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AbstractThe �ltering problem for a nice class of nonlinear stochastic multivariable systems is hereconsidered. The state equation is an Ito bilinear stochastic di�erential equation, whereas theoutput process is given by a linear transformation of the state powers, corrupted by multiplicativenoise. This class includes bilinear stochastic systems and, moreover, it is a generalization of thewell known \cubic sensor", for which the nonexistence of �nite-dimensional �lters was proved.The aim of this paper is to present a new approach consisting in searching for suboptimal state-estimates instead of the conditional statistics. As a �rst result, a �nite-dimensional optimallinear �lter for the subclass of the bilinear stochastic systems is de�ned. Next, the more generalproblem of designing polynomial �nite-dimensional �lters is considered. The equations of a�nite-dimensional �lter are given, producing a state-estimate which is optimal in a class ofpolynomial transformations of the measurements with arbitrarily �xed degree.Key words: square integrable martingales, wide-sense Wiener processes, stochastic bilinearsystems, cubic sensor, Kronecker algebra, Kalman-Bucy �ltering, polynomial �ltering, vectorIto formula





3.1. IntroductionLet us consider the class of nonlinear stochastic systems de�ned on some probability space,namely (
;F ; P ), described by the following Ito equations:dX(t) = A(t)X(t)dt +B1(X(t); dW (t)); (1.1)dY (t) = C(t)�X(t)�[�]dt+B2(X(t); dW (t)); (1.2)where X(t) 2 IRn; Y (t) 2 IRq; � 2 IN; X [�] denotes the Kronecker power (see appendix A) ofthe vector X; W (t) 2 IRp, is a standard Wiener process with respect to some increasing familyof �-algebras, namely fFtg; A(t); C(t) are matrices of proper dimensions; B1; B2 are bilinearforms.We will call system (1.1), (1.2) a cubic-sensor-like system. This name reminds that, in thescalar case, for B1 = B2 = dW and � = 3, system (1.1), (1.2) becomes the well known cubicsensor [1-4].The problem we are faced with consists in searching for �nite-dimensional �lters for the cubic-sensor-like system (1.1), (1.2). We stress that, the class of systems described by (1.1), (1.2),includes also as a particular case, for � = 1, the well known bilinear stochastic systems (BLSS)[5-9], for which the optimal �nite-dimensional �ltering problem is still an interesting one.With the name of �nite-dimensional �lter, we understand a stochastic di�erential equation inthe form dzt = f(zt)dt+ g(zt)dYt; (1.3)endowed with an output transformation: X̂t = h(zt); (1.4)where fzt; t > 0g is some process taking values on a �nite-dimensional linear space. We saythat (1.3), (1.4), is a �nite-dimensional optimal �lter for system (1.1), (1.2), ifX̂(t) = E(X(t)=FYt ); (1.5)where we have denoted FYt the �-algebra generated by the observations fY (s); 0 � s � tg.As shown in [3], for the cubic sensor an optimal �nite dimensional �lter in the form (1.3)does not exists. Indeed the optimal �lter is an in�nite-dimensional one. Of course, from anapplication point of wiew, it becomes crucial to look for �nite-dimensional approximations ofthe optimal �lter.This problem is considered in [4] where, an approximation of the Zakai equation for theunnormalized conditional density is built up under the hypothesis of high signal to noise ratio.However, this method cannot be easily generalizable to the vector case and, in any case, itdoes not yield the state-estimate directly through a �nite-dimensional stochastic di�erentialequation as (1.3), (1.4). In the same paper, a �nite-dimensional �lter, strongly based on thesame assumption of low noise, is de�ned by using the classical Kushner's equation and an errorbound is also given. However, the error bound becomes not meaningful when the signal-to-noiseratio (SNR) decreases. Indeed, the case of low SNR is the most meaningful from an engineeringpoint of view.In this paper we will derive, as an auxiliary result, the optimal linear �ltering equations for aBLSS with linear observations corrupted by multiplicative measurement noise, which will resultin the �nite-dimensional form (1.3), (1.4). We point out that in [12] the optimal linear �lter is



4.derived in the more general setting of linear stochastic equations driven by wide-sense Wiener(WSW) processes, resulting in a Kalman-Bucy scheme. Then, the optimal linear �lter is de�nedfor a scalar BLSS by representing the bilinear form as a WSW process. We will follow the samebasic methodology in deriving the optimal linear �lter for a vector BLSS.Given the situation above described, that is nonexistence or unknowledge of the �nite-dimensional optimal �lter for system (1.1), (1.2), it is of a great interest from an applicationpoint of view to search for suboptimal �lters showing a better performance with respect to thelinear one.This suboptimal approach has been recently developed for discrete-time systems in [10-11]where a general polynomial �lter of any arbitrarily �xed degree is de�ned for linear non-Gaussiansystems [10] and bilinear systems [11]. The polynomial �lter is able to produce recursively, theoptimal state-estimate in a class of polynomials of all the currently available measurementsincluding the linear transformations. For this reason, in a non-Gaussian setting, it represents animprovement of the classical Kalman �ltering. Indeed, many numerical simulations have shownthat the improvement in performance may be very large especially when noises distributions arevery far from Gaussianity.In this paper we will adopt an extension of this suboptimal approach to continuous timeprocesses which will allow us to de�ne a �nite-dimensional �lter in the form (1.3), (1.4), pro-ducing the optimal state-estimate in a suitably de�ned class of polynomial transformations ofthe measurements.The program of the polynomial �ltering methodology consists essentially in the following threesteps:i) de�nition of a class of polynomial estimators;ii) the problem of �nding the optimal �lter for the cubic-sensor-like system in the above classof polynomial estimators is reduced to an optimal linear �ltering problem for a suitableaugmented system. The augmented system will result in a linear SDE with WSW di�usions.In particular the state of the augmented system (augmented state) contains the originalstate, its Kronecker powers and also Kronecker products with the observation process. Theoutput of the augmented state (augmented observation) contains the original output processtogether with its Kronecker powers up to a �xed degree.iii) Application of a Kalman-Bucy scheme to the augmented system. This will give us therequired polynomial �lter.The paper is organized as follows.x2 deals with point i). In x3 the overall setup of the problem is presented. x4,5,6 are concernedwith some preliminary results. In particular, in x4 a method for transforming a vector BLSSin a linear system with WSW di�usions is presented. In x5 a vector Ito's formula is de�ned,by using the Kronecker formalism. In x6 a general formula, de�ning the stochastic di�erentialof the Kronecker power of some process, solution of a bilinear SDE, is found. In x7 point ii) istreated. Finally, in x8 the complete solution of the problem is presented, resulting in a systemof equations which de�ne a polynomial �lter (of an arbitrarily �xed degree) for the cubic-sensor-like system. In x9 the above theory is specialized for the classical scalar cubic sensor. TwoAppendices are included in order to make more readable the paper.



5.2. Suboptimal �lteringThis section is devoted to the de�nition of the class of estimators considered in this paper.First of all, let us recall some results about linear �ltering [12] which will be widely used in thefollowing.Let I an interval (bounded or not) in the real line and consider a family f�t; t 2 Ig of L2random variables valued on some �nite dimensional euclidean space. For t 2 I, let us de�ne thesubspace Lt(�) � L2 linearly spanned by f�s; s � tg as the L2-closure of the set L0t(�):L0t(�) �=n� 2 L2 : 9j 2 IN;9t1; :::; tj 2 I; t1 � ::: � tj � t;9 matrices Mt1 ; :::;Mtj ;9 a vector b; such that � = jXi=1Mti�ti + bo:Let �(�=Lt(�)) denote the orthogonal projection operator onto Lt(�). Then, for any given L2random variable � we can de�ne the optimal linear estimate of � given f�s; s � tg as �(�=Lt(�)).Now, suppose there exists an integer � such thatE(k�tk2�) � +1; 8t 2 I:then, we can give the following de�nition.De�nition 2.1. We call �-th degree polynomial estimate of � given f�s; s � tg the randomvariable �(�=P(�)t (�)), where P(�)t (�) �=Lt(�(�))and �(�) is the process: �(�) �=266664 �[�]�[��1]...�1
377775 :From De�nition 2.1 we see that �(�=P(�)t ) is the mean square optimal estimate of � amongall estimates, namely �, that are either in the form:� = kXi;j=1Mi;j�[j]ti + b;for such a k 2 IN, t1; :::; tk 2 I, t1 � ::: � tk, for such a vector b and matrices Mi;j , i; j = 1; :::; k,or are mean square limits of these. It includes the linear estimates and moreover:P(�)t (�) � P(�+1)t (�); 8� � 1so that, for the polynomial estimates: �̂(�) = �(�=P(�)t (�)), �̂(�+1) = �(�=P(�+1)t (�)) it resultsE(k� � �̂(�+1)k2) � E(k� � �̂(�)k2); 8� � 1



