or her last-chosen route, treatment 2 is designed for each 
player to be informed about payoffs of two alternatives after each trial. They reported that 
even if players changed roads in order to get higher payoffs, players didn’t succeed in doing 
this on the average and continued to change one’s route. Helbing[9] demonstrated further 
experiments to explore the volatile decision dynamics observed by Selton et al. and 
observed the similar phenomena; however, he reasoned that after a very long time period, 
the individuals seem to learn not to change their behaviour when the user equilibrium is 
reached.  

It has been also pointed out that a habit in travel behaviour can cause more significant 
psychological barriers preventing effective use of travel information [1]. A habit is a 
learned sequence of acts that have become an automatic response to specific cues.  
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Such experiments and findings in transportation psychology seem to require reviewing 
of the conventional approaches which have been built based on traveller’s rational 
behaviour. 

Independently from the works of Selton et al. and Helbing, Miyagi [10, 11] developed a 
learning model for studying interactions between traveller information and individual 
driver’s route choice behaviour. Reinforcement learning used there is similar to those that 
have been studied in behavioural game theory [3, 4, 6, and 13], machine learning [14] and 
evolutional economics [2], however, it has unique feature in that relative cost against the 
best response is defined and that weighted payoffs are taken into as actually perceived 
payoffs by drivers. 

This paper pays a special attention to human behaviours under the conditions of 
incomplete information. As is inferred from players’ behaviour in the experiments by 
Selten et al.[12], people seems to be insufficiently responsive to alternatives that they do 
not have full knowledge about. Such bounded rationality in day-to-day feedback trials 
should be modelled explicitly. Theoretical background as to convergence properties of the 
process formulated in this paper relies heavily on recent developments in mixed strategy 
equilibria with learning [5, 7, and 8], however, the adaptation processes in route choice 
behaviour such as reinforcement and weakening effects are also explicitly dealt with in this 
paper. “Reinforcement” acts on increasing the relative preferences for routes, whereas 
“weakening” works to reduce the relative preferences for rarely used routes.   

2. Model 

2.1. Notation 

Consider a single origin-destination (O-D) pair connected by paths (or routes) denoted by 
positive integers, p Î P , in which {1, , , }p MP L L=  represents a set of paths. Path flows 
are denoted by 1( , , , )p Mh h h=h L L . Each driver is identified by {1, , , }i i NÎ =I L L . 
Thus, N represents the number of O-D trips as well. The set of paths available to driver i  is 
denoted by ,i i∈P I . Assuming that , ,ip ix p i∈ ∈P I represents a choice probability of path p 
of driver i . We have the following relations: 
 1

i

ip ip p
p i

x for all i and x h for all p
∈ ∈

= ∈ = ∈∑ ∑
P I

I P   (1) 

 
The number of O-D trips and link flows are related with path flows by 

p ap p a
p p

h N and h f aδ
∈ ∈

= = ∈∑ ∑
P P

A , (2) 

where A  denotes a set of links, a
f  and apd  are flow on link a∈A  and an element of link-

path incidence matrix, respectively. Denoting link travel time on a Î A , be ( )
a

C f , we have 
path travel time of p PÎ  as:  
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 ( ) ( ( ))p ap a
a

c Cδ
∈

=∑
Α

h f h . (3) 

We assume that link travel time functions are nondecreasing with respect to f . Since 
each driver has his own the value of time, his perceived cost for path p i is evaluated by 

( ) ( )ip i pc cω=h h , where iw  represents the value of time of driver i. Notation in multi-OD 
case is omitted here for the sake of space. 

2.2. Payoff function and propensity to choice 
We assume that reference costs are a piece of the travel information provided in forms of 
travel times by a network administrator. They are not information for the sake of route 
guidance of drivers, but signs indicating the congestion levels of the current network. The 
reference costs are accessed by all drivers equipped with an advanced traveller information 
system . Like commodity prices in markets, drivers know their present states by getting this 
information. Let t be discrete time period, and we assume a minimum path cost is provided 
as the reference cost:  
 ( ( )) min ( ( ))i ipp i

t tu
P

h x h xl
Î

= .  
Note that all costs are function of choice probabilities of drivers. The reference cost is 

also considered as the perceived cost for each driver because of the difference of value of 
time. A driver knows his present state by comparing with the reference cost. Then, a regret 
for not having chosen the minimum cost route at time t, ( ) ( )ip i

t tu h hl- , is transformed  
through a function g to the payoff function, ( )ipr ⋅ : 
 ( ) ( ( ) ( )), ,ip ip i

t t t
ig u i pr x h h I Pl= - Î Î . (4) 

While a driver can know his travel cost at the current day through his experience, he 
cannot recognize the travel costs of routes that he did not select. The assumption of the 
complete information ensures that every driver is informed of realized payoffs on all routes. 
Even so, however, since he cannot know tommorow’s best route, his strategy for route 
choices at next time period has a mixed distribution over actions as the result of unobserved 
payoff pertiburations. Let ( )i i iP∈ ≡ ∆x X be a mixed strategy of driver (or player) i  and 

i−x a mixed distribution over the actions of i’s opponets. Then, using player i’s best-
response distribution ( )i

iB
−
x , which is defined by ( )i

p iB
−
x =Prob[ ip∈P | opponents 

expected to play i−x ] , Fudenberg and Levine[6] gives the following extended notion of 
Nash equilibrium: 

