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Abstract. We consider the problem to estimate time-dependent origin–
destination matrices from traffic counts. We propose an iterative algorithm, based 
on difference quotients, for expressing how the link flows are changed with 
respect to a change of the travel demand. The method is an extension to 
previously proposed methods for the time-independent case. It has been 
implemented together with the mesoscopic traffic assignment software Mezzo 
and tested for a network modeling the city of Stockholm. 

1. Introduction 
Time dependent Origin–Destination (OD) matrices, which specify the travel demand for 
every pair of origin and destination in every departure time period, are needed for most 
types of analyses in the field of dynamic traffic management. Typical applications include 
evaluation of traffic control policies and investigation of the effects of travel information 
systems. This paper concerns the estimation of time-dependent OD-matrices using time-
dependent link flow information. 

The main purpose of this project is to find a generic method for updating existing 
(target) OD-matrices from link flow observations in a time-dependent model. The research 
is motivated by an application in Stockholm, where the authorities are developing a 
modeling framework, aiming for short-term travel time prediction. The model will be used 
for evaluating the effects of information, i.e. route guidance, before and during the trips. 
The proposed OD-matrix estimation procedure is to be used to describe the state of the 
traffic under normal conditions. The mesoscopic traffic assignment modeling part is 
performed with the software tool Mezzo, which is described in [1]. 
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2. The OD-matrix estimation problem 
The problem to estimate time-dependent OD-matrices from traffic count data has been 
studied by many research teams; for some references see the survey parts in [2] and [6]. 
The structure of the problem is complex and closely related to the choice of model for 
computing route choice (traffic assignment) and traffic flow propagation (network loading) 
in each application. Most of the models presented so far are either developed for small 
networks with few alternative routes, for example the model of the Amsterdam beltway [8], 
or they assume a simple model for the congestion effects on route choice and travel time, as 
does the model by Sherali and Park [7]. Most of the theoretical framework for OD-matrix 
estimation has been developed for the time-independent (static) case, where the quantities 
are assumed to represent a steady state, typically the morning rush hour. For further reading 
on time-independent OD-matrix estimation, see e.g. [5, Ch. 12]. In the OD-matrix 
estimation problem, we are searching for an OD-matrix, }{ itgg = , which describes the 
travel demand for each OD-pair, Ii∈ , starting in each departing time period, Tt∈ . Given 
is an existing, ‘target’ OD-matrix, ĝ , and link flow observations, }~{~

arvv = , for a number 
of observation time periods, Rr∈ , and some of the links in the network, AAa ⊆∈

~ . We 
require that T  and R  describe the same modeling period, as to the clock time, but the 
discrete time decomposition might be different. 

The objective in the OD-matrix estimation problem is to find a new OD-matrix g , 
which is close to ĝ  and which, when it is assigned to the network, induces link flows, v , 
which reproduce v~  as well as possible. We can formulate the two objective problems as 
  ),~,()ˆ,()(min 21 vvFggFgF

g
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Ω∈
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where the functions 1F  and 2F  express the deviation between the estimated and the target 
OD-matrix, and the assigned and observed link flows, respectively, and Ω  defines the set 
of all feasible OD-matrices. Normally Ω  consists of all non-negative OD-matrices, but we 
might also set up other requirements, for example a maximum allowed deviation from the 
target matrix ĝ . 

We note that with the formulation in (1) different OD-pairs might be assigned different 
importance in the sense that the travelers pass different number of observation links. For 
further reading on this modeling problem, see for example Van Zuylen [9]. We therefore 
point out that A~  must be chosen carefully.  

The induced link flows v  are computed from the OD-matrix g , given some implicit 
assumptions in the traffic assignment model (here Mezzo). We notify by ar

itp  the resulting 
assignment proportion of the travel demand itg  that is assigned to pass link a  in 
observation time period r . By using these assignment proportions, the induced link flows 
v  can be substituted from the second part of the objective (1) with  
 .,
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In general, because of congestion effects, the assignment map }{ ar
itpP =  will be dependent 

on the travel demand, i.e. on the OD-matrix. Because of the simulation environment it is 
hard to find an expression for this dependence for a time-dependent model and many 
models simply assume the assignment map to be constant, and typically given from the 
assignment of the target matrix ĝ . In a more careful model, however, the influence of a 
change in the OD-matrix on the route choice and flow propagation, both of which are 
described in the assignment map, must be taken into account.  