6.that is, the estimation quality is not decreasing for increasing �.Now, the aim of this paper can be expressed in a more precise manner as follows: for anygiven � �nd a �nite-dimensional �lter in the form (1.3), (1.4), such that X̂(t) agrees with theoptimal �-th degree polynomial estimate of the state of the cubic-sensor-like system (1.1), (1.2).Such a �lter will be referred in the following as �-th degree polynomial �lter.A crucial topic involved in the derivation of the polynomial �lter is the linear estimation ofstochastic processes generated by linear models driven by WSW processes, which we brieydescribe below (see [12, ch. 15] for a detailed discussion with proofs).Let ~W (i)(t) 2 IRl, i = 1; :::;m, be mutually uncorrelated WSW processes. Let us consider thefollowing linear stochastic system:dX(t) = A(t)X(t)dt + mXi=1 Bi(t)d ~W (i)(t); X(0) = �X;dY (t) = C(t)X(t)dt + mXi=1Di(t)d ~W (i)(t); (2.1)where t 2 [0 tM ], X(t) 2 IRn, Y (t) 2 IRq , A(t); C(t); Bi(t);Di(t), i = 1; :::;m, are suitablydimensioned matrices, �X is a square integrable random vector. Model (2.1) can be interpretedas a continuous-time linear non-Gaussian system. We can consider the processes X;Y evolvingin suitable L2 spaces of square integrable random vectors. Let us denote with X̂(t) the optimallinear estimate of X(t), that is X̂(t) = �(X(t)=Lt(Y )). Then the following system of equationscan be easily derived from [12, Th. 15.3]dX̂(t) = A(t)X̂(t)dt+ � mXi=1 Bi(t)Di(t)T + P (t)C(t)T�� mXi=1Di(t)Di(t)T��1(dY (t)� C(t)X̂(t)dt);dP (t)dt = A(t)P (t) + P (t)A(t)T + mXi=1Di(t)Di(t)T� � mXi=1 Bi(t)Di(t)T + P (t)C(t)T�� mXi=1Di(t)Di(t)T��1� mXi=1 Bi(t)Di(t)T + Pt(t)C(t)T�T ;X̂(0) = E( �X); P (0) = E�( �X �E( �X))( �X �E( �X))T�; (2.2)where P (t) represents the �ltering error covariance matrix. Note that in equations (2.2) thenonsingularity of the matrix function PiDi(t)Di(t)T over the time interval [0 tM ] is required.As we will see in a next section, the class of the BLSS's can be represented in the form (2.1).Then, equations (2.2) will allow us to obtain the optimal linear �lter for a BLSS. This is acrucial point in the methodology here described, in that the way to derive the polynomial �lterequations will consist in reduce the original problem to a linear �ltering problem for a suitablyde�ned BLSS.



7.3. The system to be �lteredLet T = [0 tM ], (
;F ; P ) be a probability triple and fFtg, t 2 T , be a family of non decreasingsub �-algebras of F . Moreover let (W (t);Ft) be an IRp-valued standard Wiener process, � � 1 agiven integer, and �X 2 IRn an F0-measurable random variable such that there exists an integer� � 1 for which: E(k �Xk2��) < +1:For the random variable �X we suppose to know the moments m(i)�X :m(i)�X �=E( �X [i]); i = 1; :::; 2��: (3.1)Let us consider the stochastic system:dX(t) = A(t)X(t)dt +H(t)u(t)dt + pXk=1 �BkX(t) + Fk�dWk(t); (3.2)dY (t) = C(t)�X(t)�[�]dt+ pXk=1 �DkX(t) +Gk�dWk(t); (3.3)where A(t) 2 IRn�n, C(t) 2 IRq�n� , H(t) 2 IRn�m, Bk 2 IRn�n, Fk 2 IRn, Dk 2 IRq�n,Gk 2 IRq, for k = 1; :::; p, Wk(t) denotes the k-th component of the standard Wiener processW (t) 2 IRp, u(t) 2 IRm is a deterministic input. Eq. (3.2) is endowed with the initial conditionX(0) = �X. In the following we shall denote with I�, � = 0; 1; :::, the �� � identity matrix; weconventionally assume I0 = 1. We make the following assumption on system (3.2), (3.3):Assumption 3.1. There exists a �k, 1 � �k � p, such that the matrix D�kDT�k is nonsingular.Remark 3.2. Assumption 3.1 implies that we can assume, without loss of generality, that thereexists a �k, 1 � �k � p, such that D�k = [Iq 0]: (3.4)Indeed, let �k such that D�kDT�k is nonsingular, and de�ne the matrix T 2 IRn�n as:T = �D�kR � ;where R 2 IR(n�q)�n is choosen such that the whole T results in a nonsingular matrix. It is easyto verify that D�kT�1 = [Iq 0]. Hence, we can always modify system (3.2), (3.3), by using T as amatrix performing a change of coordinates in the state space, and assure that the representation(3.4) holds for at least one �k 2 f1; :::; pg.The problem we are faced with, consists in �nding a �nite-dimensional �lter in the form (1.3),(1.4), such that: bX(t) = ��X(t)=P(�)t (Y )�; (3.5)where the space P(�)t (Y ) is given by de�nition 2.1.As above mentioned (see point ii) in the introduction) we will prove that there exists aBLSS for which the optimal linear �ltering problem is equivalent to the original polynomial�ltering problem for system (3.2), (3.3). At this purpose, in the next two sections we state somepreliminary results. The �rst one concernes the de�nition of the optimal linear �lter for a BLSS.



8.4. Optimal linear �ltering for BLSS'sLet us consider system (3.2), (3.3), with � = 1 (hence, a BLSS). Moreover let 	X(t) thecovariance matrix of the state process: 	X(t) = E�(X(t) � E(X(t))(X(t) � E(X(t)))T �. Theproblem of �nding a �nite-dimensional optimal linear �lter for the BLSS (3.2), (3.3) was upto now unsolved in the general case [12]. In this section, we give a solution of this problem,in that we will prove the existence of a linear stochastic system with WSW di�usions, whichis equivalent to the original BLSS (3.2), (3.3). Indeed, a version of the classical Kalman-Bucytheory [19], solves the optimal linear �ltering problem in this case.Let M 2 IR��� a symmetric positive semide�nite matrix, such that rank(M) = � � �. Aswell known, there exists a full rank matrix N 2 IR��� such that NNT = M . We will use thefollowing notation: M ( 12 ) �=N;that is a \rectangular square root" of the matrix M . Note that, by de�nition, the matrixM (1=2)TM (1=2) is nonsingular.Theorem 4.1. Let us consider the system (3.2), (3.3), with � = 1. Suppose that the matrix	X(t) is nonsingular for any t 2 T . Let us consider, for k = 1; :::; p, the integers �k � n, �k � qsuch that: �k �= ranknBk �	X(t) � BkTo;�k �= ranknDk �	X(t) �DkTo; 8t 2 T: (4.1)Then there exists the following representation:dX(t) = A(t)X(t)dt +H(t)u(t) + 2pXk=1 ~Bk(t)d ~Wk;1(t); X0 = �X (4.2)dY (t) = C(t)X(t)dt + 2pXk=1 ~Dk(t)d ~Wk;2(t); (4.3)where, for k = 1; :::; p: ~Bk(t) 2 IRn��k and ~Dk(t) 2 IRn��k are given by~Bk(t) �=�Bk �	X(t) � BTk �( 12 ); (4.4)~Dk(t) �=�Dk �	X(t) �DkT�( 12 ); (4.5)for k = p+ 1; :::; 2p: ~Bk(t) �=Bk�pE�X(t)�+ Fk�p; (4.6)~Dk(t) �=Dk�pE�X(t)�+Gk�p: (4.7)For i = 1; 2, the set f ~Wk;i; k = 1; :::; 2pg is a set of 2p mutually uncorrelated standard WSWprocesses. In particular, for k = 1; :::; p, ~Wk;1(t) 2 IR�k , ~Wk;2(t) 2 IR�k ; for k = p+1; :::; 2p:~Wk;1(t) = ~Wk;2(t) =Wk�p(t); (4.9)



9.Proof. For k = 1; :::; p, let us de�ne the processes ~Wk;1; ~Wk;2 as~Wk;1(t) = Z t0 � ~Bk(�)T ~Bk(�)��1 ~Bk(�)TBk�X(�)�E(X(�))�dWk(�); (4.10)~Wk;2(t) = Z t0 � ~Dk(�)T ~Dk(�)��1 ~Dk(�)TDk�X(�)�E(X(�))�dWk(�); (4.11)where ~Bk; ~Dk are given by (4.4), (4.5). Let us show that ~Wk;i, i = 1; 2, are standard WSWprocesses. As a matter of fact, using well known properties of the Ito integral and (4.4), itresults, for s < t:E� ~Wk;1(t) ~Wk;1(s)T �= Z s0 � ~Bk(�)T ~Bk(�)��1 ~Bk(�)T � �Bk	X(�)�BTk � ~Bk(�)� ~Bk(�)T ~Bk(�)��1 d�= Z s0 � ~Bk(�)T ~Bk(�)��1 ~Bk(�)T � ~Bk(�) ~Bk(�)T � � ~Bk(�)� ~Bk(�)T ~Bk(�)��1 d�= I�k � s;Similarly, taking again an s < t, it can be proved thatE� ~Wk;2(t) ~Wk;2(s)T � = I�k � s;and hence, since the Wiener's process components W1; :::;Wp, are mutually independent, wehave that, for i = 1; 2, f ~Wk;i; k = 1; :::; pg is a family of mutually independent (vector) WSWprocesses with identity covariance.Now let us show that, for k = 1; :::; p, (almost surely):~Bk(t)d ~Wk;1(t) = Bk�X(t)�E(X(t))�dWk(t); (4.12)~Dk(t)d ~Wk;2(t) = Dk�X(t) �E(X(t))�dWk(t): (4.13)From the hypotheses it results well de�ned the symmetric positive-de�nite matrix 	(t)1=2.Hence, for any y(t) 2 IRn we can de�ne �y(t) 2 IRn such that y(t) = 	x(t)�y(t). Next, letus consider the decomposition �y(t) = �y1(t) + �y2(t), where�y1(t) 2 R�	X(t)1=2BTk �; �y2(t) 2 nR�	X(t)1=2BTk �o? = N �Bk	X(t)1=2�; (4.14)where N (M), R(M) denote the null-space and the range respectively of a matrix M . Using(4.14) and choosing a �z(t) such that �y1(t) = 	X(t)1=2Bk�z(t), we haveBky(t) = Bk	X(t) 12 �y(t) = Bk	X(t) 12 �y1(t) = Bk	X(t)BTk �z(t) = ~Bk(t) ~Bk(t)T �z(t);where the de�nition of ~Bk(t), given by (4.4) has been used. From the above it follows that forany y(t) 2 IRn there exists a z(t) 2 IR�k (indeed z(t) = ~Bk(t)T �z(t)) such thatBky(t) = ~Bk(t)z(t); 8t 2 T: (4.15)



