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Let G be a bipartite graph with boy nodes and girl nodes. 

Each boy is hit by the edges to the girls who love him.   

Each girl is hit by the edges to the boys she loves. 

A matching M in G is a subset of its edges such that no node of G is hit by more than one edge of M. 

 

The Marriage Theorem:   

A1(G) = [The boys can marry distinct loving girls, i.e., there is a matching M in G which hits all the boys], or 

A2(G) = [there is a subset S of the boys which is bigger than the set of girls who love anyone in S, 

                          i.e., bigger than the set of girls which are joined by an edge of G to a member of S.] 

Not both. 

 

The Marriage Theorem: A1(G) = not A2(G).    

And so A1(G) ϵ NP∩coNP, since both A1(G) and A2(G) are clearly in NP.   
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Algorithmic Proof of the Marriage Theorem: Let M1 be any matching in G.  

If there is some boy node r who is not hit by M1 

grow a tree T such that every path in T starting at node r alternates between edges not in M1 and edges in M1. 

 

If T reaches another node t which is not hit by matching M1,  

then change edges in the path in T between r and t to get a larger matching,  M2. 

 

If T reaches a state of not being able to grow more and not containing another node not hit by M1, 

then the girl nodes of T are the only nodes of G which the boy nodes of T are joined to by edges of G, 

and there is one more boy node in T than girl nodes in T. 
 

And so  A1(G) ϵ P 

 

 

AUGMENT S =   O  IN TREE 
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Let G be the same bipartite graph as in the Marriage Theorem.   

For each edge j of G let cj  be a number  

(the amount that the girl at one end of edge j loves the boy at the other end of edge j ). 

 

A dual feasible vector, y, has a component vi for each node of G and is such that, for every node i of G,  vi ≥ 0, 

and, for every edge j of G,  yi1 + yi2  ≥ cj , where i1 and i2 are the nodes hit by edge j. 

 

Egervary’s Theorem (1933, the beginning of combinatorial optimization, indeed the beginning of l.p. duality): 

 

Max [ ∑ { cj : j ϵ M } : M is a matching in G]  =  Min [∑ { yi : all nodes i of G} : y is dual feasible]. 

If c is all integers, then the minimizing y can be all integers.  

(Known as the famous Konig theorem when c is all 1s) 

 

Let E1(G, c, M) = [matching M in G does not maximize (∑ { cj : j ϵ M } : M is a matching in G)]   

Let E2(G, c, M) = [there is a feasible vector y such that  

                                [ ∑ { cj : j ϵ M } : matching M in G]  =  ∑ { yi : all nodes i of G}. 

Egervary’s Theorem: not E1(G, c, M) = E2(G, c, M). 

 

Since E1(G, c, M) and E2(G, c, M) are both clearly in NP,  

Egervary’s Theorem tells us that not E1(G, c, M) ϵ NP∩coNP.  
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For a given dual feasible vector y, the equality subgraph, G=
(y),  

consists of all nodes of G and those edges j of G such that yi1 + yi2  = cj ;   

V
+
(y) consists of nodes i such that yi  > 0. 

 

The easy complementary slackness principle of linear programming for Egervary’s 

problem: 

Matching M maximizes ∑ { cj : j ϵ M } iff  

there is a dual feasible y such that M is in G=
(y), and hits all of V

+
(y). 

 

Easy algorithm to prove Egervary’s Theorem,  

The Hungarian Method for the Optimum Assignment Problem: 

Start with any dual feasible y. 

Use the algorithm for the Marriage Problem as a subroutine for finding  

either a matching M in G=
(y), which hits all of V

+
(y), or else a way to 

change to a better dual feasible y by lowering y on the boy nodes of tree T 

and raising y on the girl nodes of T. 

 

And so [not E1(G, c, M)] ϵ P. 
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Recall: 

A predicate, p(x), is a statement with variable input x.  

It is said to be in NP when, for any x such that p(x) is true, there is, relative to the bit-size of x, an 

easy proof that p(x) is true.       