Queuing and speed reduction due to congestion affect the flow propagation and thus, 
when a given OD-demand reaches a certain link. The flow propagation is expressed in P  
through the clock time difference between t and r . In order to minimize the travel time due 
to congestion, the travelers also change their route choices, and thus the traffic conditions, 
as given by g , also have influence on which links that will receive traffic from a certain 
OD-pair. The route choice is expressed in P  through the connection between the 
dimensions i  and a . Due to the speed–flow relation for the links, the marginal effect on 
P  with respect to a unit change of g , is greater the more congested the network is.  

To improve upon the traditional methods, where a constant assignment map is assumed, 
some kind of sensitivity analysis of the traffic assignment is required. Considering the 
relation between P  and g  to be differentiable, we can speak about a Jacobian, which 
describes how a change of the OD-matrix g  will induce a change of the link flows v . 

3. The solution strategy 
For time-dynamic models not much research has been made regarding how sensitivity 
analysis can be used to improve the quality in the solution of the OD-matrix estimation 
problem. One reason might be that there are no well-established analytical models for the 
time-dependent traffic assignment, another that there is hard to generate reliable sensitivity 
information from assignment tools based on simulation. 

We propose to use an iterative algorithm, based on the steepest descent method, to find 
a solution to the estimation problem, given in (1). In the algorithm, outlined next, we will 
utilize the work presented by Lindveld [2] for approximating the directional derivatives of 
the assignment map. His method is, in turn, an extension to the method presented by Maher 
and Zhang [3] for the deterministic, time-independent case, and further developed by 
Maher et al [4] for the stochastic, time-independent case. 

The directional derivatives of the assignment map for the current OD-matrix are 
approximated with a difference quotient, which describes how a change of the OD-matrix 
g  will induce a change of the link flows v . The difference quotient is computed in the 
following way: 

For a certain iterate OD-matrix )(ng  we assume the assignment map to be locally 
constant, i.e. we assume )(nPP =  to hold temporarily. The OD-matrix estimation problem 
(1) can now be easily solved, using (2), and a new, tentative OD-matrix *g  is computed. 
We identify )(*)( nn ggd −=  as the search direction. 
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When *g  is assigned onto the network with the assignment model, we get a new 
assignment map *P  and the corresponding link flows *v . A difference quotient, 

}{ ar
itπ=Π , valid in a neighborhood of )(ng  can now be computed as 

 )(*
)(*
n
itit

n
ararar

it gg
vv

−

−
=π TtIiRrAa ∈∈∈∈∀ ,,,

~
     , .  

The difference quotient Π  is then used to formulate a first order Taylor approximation for 
the relation between the OD-matrix and the link flows in the following way: 
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This linear approximation can be used to simplify and speed up the line search procedure, 
where else a new OD-matrix has to be assigned for every tentative step length.  

We summarize the presentation by outlining the complete heuristic. 
0. Initialization. Initialize )0(g , )0(v  and )0(P , and set 0=n . Normally, the initial 

OD-matrix can be set to gg ˆ)0(
= .  By assigning )0(g  to the network, )0(v  and 

)0(P  are computed. 
1. Computation of tentative OD-matrix. Let *gg =  be the solution to the estimation 

problem (1), under the assumption that )(nPP = . Let )(*)( nn ggd −=  be the 
search direction. 

2. Assignment of tentative OD-matrix. Compute *v  by assigning *g  to the network. 
3. Line search. Identify a maximum steplength, maxα , such that 

Ω∈⋅+ )(
max

)( nn dg α . Perform a line search: )(minarg )()(
0 max

nn
n dgF ⋅+=

≤≤
αα

αα
. 

4. Update. Set )()()1( n
n

nn dgg α+=+ . Compute )1( +nv  and )1( +nP  by assigning 
)1( +ng  to the network. 

5. Stopping criterion. Stop if any stopping criterion holds. Else, set 1+= nn  and go 
to step 1. 

4. Our application 
The method has been implemented together with the software tool Mezzo [1], which is 
used for the time-dependent traffic assignment. Mezzo is a mesoscopic traffic assignment 
tool, developed at the Royal Institute of Technology in Stockholm. It has a stochastic route 
choice model and routines for dealing with inhomogeneous traffic conditions, such as 
shockwaves and queuing. 

Experiments have been performed with a smaller part of the Stockholm network, 
modeling the roads around the Brunnsviken bay, just north of the city center. The 
Brunnsviken test network contains 128 nodes and 155 links. The OD-matrix consists of 122 
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OD-pairs, where the travel demand is specified for 9 time periods, each of which is 15 
minutes long. The total modeled time thus is 2 hour 15 minutes. 

The complete Stockholm network, for which the model is developed, has approximately 
5 000 nodes and 7 000 links and the OD-matrix consists of the connections between around 
450 zones and is specified around the clock in 15 minutes time periods for the peak hours 
and 60 minutes time periods else. 
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