10.Equality (4.15) implies that, for any y(t) we have~Bk(t)� ~Bk(t)T ~Bk(t)��1 ~Bk(t)TBky(t) = ~Bk(t)� ~Bk(t)T ~Bk(t)��1 ~Bk(t)T ~Bk(t)z(t)= ~Bk(t)z(t) = Bky(t);from which, using the de�nition of ~Wk;1 given by (4.10) equality (4.12) follows. A similarargument can be used to prove (4.13).Finally, by adding and subtracting the state-expectation E�X(t)�, in the bilinear forms of(3.2), (3.3) and taking into account of (4.12), (4.13), we obtain the representation (4.2), (4.3).The thesis follows as soon as it is proven that, for i = 1; 2, ~Wk0;i(t) (p + 1 � k0 � 2p) isuncorrelated with ~Wk00;i(t) (1 � k00 � p). As a matter of fact, from (4.9), for p+ 1 � k0 � 2p,k00 6= k0 � p: E� ~Wk00;1(t) ~Wk0;1(t)T � = E� ~Wk00;1(t)Wk0�p(t)T � = 0;and, for k00 = k0 � p:E� ~Wk00;1(t) ~Wk0;1(t)T � = E� ~Wk00;1(t)Wk00(t)T �= E Z t0 � ~Bk00(�)T ~Bk00(�)��1 ~Bk00(�)TBk00�X(�) �E(X(�))�dWk00(�) � Z t0 dWk00(�)!= Z t0 E�� ~Bk00(�)T ~Bk00(�)��1 ~Bk00(�)TBk00�X(�) �E(X(�))��d� = 0:Similarly, it is possible to show that E� ~Wk00;2(t) ~Wk0;2(t)T � = 0 for p+ 1 � k0 � 2p.Remark 4.2. Although Theorem 4.1 is stated for a BLSS, nevertheless the hypothesis � = 1in (3.3) is not essential. Indeed, the Theorem gives a way to transform a bilinear form of X andof a Wiener process into a linear form of a WSW process. Hence, for � > 1 we would obtain thesame representation (4.2), (4.3), where in (4.3) we should replace X(t) with X(t)[�].In the following theorem it will be given a su�cient condition which guarantees the nonsingularity of �X(t). Let us consider a time-invariant version of the BLSS given by (3.2), (3.3)with � = 1:dX(t) = AX(t)dt +Hu(t)dt+ pXk=1BkX(t)dWk(t) + FdN(t); X(t0) = �X (4.16)dY (t) = CX(t)dt+ pXk=1DkX(t)dWk(t) +GdN(t); (4.17)where t0 2 IR is an \initial time", and we have introduced another Wiener process (N(t);Ft)uncorrelated with W . We suppose that the system (4.16), (4.17) is well de�ned over the timeinterval [t0 1).Theorem 4.3. Let the matrix 	X(t0) be nonsingular (or the pair (A;F ) of the state equation(4.16) be controllable), then the state-covariance matrix 	X(t) is non singular for any t � t0,(t > 0).



11.Proof. The following equation is easily recognized to hold for 	X(t):	X(t) = eA(t�t0)	X(t0)eAT (t�t0) + pXk=1Z tt0 eA(t��)BkE(X(�)X(�)T )BTk eAT (t��)d�+ Z tt0 eA(t��)FF T eAT (t��)d�: (4.18)The thesis follows by noting that the three terms in the right hand side of (4.18) are at least sym-metric nonnegative de�nite and in particular, the nonsingularity of �X(t0) and the hypothesisof controllability imply the positive de�niteness of the �rst and the third term respectively.Remark 4.4. Note that, when theorem 4.3 holds with t0 < 0, it results that, for any �nitetime-interval T � [t0 +1) the state-covariance has the property: 	X(t) > � � I, 8t 2 T (Idenotes the identity) for some real number � > 0, (it is unifomly nonsingular in T ).Now, we can state the following theorem, which de�nes the optimal linear �lter for aBLSS.Theorem 4.5. Let be given the time-invariant BLSS as de�ned in equations (4.16), (4.17). Letthe hypotheses of theorem 4.3 be satis�ed. Moreover, let us suppose thatrank(Dk) = q for such a k; or rank(G) = q: (4.28)Then, with reference to the notations of x2, the optimal linear estimate of the state process X,namely X̂, and the error covarianceP (t) = E�(X(t)� X̂(t))(X(t) � X̂(t))T �;satisfy the following system of equations:dm(t)dt = Am(t) +Hu(t); m(0) = �m; (4.19)d	X(t)dt = A	X(t) + 	X(t)AT + pXk=1Bk	X(t)BTk + FF T+ pXk=1Bkm(t)m(t)TBTk ; 	X(0) = �	X ; (4.20)~Bk(t) = 8><>:�Bk �	X(t) �BTk �( 12 ); 1 � k � pBk�pm(t); p+ 1 � k � 2pF (t); k = 2p+ 1 (4.21)~Dk(t) = 8><>:�Dk �	X(t) �DTk �( 12 ); 1 � k � pDk�pm(t); p+ 1 � k � 2pG(t); k = 2p+ 1 (4.22)R(t) = 2p+1Xi=1 ~Di(t) ~Di(t)T (4.23)



12. dPtdt = AP (t) + P (t)AT +R(t)� � 2p+1Xi=1 ~Bi(t) ~Di(t)T + P (t)CT�R(t)�1� 2p+1Xi=1 ~Bi(t) ~Di(t)T + P (t)CT�T ; (4.24)P (0) = �	X ; (4.25)dX̂(t) = AX̂(t)dt+ � 2p+1Xi=1 ~Bi(t) ~Di(t)T + P (t)CT�R(t)�1(dY (t)� CX̂(t)dt); (4.26)X̂(0) = �m; (4.27)Proof. (4.19) readily derives by taking the expectations of both sides of (4.16). Moreover(4.20) is easily obtained by di�erentiating eq. (4.18). From Theorem 4.3 and Remark 4.4 	X(t)is uniformly nonsingular in T . Then, we can apply theorem 4.1 in order to put system (4.16),(4.17), in the form of a linear stochastic system with suitable WSW state and output di�usions,deriving from eq.ns (4.2), (4.3). Note that, such an equivalent system is a time-varying one evenif it is derived from the time-invariant BLSS (4.16), (4.17). Now from (4.22), (4.23) it results:R(t) �= pXk=1Dk	X(t)DTk + pXk=1Dkm(t)m(t)TDTk +GGTwhich is uniformly nonsingular in T , by the hypothesis (4.28) (and possibly by the uniformnonsingularity of 	X(t)). The thesis easily derives from an application of [12, Th.15.3] to therepresentation (4.2), (4.3).5. The vector Ito formula in the Kronecker formalismIn this section, by using a formalism derived from the Kronecker algebra, we present a newversion of the Ito formula which has, with respect to the classical formulation, the advantage ofbeing much more compact and will allow us to calculate, for a given stochastic process �, thestochastic di�erential of the process �[h], where [h] is any integer Kronecker power.Let x 2 IRn and F be any C2 function in IRm�p, we introduce the matrix (d=dx) 
 F (x),having dimensions m� (n � p), de�ned asddx 
 F (x) �= h@F (x)@x1 : : : @F (x)@xn i; (5.1)where the operator d=dx is given by ddx �= h @@x1 : : : @@xn i: (5.2)Note that in (5.1) the rules de�ning the Kroneker product between matrices (see de�nition A.1)are formally satis�ed, provided that the \multiplication" between the di�erential operator @=@xiand a matrix function F (x) is conventionally de�ned as@@xi � F (x) = @F (x)@xi



13.where the right hand side has the usual meaning. Similarly, we can de�ne the operator:ddx 
 ddx �= h @2@x21 @2@x1@x2 : : : @2@x2n i:Also in this case the composition rule of the Kronecker product is satis�ed, but the \multipli-cation" between the di�erential operators @=@xi and @=@xi had to be interpreted as resultingin the di�erential operator @2=@xi@xj . In general, we will adopt the convention: the multiplica-tion between a di�erential operator and a function F results in a function (the derivative of F )whereas the multiplication between two di�erential operators results in a di�erential operator(the second order di�erential operator). Obviously, this convention could be generalized in orderto give a precise meaning to the quantity:d[h]dx[h] 
 F (x);for any integer h � 0. However, in this paper we are concerned at most with second orderderivatives.It is easy to recognize that, for any matrix, namely M , and for any pair of di�erentiablematrix functions, namely V (x) and W (x), having suitable dimensions, it resultsddx 
 (V (x)
W (x)) = � ddx 
 V (x)�
W (x) + V (x)
 � ddx 
W (x)�: (5.3)ddx 
 (MW (x)) =M� ddx 
W (x)�: (5.4)Moreover, the following \associative" property holds:ddx 
 ddx 
 F (x) = � ddx 
 ddx�
 F (x) = ddx 
 � ddx 
 F (x)�:Using the above notation, we can prove the following lemma, which will be very useful in thefollowing sections.Lemma 5.1. For any integer h � 1 and x 2 IRn, it resultsddx 
 x[h] = Uhn (In 
 x[h�1]) (5.5)and for any h > 1: ddx 
 ddx 
 x[h] = Ohn(In2 
 x[h�2]); (5.6)where the matrices CTu;v, u; v 2 IN, are the commutation matrices de�ned by theorem A.3. andUhn �=� h�1X�=0CTn;nh�1�� 
 In��;Ohn �= h�1X�=0 h�2Xs=0(CTn;nh�1�� 
 In� )(In 
CTn;nh�2�s 
 In):