It is said to be in coNP when not p(x) is in NP.  

It is said to be in P when there is an easy (i.e., polynomially bounded time) algorithm for deciding 

whether or not p(x) is true.  

 

Of course P implies NP and coNP.  Fifty years ago I speculated the converse.  

 

Failures in trying to place the NP "traveling salesman predicate" in coNP,  

and successes in placing some closely related polymatroidal predicates in both NP and coNP and 

then in P, prompted me to conjecture that  

(1) the NP traveling salesman predicate is not in P, and  

(2) all predicates in both NP and coNP are in P.  

 

The conjectures have become popular, and are both used as practical axioms. 

I might as well conjecture that the conjectures have no proofs 
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The LP problem is to maximize (or minimize) a linear objective function subject to some linear inequalities. 
The inequalities x ≥ 0 are usually included.  

One form of LP:  max [cx : x ≥ 0 & Ax ≤ b].  The dual LP: min [yb : y ≥ 0 & yA ≥ c]. 

Complimentary slackness principle: y(b – Ax) + (yA-c)x ≥ 0, and therefore we have optimality of the 2 LPs 

iff, for each term in the expansion, one of the two factors is 0. 

As in Egervary’s Hungarian method, great use is made of complimentary slackness in combinatorial optimization. 

 

The set of solutions to a system of linear inequalities is called a polyhedron, P.  It is called a polytope if it is bounded. 

A vertex of a polyhedron is a feasible solution which is unique when a subset of the inequalities are set to equality. 

 

Simple Theorem 1.1: A point x
0
 of P is a vertex iff there is an objective function cx such that cx is maximized uniquely by x

0
. 

Every l.p. with a vertex and with an an optimum is optimized by a vertex. 

Simple Theorem 1.2: A point x
0
 of P is a vertex iff it does not lie strictly between two other points of P.  

A polytope is the convex hull of its vertices. 

 

Egervary’s theorem and 1.1 imply that the convex hull of the 0-1 incidence vectors of the matchings in a bipartite graph is  

P = [x such that xj ≥ 0 for every edge of G; and ∑ { xj : edge j hits node i } ≤ 1 for every node I of G]. 

In other words, the vertices of P are the incidence vectors of the matchings in G.   

 

This is sometimes known as Birkhoff’s theorem (1941).  It can be proved easily without Egervary’s theorem by using 1.2 

and an algorithm for expressing an x in a polytope P given by inequalities as a convex combination of vertices of P:  

Take any x
1
 ϵ P. If it is not a vertex you can satisfy tightly more of the inequalities defining P by an x

2
 ϵ P obtained by changing 

x
1
 in a line (path in G) till one more of the inequalities defining P is satisfied tightly, and also by an x

3
 obtained by changing x

1
 

oppositely in the same line (path in G). Then x
1
 is strictly between x

2
 and x

3
. And so on. 
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One can apply any general l.p. algorithm to maximize cx by a vertex (“basic feasible solution”) of a given system of 

linear inequalities. However the Hungarian method, like most good c&o methods, does not generalize well to general LPs. 

 

 

Four different main areas of well-solved c&o, which all include the 

Marriage problem as a simplest special case, are 

(a) network flow optimizations,  

(b) general (non-bipartite) matching optimizations,  

(c) polymatroidal optimizations,  

and (d)  perfect graph optimizations.   

 

This week we will emphasis (c).   

We will not have time for much of (d), and (a) is ubiquitous. 
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A few words about (b), optimum matchings in a non-bipartite graph G:   

If G is not bipartite, Egervary’s theorem and algorithmic proof still make sense but are not valid. 

The vertices of [x such that xj ≥ 0 for every edge of G; and ∑ { xj : edge j hits node i } ≤ 1 for every node i of G] can be 

fractional (sometimes called fractional matchings in G). 