Definition The profile x  is a Nash distribution if ( )i i iB −

=x x for all i . 
Now our target is to find the profile x such the above definition is satisfied. Before 

stating our main result, we define player i’s average payoff up to time t. 
Let 0

ipQ  a prior propensity to choice for path p of driver i . After experiencing a trip, he 
can observe the partially available state of its environment and may change his choice at the 
next time depending on whether the driver has increased payoff or not. If there is a 
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increasing payoff for having chosen path p, the driver reinforces the ex-ante propensity for 
path p using the following updating formula: 
 1 1 1(1 ) ,

t t t t
ip i ip i

t
ipQ Qα α π+ + +

= − +  (5) 
where we put ( )t t t

ip ip ipx rπ = x .  [0,1]t
ia Î is a step-size parameter or a learning-efficiency 

parameter defined by  
 / 1/t t

i i

t t t
ip ip i

p
r x V or t

P
a a

Î
= =ĺ  (6) 

where t
iV  is the value function at time t defined by 

t t
i ip

p

V Q
PÎ

= ĺ  

The ex-post propensity represented by equation (5) consists of two parts: the historical 
payoffs and the realized payoff. Equation (5) can be rewritten as: 

11

11 1

1 0 (1 ) (1 )
t tt

kk j k

t k k k j t t
ip ip i i ip i i ipQ Q α α απ α π

−−

== = +

+
= − + − +∑∏ ∏ . 

If we put 
11

11 1

(1 ) (1 ),

t tt

kk j k

t k t k j ta bα α α α
−−

== = +

= − −= +∑∏ ∏ , 

then we can prove that 1t ta b+ =  holds regardless of time period t. This implies that t
ipQ is 

a weighted average over time for the realized payoff { }tipπ at each time t. This repeated 
game will continue until no-regret is achieved for all players. The issue here is to find out 
what conditions lead the game to equilibrium. 

2.3. Universal consistency and choice probability   
Fundenberg and Levine[7] introduced the concept of universal consistency, which 
guarantees that player i’s average payoff at the current period does not get worse than the 
average of historical payoff no matter what the other players do. They also showed that this 
condition can be accomplished by a smooth fictitious play procedure in which the best 
response for player i is derived from a mathematical programming. Within the context of 
our argument, to find the best response of player  i  is equivallent to solve by the following 
maximization program: 
 1( ) max ( ) ln

i
i

t t
i i ip ip i ip ip

p p
V x Q x x

µ−
∈ ∈

= −∑ ∑x P P
Q x% . (7) 

The optimal solution is uniquely determined and given as a well-known logistic function: 

 1 exp[ ]
exp[ ]

t
ipt

ip t
ip

p

Qx Q
µ
µ

+

∈

= ∑
P

 (8) 
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The optimal function of the value function iV%  above approximates the original value 
function given in equation (7). Therefore, if the condition,  

lim t t
i it
V V ε

→∞
− ≤%      (9) 

is satisfied for small 0ε > , then the choice probabilities given in equation (8) lead the game 
to an equilibrium state in which the expected  payoffs for player i is maximized. If equation 
(9) holds, then it is straightforward from equation (5) that lim 0t t t

t ip ip ipx r Q→∞ − → .Thus, we 
can see that the value function almost surely approximates the expected payoff observable 
in actual network. In particular, under the assumption of complete information, since player 
i’s probability of choosing a minimum cost path asymptotically approaches to one, the 
approximation error is almost surely vanished. Furthermore, we can also ensure the 
complementarity conditions, ( ( ) ( )) 0t t t

ip ip ix c λ− =x x , hold under the assumption of 
complete information.  

2.4. Behavioural Assumptions on Incomplete Information 
Let us consider the case that while drivers have exact information on the route they 
frequently use, they have only ambiguous information about travel times as for the routes 
that they rarely use. If path p is a rarely used path, then at each stage the propensity to 
choose that path is gradually weakening at a rate of γ , a random number drawn from a 
uniform distribution U(0,1). This behavioural assumption is expressed as follows: 

0

1

(0,1), tan .
, max
, , (0,1)

ip
t t
ip ipt

ip t
ip

U where is a given positive cons t
r x if p is the path with imum choice probability

otherwise where U

π ρ ρ

π
γπ γ−

=
=  ∈

 

The next expressions describe behavioural assumption that a driver is informed of the 
travel times of paths available, but he does not take care about some routes because of 
rarely used paths to him and some uncertainty keeps remain. 

, max
, , (0,1)

t t
ip ipt

ip t t
ip ip

r x if p is the path with imum choice probability
r x otherwise where Nπ

γ γ

=  ∈
 

Those expressions are combined into the propensities given in equation (5) in order to 
simulate the case of incomplete information.  

Computation consists of a very simple iteration process. We have tested the validity of 
reinforcement algorithm using a network with a single OD pair connected by three paths as 
is most known for Braess’ paradox. Some of the results have already been reported in the 
literature [8.9].Our approach converges to Nash equilibrium at very faster speed than the 
ordinary reinforcement algorithm shown in the literature [3, 4]. 
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