14.Proof. According to de�nition (5.1) and using (3.3), we haveQh �= ddx 
 x[h] = ddx 
 (x
 x[h�1]) = In 
 x[h�1] + x
 � ddx 
 x[h�1]�; (5.7)that is Qh = In 
 x[h�1] + x
Q(h�1); (5.8)from which, using theorem A.3, we obtainddx 
 x[h] = h�1X�=0 x[h�1�� ] 
 In 
 x[� ] = h�1X�=0CTn;nh�1�� (In 
 x[h�1�� ])
 x[� ];from which (5.5) follows, taking into account the property (A.3c).Similarly, by exploiting (5.3), (5.5) and (A.3c) it resultsddx 
 ddx 
 x[h]= ddx 
 � h�1X�=0CTn;nh�1�� 
 In��(In 
 x[h�1])!= h�1X�=0(CTn;nh�1�� 
 In� )� ddx 
 (In 
 x[h�1])�= h�1X�=0(CTn;nh�1�� 
 In� )�In 
 � ddx 
 x[h�1]��= h�1X�=0(CTn;nh�1�� 
 In� )�In 
 �� h�2Xs=0 CTn;nh�2�s 
 Ins�(In 
 x[h�2])��= h�1X�=0 h�2Xs=0(CTn;nh�1�� 
 In� )�In 
 �(CTn;nh�2�s 
 Ins)(In 
 x[h�2])��= h�1X�=0 h�2Xs=0(CTn;nh�1�� 
 In� )��In 
 (CTn;nh�2�s 
 Ins)��In 
 (In 
 x[h�2])��;so that the proof is completed.Now, we are able to rewrite the vector valued version of the Ito formula in the Kroneckerformalism.Theorem 5.2. Let (Xt;Ft) be a vector continuous semimartingale in IRn described by the Ito'sstochastic di�erential: dXt = d�t + dMt; (5.9)where (�t;Ft) is an a.s. continuous bounded variation process and (Mt;Ft) is a square integrablemartingale. Let F : IRn ! IRp;be a continuous function endowed with the �rst and second derivatives. Then the process Zt =F (Xt) is a square integrable semimartingale, whose di�erential is given bydZt = � ddx 
 F (x)�x=XtdXt + 12� ddx 
 ddx 
 F (x)�x=Xt(dMt)[2]; (5.10)



15.with (dMt)[2] denoting the associate quadratic variation process whose arguments are(dMt)[2] = 2664 d < M1;M1 >td < M1;M2 >t...d < Mn;Mn >t 3775 ; (5.11)with obvious meaning of symbols [12-14].Proof. . Formula (5.11) can be directly veri�ed by using Ito formula in the scalar case (seefor instance [13, Th. 4.2.1]) and taking into account the de�nition of the di�erential operatord=dx.6. Stochastic di�erential for the Kronecker power of a BLSS solutionUsing the Ito formula, in the version given by Theorem 5.2, we can now prove the followingTheorem, which de�nes the stochastic di�erential for the power process of the solution of abilinear SDE. This will be the fundamental tool in the derivation of the augmented system.Theorem 6.1. Let �(t) 2 IRd the process de�ned by the following SDE:d�(t) = (�(t)�(t) + (t))dt + pXk=1(�k�(t) + �k)dWk(t); (6.1)where, �(t);�k 2 IRd�d, (t); �k 2 IRd. Then, de�ning�2 �= pXk=1�[2]k ; �1 �= pXk=1(�k 
 �k + �k 
�k); �0 �= pXk=1�[2]k ; (6.2)it results, for i � 2:d�[i](t) = �M0i (t)�[i](t)+M1i (t)�[i�1](t)+M2i�[i�2](t)�dt+ pXk=1 �G0k;i�[i](t)+G1k;i�[i�1](t)�dWk(t);where M0i (t) = U id(�(t)
 Idi�1) + 12Oid(�2 
 Idi�2)M1i (t) = U id((t)
 Idi�1) + 12Oid(�1 
 Idi�2)M2i = 12Oid��0 
 Idi�2�G0k;i = U id(�k 
 Idi�1)G1k;i = U id(�k 
 Idi�1)Proof. By using property (A.3c) the following formula is easily recognized to hold for anyk = 0; 1; ::, j = 1; 2; :::,  2 IR�, M 2 IRr��k :(Ir 
  [j])M [k] = (M 
 I�j ) [k+j]: (6.3)



16.Let us apply Theorem 5.2 for X = �, F (�) = �[i], d� = (�� + )dt and dM = d�, where � isthe martingale: �(t) �=Z t0 pXk=1 ��k(�)�(�) + �k(�)�dWk(�):Using formulas (5.5), (5.6), it results (understanding time dependencies):d�[i] = U id(Id 
 �[i�1])(��dt+ dt+ d�) + 12Oid(Id2 
 �[i�2])(d�)[2]: (6.4)By exploiting the de�nition (5.11) it results(d�)[2] = ��2�[2] +�1�+�0�dt; (6.5)where �2;�1;�0 are given by (6.2). By subsituting (6.5) in (6.4) and using formula (6.3), thethesis follows.7. The augmented systemLet us return to consider the cubic-sensor-like system (3.2), (3.3). In this section, by means of arepeated application of Theorem 6.1, we will show that the process (X;Y ), and its powers up toa certain degree, represents a solution of suitably de�ned bilinear SDE. The latter will be nexttransformed into a linear system with WSW di�usions, generating the powers of the observationY up to the required degree (the augmented system).First of all, we de�ne the process Xe asXe(t) �=2664 X(t)X [2](t)...X [�](t)3775 ; (7.1)and call it the extended state process. By using Theorem 6.1 for � = X(t), we can derive a SDEfor the processes X [i], i = 2; :::; �:dX [i](t) = �M0i (t)X [i](t) +M1i (t)X [i�1](t) +M2i X [i�2](t)�dt+ pXk=1 �G0k;iX [i](t) +G1iX [i�1](t)�dWk(t); (7.2)where M0i (t) = U in(A(t)
 Ini�1) + 12Oin�	2 
 Ini�2�M1i (t) = U in�(H(t)u(t)) 
 Ini�1�+ 12Oin�	1 
 Ini�2�M2i = 12Oin�	0 
 Ini�2�G0k;i = U in(Bk 
 Ini�1)G1k;i = U in(Fk 
 Ini�1); (7.3)
and 	2;	1;	0 are given by	2 �= pXk=1B[2]k ; 	1 �= pXk=1(Bk 
 Fk + Fk 
Bk); 	0 �= pXk=1F [2]k :By aggregating eq (3.2) and eq. (7.2) for i = 2; :::; �, rewriting eq (3.3) so to enhance thedependance of Xe, we can write the equations of an extended system as stated in the followingproposition.



17.Proposition 7.1. The processes Xe and Y de�ned in (7.1), (3.3) are the state and outputprocesses respectively, of the following bilinear stochastic di�erential system (extended system):dXe(t) = �Ae(t)Xe(t) + �(t)�dt+ pXk=1 �Be;kXe(t) + �k�dWk(t)dY (t) = Ce(t)Xe(t)dt+ pXk=1 �De;kXe(t) +Gk�dWk(t)where Ae(t) = 266666664 A(t) 0 : : : 0M12 (t) M02 (t) . . .M23 M13 (t) M03 (t) ...... . . . . . . . . . 00 : : : M2� M1�(t) M0�(t)
377777775 ;

Be;k = 266664 Bk 0 : : : 0G1k;2 G0k;2 ...... . . . . . .0 : : : G1k;� G0k;�
377775 ; �(t) = 266664H(t)u(t)M220...0

377775 ; �k = 2664Fk0...0 3775 ;Ce(t) = [ 0 : : : 0 C(t) ] ; De;k = [Dk 0 : : : 0 ] : (7.4)The block-entries of matrices Ae(t), Be;k are de�ned in (7.3).The de�nition of the extended system allows us to write the observed process Y as the outputof a bilinear system instead of the originary nonlinear system (3.2), (3.3). However, the extendedstate process, as is de�ned in (7.1), collects all the products between powered components ofthe originary state X (up to the �-th degree). This implies the presence of redundant scalarequations in the vector extended system de�ned in Proposition 3.1. This in turn implies thefollowing:a) The dimension of the extended system is uselessly great;b) some non-degeneracy conditions involved in the �ltering problem are not satisfyied (thispoint will be more clear later).Nevertheless it is possible to overcome these troubles by writing down the equations of a newreduced extended system, as explained below.Let x 2 IRd and h a positive integer. We recall that, the following relations hold, linkingtogether the reduced h-th Kroneker power of x [11], [16], namely x[h] and the (ordinary) h-thKronecker power x[h]: x[h] = T hd x[h]; x[h] = ~T hd x[h]; (7.5)where T hd and ~T hd are suitably dimensioned transformation matrices [11].Now, let us de�ne the vector X(r)e (t) as:X(r)e (t) �=26664 X(t)X[2](t)...X[�](t)37775 ; (7.6)



18.then the following relations are easily recognized to hold:X(r)e (t) = ~RXe(t); Xe(t) = RX(r)e (t); (7.7)where ~R �=26664 In 0 : : : 00 ~T 2n ...... . . .: : : ~T�n
37775 ; R �=26664 In 0 : : : 00 T 2n ...... . . .: : : T�n

37775 :The above de�ned process X(r)e agree with the extended state process Xe, but the redundancycontained therein is eliminated. Using relations (7.7) and the extended system equations weobtain the following reduced extended systemdX(r)e (t) = � ~RAe(t)R�X(r)e (t) + ~R�(t))dt + pXk=1 �( ~RBe;kR)X(r)e (t) + ~R�k�dWk(t)dY (t) = �Ce(t)R�X(r)e (t)dt+ pXk=1 �De;kX(r)e (t) +Gk�dWk(t): (7.8)Now, let us de�ne the process Z: Z(t) �= � Y (t)X(r)e (t) � ; (7.9)and let � = dim(Z). Moreover let us de�ne the augmented process:Z(t) �=26664 Z(t)Z[2](t)...Z[�](t)37775 : (7.10)We can derive a SDE for the process Z in the following way. First of all note that, from (7.8),Z satis�es the following SDE:dZ(t) = � ~A(t)Z(t) + ~�(t)�dt+ pXk=1 � ~BkZ(t) + ~�k�dWk(t); (7.11)where~A(t) �= � 0 Ce(t)R0 ~RAe(t)R � ; ~�(t) �= � 0~R�(t) � ; ~Bk �= � 0 De;k0 ~RBe;kR � ; ~�k = � Gk~R�k � : (7.12)Next, by applying Theorem 6.1 to the process Z, it results for i = 2; :::; �:dZ [i](t) = �L0i (t)Z [i](t)+L1i (t)Z [i�1](t)+L2iZ [i�2](t)�dt+ pXk=1 �V 0k;iZ [i](t)+V 1k;iZ [i�1](t)�dWk(t);(7.13)