 

“Maximise cx by an integer-valued x such that x ≥ 0; and ∑ { xj : edge j hits node i } ≤ 1 for every node i of G” 

is a class of true integer linear programs (almost the only class of ILPs for which we know a polynomial time algorithm). 

 

A secret to solving it is to use the following additional “blossom” inequalities.  

For every subset S of 2k+1 nodes of G where k is a positive integer,  ∑{ xj : edge j has both ends in S} ≤ k. 

 

Matching Polytope Theorem.  The vertices of  

P’(G) = [x ≥ 0 for every edge of G: ∑ { xj : edge j hits node i } ≤ 1 for every node i of G; and the blossom inequalities] 

are integer valued and hence are the incidence vectors of the matchings in G.   

In fact, where c is all integers, there is an optimum y of the dual lp of the lp max {cx : x ϵ P’(G)} which is integer valued. 

 

That’s a lot of inequalities for an algorithm based on an explicit list of inequality constraints. 

That does not matter.  The theorem still gives us that predicate [M is a max weight matching in G] ϵ NP∩coNP.  
 

In fact for any combinatorially described set X of vectors where we have an easy way to recognize that a vector x is in X, 

if we have a description of a set L of inequalities whose solution set is the convex hull of X,  

and we have an easy way to recognize that an inequality fits the description of L, then we have that  

predicate p(x0) = [x
0
 maximises cx over X] is in NP∩coNP. 
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Another secret to finding a largest matching in a graph G 

is what to do about the failure of the tree growing algorithm 

which works so well for a bipartite G.  
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Eureka! You shrink. 
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Eureka! You shrink. 

 

 
In the course of the week we will be providing combinatorial treatments of some important games  

like “Nash equilibria for bimatrix games” and “Scarf’s core of n-person cooperative games.” 

Here we describe a fun parlor game which you can use to get your friends to pay for the drinks. 
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Planar Slink: Draw a planar map, for example a subset of the squares on a graph paper. 

The 1st player chooses a region of it.  

Then the players take turns walking across an edge from the last reached region to an unreached region. 

A player loses when he can't do that. 

  

Record the moves by arrows crossing the crossed edges  

or by a new higher number in each reached square. 

  

Try the game with a partner, and think of a strategy for the 2
nd

 player to be sure of winning  

if he knows a partitioning of the regions into pairs so that the regions of each pair share an edge. 
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Slink:  Given any graph G and any starting node, r. 

The two players take turns growing a simple path in G which starts at r  

by choosing an edge which joins the last reached node to an unreached node. 

A player loses when he cannot do that. 

 

Theorem.  The second player can be sure of winning when there is a largest matching in G which 

does not hit node r.   

The first player can be sure of winning when every largest matching in G hits node r. 

 



17 
 

Slink:  Given any graph G and any starting node, r. 

The two players take turns growing a simple path in G which starts at r  

by choosing an edge which joins the last reached node to an unreached node. 

A player loses when he cannot do that. 

 

Theorem.  The second player can be sure of winning when there is a largest matching in G which 

does not hit node r.   

The first player can be sure of winning when every largest matching in G hits node r. 

 



18 
 

Slink:  Given any graph G and any starting node, r. 

The two players take turns growing a simple path in G which starts at r  

by choosing an edge which joins the last reached node to an unreached node. 

A player loses when he cannot do that. 

 

Theorem.  The second player can be sure of winning when there is a largest matching in G which 

does not hit node r.   

The first player can be sure of winning when every largest matching in G hits node r. 

 



19 
 

Slink:  Given any graph G and any starting node, r. 

The two players take turns growing a simple path in G which starts at r  

by choosing an edge which joins the last reached node to an unreached node. 

A player loses when he cannot do that. 

 

Theorem.  The second player can be sure of winning when there is a largest matching in G which 

does not hit node r.   

The first player can be sure of winning when every largest matching in G hits node r. 

 



20 
 

Slink:  Given any graph G and any starting node, r. 

The two players take turns growing a simple path in G which starts at r  

by choosing an edge which joins the last reached node to an unreached node. 