19.where L0i (t) = U i�( ~A(t)
 I�i�1) + 12Oi��~	2 
 I�i�2� (7.14)L1i (t) = U (i)� (~�(t)
 I�i�1) + 12Oi��~	1 
 I�i�2� (7.15)L2i = 12Oi��~	0 
 I�i�2� (7.16)V 0k;i = U i�� ~Bk 
 I�i�1� (7.17)V 1k;i = U i��~�k 
 I�i�1�; (7.18)and ~	2; ~	1; ~	0 are given by~	2 �= pXk=1 ~B[2]k ; ~	1 �= pXk=1( ~Bk 
 ~�k + ~�k 
 ~Bk); ~	0 �= pXk=1 ~�[2]k :Observing that, from (7.5) we haveZ [i] = T i�Z[i]; Z[i] = ~T i�Z [i];and using (7.13), we can state the following proposition.Proposition 7.2. The process Z de�ned in (7.10) satis�es the following bilinear SDE,dZ(t) = (A(t)Z(t) + U(t)�dt+ pXk=1 �BkZ(t) + Vk�dWk(t); (7.19)whereA(t) = 26666664 ~A(t) 0 : : : 0L12(t) ~T 2� L02(t)T 2� 0L23 ~T 3� L13(t)T 2� ~T 3� L03(t)T 3� .... . . . . . . . .0 : : : ~T �� L2�T ��2� ~T �� L1�(t)T ��1� ~T �� L0�(t)T ��
37777775 ; U(t) = 266664 ~�(t)L220...0

377775 ;(7.20)Bk = 26666664 ~Bk 0 : : : 0V 1k;2 ~T 2� V 0k;2T 2� ...0 ~T 3� V 1k;3T 2� ~T 3� V 0k;3T 3�... . . . . . .0 : : : ~T �� V 1k;�T ��1� ~T �� V 0k;�T ��
37777775 ; Vk = 2664 ~�k0...0 3775 : (7.21)The block matrices in (7.20), (7.21) are given by (7.14)-(7.18) and (7.12), the matrices ~T �� ; T �� ,are the reduction matrices de�ned in (7.5).Now, we can use Theorem 4.1 in order to rewrite the bilinear SDE (7.19) in the form of a linearSDE with WSW di�usion term. The underlying hypothesis is that the covariance matrix of theprocess Z de�ned in (7.10), namely �Z(t), is uniformly nonsingular over T . There are manyways to assure this, starting from some suitable, non restrictive, hypothesis on the originarysystem. As a matter of fact, since we are here concerned with a �nite interval T , it is easy torecognize that the uniform nonsingularity of �Z(t) is assured as soos as it is assumed that thecovariance of the initial original state X(0) is positive de�nite. Henceforth, we will understandthe uniform nonsingularity in T of �Z(t).



20.Proposition 7.3. Let �k, k = 1; :::; p, be the ranks of the matrices Bk, given in (7.19). Thenthe process Z satis�es the following SDE,dZ(t) = �A(t)Z(t) + U(t)�dt+ 2pXk=1 ~Bk(t)d ~Wk(t); (7.22)where ~Wk, k = 1; :::; 2p are independent standard WSW processes, ~Wk 2 IR�k , for k = 1; :::; p,~Wk =Wk 2 IR, for k = p+ 1; :::; 2p, and~Bk(t) �=(�Bk�Z(t)BTk �( 12 ); 1 � k � pBk�pmZ (t) + Vk�p; p+ 1 � k � 2p (7.23)with mZ = E(Z).In order to write down the equations of the augmented system we need to split out the vectorSDE (7.19) into two SDE's: one for the observed components of Z and the other one for theremaining entries.From the de�nition (7.9) we see that the components of the vector Z are of the form:Xi11 � � �Xinn � � � Y j11 � � � Y jqq ; (7.24)where Xl; Yl denote the lth component of vectors X;Y respectively, and 0 � il; jr � � forl = 1; :::; n, r = 1; :::; q, Pnl=1 il � �, Pqr=1 jr � �. The observed components are those of theform (7.24) with i1 = ::: = in = 0. Denote by Y the vector of all such components:Y �=26664 YY[2]...Y[�] 37775 :Moreover, let us denote by EY the (0; 1)-matrix such thatY = EYZ: (7.25)It is easy to recognize that: EY = 266664 E1Y 0 : : : 00 E2Y . . .... . . . . . .0 : : : 0 E�Y
377775 ; (7.26)where the diagonal blocks EjY , j = 1; :::; � are de�ned as:EjYZ[j] = Y[j]; (7.27)and have the expressions EjY = [Iq 0][j]T j� ; (7.28)



21.where T j� is the expansion matrix de�ned in (7.5). Let us denote with X the aggregate vectorof all the components in Z which are not components of Y. Then it results well de�ned the(0; 1)-matrix EX such that X = EXZ: (7.29)A simple way to compute EX is just to remove from the identity matrix, IdZ , with dZ = dim(Z),(note that IdZ includes all the rows of EY) all those rows which are rows of EY .From the above the aggregate matrix I:I �= � EYEX � ; (7.30)results to be invertible. Let us consider the matrices I1, I2 such thatZ = I1Y + I2X : (7.31)Note that, from (7.25), (7.29), and because of the invertibility of the matrix I, it results thatthe matrices I1;I2 de�ned in (7.31) are obtained by means of a suitable partition of the matrixI�1 = [I1 I2].Using (7.25), (7.29), (7.31) and eq. (7.19) we can now state the following proposition.Proposition 7.4. The processes X , Y de�ned in (7.29) and (7.25) satisfy the following pair ofSDE's (augmented system):dX (t) = �A1(t)Y(t) +A2(t)X (t) + U1(t)�dt+ 2pXk=1B1k(t)d ~Wk(t); (7.32)dY(t) = �C1(t)Y(t) + C2(t)X (t) + U2(t)�dt+ 2pXk=1D1k(t)d ~Wk(t); (7.33)whereA1(t) = EXA(t)I1; A2(t) = EXA(t)I2; U1(t) = EXU(t); B1k(t) = EX ~Bk(t);C1(t) = EYA(t)I1; C2(t) = EYA(t)I2; U2(t) = EYU(t); D1k(t) = EY ~Bk(t); (7.34)A, ~Bk, U , are the matrix coe�cients of eq. (7.22), the matrices EX , EY , I1, I2, are de�ned bymeans of eq.ns (7.25), (7.29), (7.31), and f ~Wk; k = 1; :::; 2pg is a set of mutually uncorrelatedstandard WSW processes.



22.8. Polynomial �lter equationsProposition 7.4 states that the augmented observation process Y de�ned in (7.25), can be gen-erated as the output process of the augmented representation (7.32), (7.33). This implies thatthe problem of �nding the �-th degree polynomial �lter for the original system (3.2), (3.3) isnow reduced to an optimal linear �ltering problem for the linear system (7.32), (7.33). Indeed,by denoting with X̂ (t) the optimal linear estimate given fYs; s � tg of the augmented stateX (t), we have (see x2): X̂ (t) = ��X (t)=Lt(Y)�:On the other hand, from de�nition 2.1 and taking into account the structure of the augmentedobservation Y, it results Lt(Y) = P(�)t (Y ), where Y is the original observation process given by(3.3). Hence we have X̂ (t) = ��X (t)=P(�)t (Y )�and, as we will see later, we can get X̂(t) (which is given by (3.5)) by extracting a suitablesubvector in X̂ (t).In [12] the optimal linear �lter is de�ned for the class of linear stochastic systems whose noiseterms are represented by WSW processes. System (7.32), (7.33), comes within this class ofsystems, and we can use here the same approach as in [12] in order to obtain the optimal linear�lter with respect to the augmented observation process Y (and, hence the optimal �-th degreepolynomial �lter with respect to the original observed process Y ). In order to do this, �rst ofall we state the following theorem, whose proof is given in Appendix B, showing the uniformnonsingularity in T of the output-noise covariance of system (7.32), (7.33), namelyR(t) �= 2pXk=1D1k(t)D1k(t)T : (8.1)Indeed, the uniform nonsingularity of (8.1) is required, in order to apply the Kalman-Bucyscheme to system (7.32), (7.33).Theorem 8.1. The noise covariance matrix function of the augmented measurement equation(7.33), given by (8.1), is uniformly nonsingular over T .Proof. See Appendix B.Now, we can prove the main Theorem, de�ning the �-th degree polynomial �lter for system(3.2), (3.3). We remind readers that, �k is the dimension of the WSW process ~Wk when k =1; :::; p, and for k = p + 1; :::; 2p, ~Wk = Wk 2 IR. Let us denote with  the dimension of theaugmented process Z. Moreover, we shall denote with cov(�; �) the cross-covariance betweentwo random variables �; �. Finally, we shall denote with My the Moore-Penrose pseudoinverseof the square matrix M .Theorem 8.2. The �-th order polynomial �lter for system (3.2), (3.3) is described by the fol-lowing system of equations:dmZ (t)dt = A(t)mZ (t) + U(t); (8.2)�Bk(t) = BkmZ (t) + Vk 1 � k � p; (8.3)



23.
p(t) = pXk=1� ~Bk(t)[2]st(I�k) + �Bk(t)[2]�; (8.4)H1(t) = U2 (A(t)
 I); H2(t) = U2 (U(t)
 I); H3(t) = 12O2
p(t); (8.5)d�(t)dt = H1(t)�(t) +H2(t)mZ (t) +H3(t); (8.6)~Bk(t) = �Bkst�1��(t)�mZ (t)[2]�BTk �( 12 ) 1 � k � p; (8.7)J (t) = pXk=1EX � ~Bk(t) ~Bk(t)T + �Bk(t) �Bk(t)T �ETY ; (8.8)R(t) = pXk=1EY� ~Bk(t) ~Bk(t)T + �Bk(t) �Bk(t)T �ETY ; (8.9)Q(t) = pXk=1EX � ~Bk(t) ~Bk(t)T + �Bk(t) �Bk(t)T �ETX ; (8.10)dP(t)dt = A2(t)P(t) + P(t)A2(t)T +Q(t);� �J (t) + P(t)C2(t)T )R(t)�1(J (t) + P(t)C2(t)T �T ; (8.11)dX̂ (t) = �A1(t)Y(t) +A2(t)X̂ (t) + U1(t)�dt+ �J (t) + P(t)C2(t)T �R(t)�1� �dY(t)� �C1(t)Y(t) + C2(t)X̂ (t) + U2(t)�dt�; (8.12)X̂(t) = T�X̂ (t); (8.13)where T� is the operator extracting the �rst n entries of a vector, the matrices A(t);U(t),A1(t);A2(t);B1(t);B2(t);U1(t);U2(t) are de�ned in (7.22) and (7.34), the matrices Bk are de-�ned in (7.21), �k = rank(Bk), and eqns (8.2), (8.4), (8.11), (8.12), are endowed with the initialconditions:mZ (0) = E(X (0));�(0) = E(X (0)[2]);X̂ (0) = E(X (0)) + cov(X (0);Y(0))covy(Y(0);Y(0))�Y(0)�E(Y(0))�;P(0) = cov(X (0);X (0)) � cov(X (0);Y(0))covy(Y(0);Y(0))covT (X (0);Y(0)):Proof. Eqns. (8.7)-(8.11), easily derives from an application of [12, Th. 15.3] to the repre-sentation (4.2), (4.3). In particular eq. (8.7) immediately derives from (7.23), as soon as it isnoticed that �Z(t) = st�1��(t)�mZ (t)[2]�, where�(t) �=E�Z(t)[2]� = st�E�Z(t)Z(t)T ��: (8.14)Taking the expectations of both sides of (7.22) we obtain eq. (8.2). In order to obtain an ODEfor the vector function �(t), let us apply the vector Ito formula, as is given by Theorem 5.2, tothe eq. (7.22), by settingXt = Z(t); �t = Z t0 �A(�)Z(�) + U(�)�d�; Mt = Z t0 2pXk=1 ~Bk(�)d ~Wk(�);



24.and using Lemma 3.2 for h = 2 and n = , it results (time dependencies are skipped forconvenience):dZ [2] = U2� (I 
Z)dZ + 12O2�dMt�[2]= �U2� (I 
Z)AZ + U2� (I 
Z)U�dt+ 12O2�dMt�[2] + 2pXk=1U2� (I 
Z) ~Bkd ~Wk: (8.15)Now, taking into account (7.23) and the de�nition of the associate quadratic variation process,given by (5.11), we have:�dMt�[2] = pXk=1 ~B[2]k (d ~Wk)[2] + pXk=1 �BkmZ + Vk�[2](dWk)[2]= pXk=1 ~B[2]k st�d < ~Wk; ~W Tk > �+ pXk=1 �BkmZ + Vk�[2]dt= 
pdt; (8.16)
where 
p has the expression (8.4). Moreover, using formula (6.3) with suitable substitution ofsymbols, the following equalities are recognized to hold:(I 
Z)AZ = (A
 I)Z [2](I 
Z)U = (U 
 I)Z: (8.17)By substituting (8.17) and (8.16) in (8.15), and taking the expectation we obtain the ODE (8.6).The so obtained estimate X̂t is the optimal one among all the linear transformation of theaugmented observation process fYs; s � tg and hence it is the �-th degree polynomial estimateof the augmented state Xt. In order to obtain the analogous estimate of the state Xt of theoriginal system (3.2), (3.3), �rst of all note that, because X̂t is the L2-projection of Xt onto theclosed subspace linearly spanned by fYs; s � tg, we have that each entry of X̂t agree with theL2-projection (onto the same subspace) of the corresponding entry in Xt. Now, by de�nition,X (t), includes the components of the original state Xt. From (7.6), (7.9), (7.10) and by thede�nition of the extracting operator EX , it results that these components are placed in the�rst n entries of the vector X . Hence, X̂(t) can be obtained simply by extracting the �rst ncomponents of X̂t, that is eq. (8.13).



25.9. An example of application: the scalar cubic sensorAs a simple example of application, in this section we derive the equations of the quadratic�lter (that is the �lter producing the polynomial state-estimate in the sense of De�nition 2.1with � = 2) for the scalar cubic sensor. As was pointed out in the introduction, for this classof systems a �nite-dimensional optimal �lter does not exists. Nevertheless, it is possible touse the methodology described in the previous sections in order to obtain optimal polynomialstate-estimates of an arbitrarily �xed degree (of course, provided the existence of the momentsof the involved processes up to a suitable order). The equation of the cubic sensor are thefollowing: dx(t) = dW (t); (9.1)dy(t) = x3(t)dt+ dV (t); (9.2)where t 2 T , all the processes x; y;W; V are IR-valued, W;V are independent standard Wienerprocesses, and x(0) and y(0) are standard Gaussian random variables. We will show thatthe quadratic �lter for system (9.1), (9.2), is well de�ned, in that the output covariance R(t)appearing in the polynomial �lter equations (eq.(8.9)), results to be uniformly nonsingular inT . Note that, this is not a consequence of Theorem 8.1. Indeed, Theorem 8.1 holds underthe Assumption 3.1 which is not veri�ed by eq. (9.2). Nevertheless, Theorem 8.1 gives only asu�cient condition for the uniform nonsingularity of R(t).In order to compute the augmented system equations, let us consider the cubic sensor equa-tions (9.1), (9.2), and compute, using the standard scalar Ito formula, the di�erential of thesquared output process y(t)2:dy(t)2 = 2y(t)x(t)3dt+ 2y(t)dV (t) + dt: (9.3)In order to compute the stochastic di�erential of the product y(t)x(t)3, let us de�ne the processz(t) �= �x(t)y(t) � ;and apply Theorem 5.2 withXt = z(t); �t = Azz(t)[3]; Mt = �W (t)V (t) � ; Zt = F (z(t)) = y(t)x(t)3;where Az is some suitably de�ned matrix. It resultsd(y(t)x(t)3) = x(t)6dt+ 3y(t)x(t)dt+ x(t)3dV (t) + 3x(t)2y(t)dW (t): (9.4)In a similar way, let us calculate the di�erentials dx(t)i, i = 2; :::; 6 and d(y(t)x(t)2), d(y(t)x(t)).It results dx6(t) = 6x(t)5dW (t) + 12x(t)4dt;dx5(t) = 5x(t)4dW (t) + 10x(t)3dt;dx(t)4 = 4x(t)3dW (t) + 6x(t)2dt;dx(t)3 = 3x(t)2dW (t) + 3x(t)dt;dx(t)2 = 2x(t)dW (t) + dt;d(y(t)x(t)2) = x(t)5dt+ y(t)dt+ x(t)2dV (t) + 2y(t)x(t)dW (t);d(y(t)x(t)) = x(t)4dt+ y(t)dt+ x(t)2dV (t) + y(t)dW (t): (9.5)



26.Now let us de�ne the augmented observation process fY(t)g and the augmented state processfX (t)g as Y(t) �=[y(t) y(t)2]T ;X (t) �=[y(t) x(t) x(t)2 x(t)3 x(t)4 x(t)5 x(t)6 y(t)x(t) y(t)x(t)2 y(t)x(t)3]T ;then, from (9.1)-(9.5), it follows that the processes fX (t)g, fY(t)g can be represented as thestate and output processes of the following stochastic augmented bilinear model:dX (t) = AX (t)dt+ b1dt+ B1X (t)dW (t) + B2X (t)dV (t) + b2dW (t);dY(t) = CX (t)dt+ b3dt+ B3X (t)dV (t) + b4dV (t) (9.6)where b1; b2; b3; b4 are suitably de�ned constant vectors and A;B1;B2;B3; C are suitably de�nedconstant matrices. Now, we can apply Theorem 4.1 in order to put the bilinear system (9.6) inthe form of a linear stochastic system with WSW di�usions:dX (t) = AX (t)dt+ b1dt+ ~B1d ~W (t) + B1E(X (t))dW (t) + ~B2d ~V (t)+ B2E(X (t))dV (t) + b2dW (t); (9.7)dY(t) = CX (t)dt+ b3dt+ ~B3d ~V (t) + B3E(X (t))dV (t) + b4dV (t); (9.8)where, for i = 1; 2; 3: ~Bi = �Bi	X (t)BTi �( 12 );where 	X (t) is the covariance of X (t).In order to show the existence of the quadratic �lter we have only to show that the covarianceof the output noise of eq. (9.8), namely �(t):�(t) = ~B3d ~V (t) + �B3E(X (t)) + b4�dV (t);is uniformly nonsingular over T . To this purpose, �rst of all note that:B3 = � 0 0 0 0 0 0 0 0 0 01 0 0 0 0 0 0 0 0 0 � ; b4 = � 10 � ;from which one has:B3	X (t)BT3 = � 0 00 E(y(t)�E(y(t)))2 � ; B3E(X (t)) + b4 = � 1E(y(t)) � :Hence, the covariance of �(t), namely 	�(t), is given by	�(t) = � 1 E(y(t))E(y(t)) E(y(t)2) � ;whose determinant is equal to E�y(t)�E(y(t))�2, that is the variance of the process y(t). Fromthe system equations (9.1), (9.2) and using (9.3)-(9.5), we can easily see that E(y(t)) = 0 andE(y(t)2) is an increasing function of t. Hence, since E(y(0)2) = 1 by the hypothesis, we havethat the variance of the process y(t) is greater than one, for all t 2 T . This proves the uniformnonsingularity of 	�(t) in T and hence the existence of a �nite-dimensional quadratic �lter forscalar cubic sensor.