A player loses when he cannot do that. 

 

Theorem.  The second player can be sure of winning when there is a largest matching in G which 

does not hit node r.   

The first player can be sure of winning when every largest matching in G hits node r. 

 



21 
 

Slink:  Given any graph G and any starting node, r. 

The two players take turns growing a simple path in G which starts at r  

by choosing an edge which joins the last reached node to an unreached node. 

A player loses when he cannot do that. 

 

Theorem.  The second player can be sure of winning when there is a largest matching in G which 

does not hit node r.   

The first player can be sure of winning when every largest matching in G hits node r. 

 



22 
 

Now for a few words about polymatroids. In 1934 Boruvnik discovered the second important result in c&o: 

Given a graph G and a numerical value for each edge of G, find a spanning tree having maximum total value. 

The “greedy algorithm” does it. 

      Curiously, noticed only much later: Given a matrix G and a numerical value for each column of G, 

Find a linearly independent subset of columns of G having max total value. 

The “greedy algorithm” does it. 

 

Polymatroids are a linear programming construction of abstract matroids.  

We use them to describe large classes of concrete predicates (i.e., "problems")  

which turn out to be in NP, in coNP, and indeed in P. 

 

An independence system M = (E, F) is a set E of elements and a non-empty family F of “independent subsets”  

such that  every subset of an independent set is independent. 

 

M = (E, F) is a matroid iff for every numerical valuation of E 

the greedy algorithm finds an independent set having maximum total value. 

 

For any S ⊆ E, the rank rM(S) in a matroid M is the size of any maximal independent subset of S. 

Theorem. The convex hull PM of the incidence vectors of the independent sets of M 

(that is, the polytope PM whose vertices are the incidence vectors of the independent sets of M) 

is the solution set of the inequalities: xj ≥ 0 for j ϵ E, and ∑{xj : j ϵ S} ≤ rM(S) for subsets S of E. 

 

Proved by using a “dual greedy algorithm”. 
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“The Matroid Polytope Intersection Theorem”: Where P1 and P2 are the polytopes of any two matroids, 

M1 = (E, F1) and M2 = (E, F2), on the same ground set E,  

the vertex set of polytope  (P1 ∩ P2) is (the vertex set of P1) ∩ (the vertex set of P2). 

 

In other words maximizing cx over the vectors x of common independent sets of M1 and M2 

is the same the same as the very big l.p. : 

maximize cx over [x ≥ 0; and for every subset S of E, ∑(xj : j ϵ S) ≤ min {r1(S), r2(s)}]. 

 

Hence this max equals the min of the dual of this lp. 

Hence relative to an oracle for when a set is independent in  M1 or  M2  : The predicate   

p(J) = [J is a maximum total value common independent set of M1 and M2] is in NP∩coNP. 

 

A polynomial-time algorithm for finding such a set J is a proof  

of the Matroid Polytope Intersection Theorem.  Hence p(J) is in P. 

 

The optimum assignment (marriage) problem is the case where 

A set J of edges in G is independent in matroid M1  when no two edges of J hit the same boy. 

A set J of edges in G is independent in matroid M2  when no two edges of J hit the same girl. 

 

Another important special case is the optimum branching problem. 
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The optimum branching problem: 

Given a network (directed graph) G and a node r of G and numerical value cj for each 

edge j of G, 

Find a branching (directed spanning tree) T in G rooted at node r such that ∑( cj : j in T) 

is max (or min). 

 

A spanning tree T in G is a subset of the edges such that using them there is exactly one 

path between every pair of nodes in G.  A branching T in G rooted at node r is a spanning 

tree such that every path starting at r and using edges of T is uniformly directed. 
 

In other words, a branching T in G rooted at r is a subset of edges  of G such that 

(2.1) T is a basis of the “forest matroid” of G (Matroid M1 ) ; and  

(2.2) each node of G other than r has exactly one edge of G directed toward it,  

and r has no edges directed toward it (Matroid M2 ). 
 