27.10. ConclusionsEqns. (8.2)-(8.13) de�ne a �nite-dimensional �lter for the cubic-sensor-like system (3.2), (3.3)which is optimal in the class of all the estimates which can be written either as a �nite lin-ear combination of Kronecker powers of the currently available measurements, or as a meansquare limit of these. We have called polynomial estimates this kind of estimates. Even if theconsidered class does not includes all the polynomials, however it includes the linear estimatesand, moreover, it de�nes a not decreasing sequence of spaces for increasing polynomial degree.This implies that the polynomial �lter had to improve the estimation performance for increasingpolynomial degree.We underline that the proposed �lter is �nite-dimensional; indeed, this is an important featurebecause, for the considered class of systems, the optimal �lter is necessarily in�nite-dimensional(as shown in [3]). Of course, it is always possible to approximate the optimal �lter (for instance,by applying a �nite-elements method to the Zakai equation, as shown in [15]) with an arbitraryapproximation degree. However, the more accurate the approximation level is chosen, the heav-ier the computational burden of the algorithm is. The computational e�ort is prohibitive evenfor small approximation degrees. Moreover, it has no sense, within this approach, to use a largeapproximation degree in order to make really implementable the �ltering algorithm. Counter-wise, our suboptimal approach allows to get meaningful estimates also for small polynomialdegrees, which does not present di�cult implementation problems.As an auxiliary result we have obtained in x2, the equations of the optimal linear �lter fora BLSS. We highlight that, this result is interesting by itself, in that it was up to now knownonly for the scalar case. The main tool is given by Theorem 4.1, stating the existence of alinear representation for a general vector BLSS. The optimal linear �lter is then obtained by anapplication of a classical Kalman-Bucy scheme. Nevertheless, in the framework of this paper,the main purpose of Theorem 4.1 remains its application to the bilinear SDE (7.19), whichallows us to obtain the linear representation (7.22).Theorem 8.1 states that the output noise covariance of the augmented system is uniformlynonsingular, as it is required by the Kalman-Bucy scheme, provided that the output noisecovariance of the originary system (3.2), (3.3) is nonsingular. The proof is presented in AppendixB.We stress that, due to the well known approximation capabilities of the polynomial functions,with the aim to de�ne better and better implementable approximation schemes of the optimal�lter, the use of polynomial estimators appears to be very promising.APPENDIX AKronecker AlgebraThroughout this paper, we have widely used Kronecker algebra [16]. Here, for the sake ofcompleteness, we recall some de�nitions and properties on this subject.De�nition A.1. Let M and N be matrices of dimension r � s and p � q respectively. Thenthe Kronecker product M 
N is de�ned as the (r � p)� (s � q) matrixM 
N = 24m11N : : : m1sN: : : : : : : : : : : : : : : : : :mr1N : : : mrsN 35 ;where the mij are the entries of M .



28.Of course this kind of product is not commutative.De�nition A.2. Let M be the r � s matrixM = [m1 m2 : : : ms ] ; (A:1)where mi denotes i-th column of M , then the stack of M is the r � s vectorst(M) = [mT1 m2 : : : ms ]T : (A:2)Observe that a vector as in (A.2) can be reduced to a matrix M as in (A.1) by consideringthe inverse operation of the stack denoted by st�1. With reference to the Kronecker productand the stack operation, the following properties hold [16]:(A+B)
 (C +D) =A
 C +A
D+B 
 C +B 
D; (A:3a)A
 (B 
 C) =(A
B)
 C; (A:3b)(A � C)
 (B �D) =(A
B) � (C 
D); (A:3c)(A
B)T =AT 
BT ; (A:3d)st(A �B � C) =(CT 
A) � st(B); (A:3e)u
 v =st(v � uT ); (A:3f)tr(A
B) =tr(A) � tr(B); (A:3g)where A;B;C;D are suitably dimensioned matrices, u; v are vectors and tr(M) denotes thetrace of a square matrix M . The Kronecker power of the matrix M is de�ned as:M [0] =1 ;M [n] =M 
M [n�1] =M [n�1] 
M ; n > 0 :As an easy consequence of (A.3b) and (A.3g) it followstr(A[h]) = �tr(A))h: (A:3h)It is easy to verify that for u 2 IRr, v 2 IRs, the i-th entry of u
 v is given by(u
 v)i = ul � vm; l = � i� 1s �+ 1; m = ji� 1js + 1 (A:4)where [�] and j � js denote integer part and s-modulo respectively. Even if the Kronecker productis not commutative, the following property holds [10], [11], [17].Theorem A.3. For any given pair of matrices A 2 IRr�s, B 2 IRn�m, we haveB 
A = CTr;n(A
B)Cs;m ; (A:5)where the commutation matrix Cu;v is the (u �v)� (u �v) matrix such that its (h; l) entry is givenby: fCu;vgh;l = � 1; if l = (jh� 1jv)u+ ��h�1v �+ 1�;0; otherwise. (A:6)



29.Observe that C1;1 = 1, hence in the vector case when a 2 IRr and b 2 IRn, (A.5) becomesb
 a = CTr;n(a
 b): (A:7)Corollary A.4. For any given matrices A;B;C;D, having dimensions nA �mA, nB �mB,nC �mC , nD �mD respectively, denoted with I(l) the identity matrix in IRl we haveA
B 
 C 
D = �I(nA)
 CTnCnD ;nB� (A
 C 
D 
B) (I(mA)
 CmCmD;mB ) :Proof. See [11]. APPENDIX BIn this Appendix, the proof of theorem 8.1 is presented. We need to state in advance somepreliminary de�nitions and lemmas.Let � and j two positive integers.De�nition B.1. Let r; s 2 f1; 2; :::; �jg. The pair (r; s) is said to be (�; j)-redundant ((�; j)-Rfor short) if 8x 2 IR�, it results �x[j]�r = �x[j]�s, where �x[j]�l denotes the l-th entry of thevector x[j]. Otherwise, the pair (r; s) is said to be (�; j)-nonredundant ((�; j)-NR for short).Remark B.3. Let x 2 IR�. For some s; r 2 f1; 2; :::; �jg let us consider the multiindexes :s1; :::; sj and r1; :::; rj in f1; :::; �g de�ned by the identities:�x[j]�s = xs1xs2 � � � xsj ; �x[j]�r = xr1xr2 � � � xrj :Then, we immediately realize that (r; s) is (�; j)-R if and only if there exists a permutation ofindexes transforming s1; :::; sj in r1; :::; rj (and vice versa).Remark B.4. It is easy to verify that the (�; j)-R condition de�nes an equivalence relation in theset f1; 2; :::; �jg. We shall denote with �(s; �; j) the equivalence class generated by s 2 f1; :::; �jgvia the (�; j)-R relation:�(s; �; j) �=nr 2 IN : 1 � r � �j ; (s; r) is (�; j)�Ro: (B.1)We shall denote with �j the number of equivalence classes of the (�; j)-R relation, partitioningthe set f1; 2; :::; �jg. Moreover, we introduce the sets �0(s; �; j); �00(s; �; j) � �(s; �; j) de�nedas: �0(s; �; j) �=�i 2 �(s; �; j) .� i�j�1 � = h s�j�1 i� ; (B.2)�00(s; �; j) �= �(s; �; j) n �0(s; �; j); (B.3)where we have used in (B.2) the notation [ � ] to indicate the integer part. The above de�nedsets have the following meaning. Let x 2 IR� and note that:x[j] = 2664x1 � x[j�1]x2 � x[j�1]...x� � x[j�1] 3775 ; (B.4)



30.where every subvector xix[j�1] has dimension �j�1. By setting l = [s=�j�1] and observing in(B.4) the structure of x[j], we realize that the set de�ned in (B.2) is composed with the integersi such that (i; s) is (�; j)-R and �x[j]�i 2 xlx[j�1]. Counterwise, the set de�ned in (B.3) iscomposed with the integers i such that (i; s) is (�; j)-R and �x[j]�i does not belong to xlx[j�1].Let us denote by jn1jn2 the remainder of the integer division n1=n2. Then, again from (B.4), itis easily recognized that: �x[j]�s = xl�x[j�1]�r; r �= jsj�j�1 : (B.5)Remark B.5. Note that the number �j , agree with the number of entries of x[j], for x 2 IR�.Lemma B.6. Let r; s 2 f1; :::; �j�1g such that (r; s) is (�; j�1)-R. Then, for any l = 0; 1; :::; ��1, the pair (r + l�j�1; s + l�j�1) is (�; j)-R. Counterwise, if r; s 2 f1; :::; �jg are (�; j)-R andr0 = s0 with r0 �= h r�j�1 i ; s0 �= h s�j�1 i :Then, denoting r00 = jrj�j�1 , s00 = jsj�j�1 , it results that (r00; s00) is (�; j � 1)-R.Proof. From the De�nition B.1 it results:�x[j�1]�r = �x[j�1]�s; 8x 2 IR�: (B.6)From (B.4) we see that:�x[j]�r+l�j�1 = xl�x[j�1]�r; �x[j]�s+l�j�1 = xl�x[j�1]�s;and hence, from (B.6), �x[j]�r+l�j�1 = �x[j]�s+l�j�1 :Counterwise, if r; s 2 f1; :::; �jg are (�; j)-R then, taking into account of (B.5), we have:�x[j]�r = xr0�x[j�1]�r00 = xs0�x[j�1]�s00 = �x[j]�s; 8x 2 IR�: (B.7)Since, by hypothesis, r0 = s0, eq. (B.7) implies that �x[j�1]�r00 = �x[j�1]�s00 .Let I � IN and n 2 IN. In the following, we will use the notation I � n to indicate thetranslated set: I � n = fi = i 2 IN; 9i0 2 I; such that i = i0 � ng: (B.8)Lemma B.7. Suppose that h s�j�1 i = l < �; (B.9)Then, for any q < � � l it results�0(s; �; j) = �0(s+ q�j�1; �; j) � q�j�1;where �0 is the set de�ned in (B.2)Proof. It su�cies to show that for any r 2 f1; :::; �jg such that [r=�j�1] = l and such that(r; s) is (�; j)-NR ((�; j)-R), the pair (r + q�j�1; s+ q�j�1) is (�; j)-NR ((�; j)-R).Suppose �rst that (r; s) is (�; j)-NR. Let x 2 IR� and z = x[j]. From the stucture (B.4) of thevector z and taking into account of (B.9), we see that: zs; zr 2 xl � x[j�1]. Hence, since (s; r) is