Optimum r-branching:  Find a vertex  x ϵ (P1 ∩ P2) which maximizes Cx. 
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Algorithm for finding an optimum r-branching in G: Keep doing the following 

“Phase 1” until, in the graph resulting from the shrinkings, the chosen edges form  

an r’-branching where r’ is either r or the pseudo-node containing r: 

 

Choose a cheapest edge j directed toward a node or pseudo-node, v,  

toward which no unshrunken edge has yet been chosen. If this creates a directed cycle C 

of chosen edges then shrink C to be a pseudo-node, v(C). 

 

For each unshrunken edge j directed toward v(C), let h be the edge of C which has the 

same head in C as j. Change the effective cost of j from c(j) to c(j) – c(h). 

 

Then do “Phase 2”: Expand pseudo-nodes v(C) in the order they were created, and 

each time delete from the set of chosen edges the unique edge of C which will preserve 

that the remaining chosen edges form an r’-branching. 

 

(2.2.6) Thm. The final set of chosen edges form a least cost r-branching in G. 

 

First discovered as an application of the Matroid Polytope Intersection Theorem. 
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Given a list R = {ri : I = 1, 2, …,k} of the nodes of a directed graph, G,  

an “(edge-disjoint) branching system”, B = { Bi: i = 1,...,k},  

is a list of of edge-disjoint branchings rooted respectively at R = {ri : i = 1,...,k}. 
 

 

“The optimum branching-system problem” is: 

Given a directed graph, G, and an R as above, and a cost c(e) ≥ 0 for each edge e of G, 

find a branching system, B, as above,  

such that the sum of its edge-costs is minimum. 
 

There is a polytime algorithm for it,  

which is most simply described in terms of matroids 
The problem is essentially the same in the case where each ri is the same single node r. 
 

The Edge-disjoint branching theorem: 

Either there are k edge-disjoint r-branchings in G, or there is a cut of size k-1  
separating some non-empty subset S of nodes from r. (Not both.)  
 

      In other words: 
the maximum number of edge-disjoint r-rooted branchings in G  
= the minimum size of a cut separating some non-empty subset S of nodes from node r. 
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2 edge-disjoint branchings 
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Cut of size 2 



57 
 

 

 
 
 

Cut of size 2 
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There is a polytime algorithm for it, which is most simply described in terms of matroids 
The problem is essentially the same in the case where each ri is the same single node r. 
 

The Edge-disjoint branching theorem: 

Either there are k edge-disjoint r-branchings in G, or there is a cut of size k-1  

separating some non-empty subset S of nodes from r. (Not both.)  

      In other words: 
the maximum number of edge-disjoint r-rooted branchings in G  
= the minimum size of a cut separating some non-empty subset S of nodes from node r. 
    
   Corollary:  If a set B of edges in G  
(1) has no edges entering node r, and exactly k edges entering each other node of G  
(a basis of matroid M1); and  
(2) B can be partition into k edge-disjoint spanning trees of G (a basis of matroid M2 ), 
then be can be partitioned into k edge-disjoint branchings, each rooted at r. 
 
So the opt branching systems problem is min cx  
where x is a vertex of P(M1) ∩ P(M2) and x(E) ≡ ∑ (xj : j ϵ E) = rank M1 = rank M2 . 
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During the rest of this week we will pursue these matters some more  
– especially polymatroids and matroid partitioning. 
 
We will study a combinatorial approach to finding a Nash equilibrium of a bimatrix game,  
and a way of solving Scarf’s Cooperative n-person game. 
 

We’ll also look a bit at the Traveling Saleman Problem, the Traveling Preacher Problem,  
the Chinese Postman Problem, the Shannon Switching Game, Strongly Perfect Graphs,  
Balanced matrices, total dual integrality, how to do Gauss elimination in polytime,  
and how to find the integer solutions to a system of linear equations in polytime. 
 
Thank you. 
jackedmonds@rogers.com 
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