31.(�; j)-NR, we have that, there exist integers h1; :::; h� and h01; :::; h0� , h1+ :::+h� = h01+ :::+h0� =j � 1 such that it results zs = xl � xh11 � � � xh�� ;zr = xl � xh011 � � � xh0�� : (B.10)Since zr 6= zs it follows that xh11 � � � xh�� 6= xh011 � � � xh0�� : (B.11)Again, looking in (B.4), we readily realize that:zs+q�j�1 = xl+q � xh11 � � � xh�� ; (B.12)and zr+q�j�1 = xl+q � xh011 � � � xh0�� ; (B.13)and hence, taking into account of (B.11), it follows that zs+q�j�1 6= zr+q�j�1 , that is (s+q�j�1; r+q�j�1) is (�; j)-NR.Next, suppose that (r; s) is (�; j)-R. Then, zs; zr 2 xl � x[j�1], zs = zr and by (B.10) it followsthat hi = h0i, i = 1; :::; �. This in turn implies, taking into account of (B.12), (B.13), thatzs+q�j�1 = zr+q�j�1 , that is (s+ q�j�1; r + q�j�1) is (�; j)-R.Lemma B.8. Let (r; s) be a (�; j)-R pair, such thath r�j�1 i = l; h s�j�1 i = m; l < m < � (B.14)Then, for any q < � � l the pair (r + q�j�1; s+ q�j�1) is (�; j)-NR.Proof. As in the proof of Lemma B.7 it is readily veri�ed that, for some integers h1; :::; h�such that h1 + :::+ h� = j � 1, it results:zr = xl � xh11 � � � xhll � � � xhmm � � � xh�� : (B.15)Since zs = zr, eq. (B.15) implies that:zs = xm � xh11 � � � xhl+1l � � � xhm�1m � � � xh�� :Hence we have: zr+q�j�1 = xl+q � xh11 � � � xhll � � � xhmm � � � xh�� = xl+q zrxlzs+q�j�1 = xm+q � xh11 � � � xhl+1l � � � xhm�1m � � � xh�� = xm+q zsxm :From which, since zr = zs and l 6= m, it follows that zr+q�j�1 6= zs+q�j�1 .Let us consider the output process Y of system (3.2), (3.3), and the extended state process Xe,de�ned in (7.1). We remind that q and � are the dimensions of the vectors Y and Z = [Y T XTe ]Trespectively. Note that the components of Z [j] can be divided into two groups: the one includingmonomials composed only with components of the vector Y , and the other one including theremaining monomials. We shall call the components belonging to the former group the Y -monomialsLet us consider the extraction matrix EY de�ned in (7.25), and recall that the diagonal blocksEjY , j = 1; :::; �, appearing there, are such that eq. (7.27) holds. According to the above de�nednotation (see Remark B.5), we shall denote by qj the dimension of the vector Y[j]. Finally, letus consider the reduction matrix ~T j� de�ned in (7.5), and the matrix U j� de�ned in (5.5). Wecan prove the following Lemma.



32.Lemma B.9. There exists a full (row) rank matrix, namely Lj�, having dimensions qj � q�j�1,such that EjY ~T j�U j� = [Lj� 0 ] :Proof. Using (7.27) and property (5.4) we have:EjY� ddZ 
 Z[j]� = ddZ 
 EjYZ[j] = ddZ 
 Y[j]= h @@Y @@Xe i
 Y[j] = h @@Y 
 Y[j] 0i: (B.16)On the other hand, by (7.5), (5.3), and using formula (5.5):EjY� ddZ 
 Z[j]� = EjY� ddZ 
 ~T j�Z [j]� = EjY ~T j�U j� �I� 
 Z [j�1]�= EjY ~T j�U j� � Iq 
 Z [j�1] 00 I��q 
 Z [j�1] � : (B.17)Using (B.16) , (B.17), and de�ning Lj� as the matrix composed by the �rst q�j�1 columns ofEjY ~T j�U j� , it results:[ @@Y 
 Y[j] 0 ] = [Lj� S ] � Iq 
 Z [j�1] 00 I��q 
 Z [j�1] � ;from which it follows that S = 0 andddY 
 Y[j] = Lj��Iq 
 Z [j�1]�: (B.18)Let V = (d=dY ) 
 Y[j]. Note that the components of the matrix V are either zero or they aremonomials of j � 1-th degree. It results that V has linearly independent rows (in the sense oflinear independence of monomial functions). As a matter of fact, any row is di�erent from zeroand cannot exist two (nonzero) similar monomials on the same column, because Y[j] has notrepeated entries. Hence, Lj�, necessarily, has linearly independent rows. Indeed, suppose thereexists u 6= 0 such that uTLj� = 0, then we would have uTV = 0, 8Y 2 IRq, a contradiction.Lemma B.10. Let s 2 f1; :::; q�j�1g and denote with �i, i = 1; :::; q�j�1, the i-th column of thematrix Lj�. The following properties holds:A) 8i 2 f1; :::; q�j�1g, �i has zero entries, but possibly one, nonnegative;B) the set: f�i= i 2 �0(s; �; j)g, with �0(s; �; j) given by (B.2), is a set of linearly dependentvectors;C) if the s-th component of Z [j] is not a Y -monomial then �s = 0.Proof. Let us de�ne l and r as l �= h s�j�1 i ; r �= jsj�j�1 : (B.19)Consider again the relation (B.18):ddY 
 Y[j] = � @@Y1Y[j] : : : @@Yq Y[j] � = Lj��Iq 
 Z [j�1]�: (B.20)



33.From (B.20) it results @@Yl Y[j] = ~L(l)Z [j�1]; (B.21)where ~L(l) �= [ �(l�1)�j�1+1 �(l�1)�j�1+2 : : : �l�j�1 ] :Now, from (B.21) we see that each component of (@=@Yl)Y[j] is either equal to zero or it isequal (unless an integer positive coe�cient) to some component of Z [j�1]. Let h be the positionof a nonzero entry of (@=@Yl)Y[j], and let r 2 f1; :::; �j�1g be a position for which it appears(unless a coe�cient, and possibly repeated) in Z [j�1]. Then it results that the h-th row of ~L has,possibly, nonzero (hence positive) elements in the set �(r; �; j � 1). Indeed, this set of positionsis determined by the position (r) of the component to be extracted in Z [j�1], endowed with allits (�; j � 1)-R positions.Let i 2 f1; :::; l�j�1g such that �(l�1)�j�1+i has a nonzero component, namely the h-th. Then��(l�1)�j�1+i�k = 0 for k = 1; :::; qj and k 6= h. As a matter of fact, if ��(l�1)�j�1+i�k 6= 0, andk 6= h, then some monomial, equal to the i-th, would be taken in Z [j�1], and hence we wouldhave two equal components in (@=@Yl)Y[j], which is impossible because Y[j] has no redundancies.This proves the part A) of the Lemma.From the above it follows that all the columns: f�(l�1)�j�1+i; i 2 �(r; �; j � 1)g, have zeroentries, but possibly one, placed in the same position h for any i 2 �(r; �; j � 1). Hence, theyconstitute a set of linearly dependent vectors. The part B) of the Theorem follows as soon as itis noticed that, using Lemma B.6 and taking into account of (B.19), it results f�(l�1)�j�1+i; i 2�(r; �; j � 1)g = f�i; i 2 �0(s; �; j)g.Finally, in order to prove part C) note that, since l � q (and hence, by recalling the structureof Z, given by (7.9), it results Zl = Yl) we have that the s-th component of Z [j] is in the form:YlZh11 � � �Zh�� , where the powers h1; :::; h� are such that h1 + ::: + h� = j � 1, and it is not aY -monomial by the hypothesis. Hence the monomial Zh11 � � �Zh�� is not a Y -monomial of Z [j�1]and then it cannot belong to the left hand side of (B.21). This in turn implies, again by (B.21),that the r-th column of ~L(l) (that is the s-th column of Lj�, because l; r are de�ned by (B.19)must be zero.Before proving Theorem 8.1, we need to give the following de�nitionDe�nition B.11. We de�ne the (�; j)-Kronecker space, namely K(�; j) as the following sub-space of IR�j : K(�; j) = span�nz 2 IR�j . 9x 2 IR� such that z = x[j]o� :Proof of Theorem 8.1. By exploiting the de�nition of D1k given in (7.34), and the de�nitionof ~Bk, given by (7.23), we can rewrite the matrix R(t), de�ned in (8.1), asR(t) = pXk=1 EYBk�Z(t)BTk ETY + pXk=1EY�BkmZ (t) + Vk��BkmZ (t) + Vk�TETY : (B.22)We will prove the theorem by showing that for some k = 1; :::; p the matrix EYBk�ZBTk ETY isuniformly nonsingular or (which is the same because �Z(t) is uniformly nonsingular over T )that EYBk is a full (row) rank matrix for some k.



34.In order to verify this, �rst of all note that, from the Assumption 3.1, Remark 3.2, and thede�nition of the matrixDe;k given in (7.4), it results that there exists a �k such that rank(De;�k) =q, (we remind reader that q is the dimension of the originary observation Y ). More exactly, from(7.4), we have: De;�k = [Iq 0]: (B.23)For such a �k, let us show that: rank�EYB�k� = q + q2 + :::+ q� ; (B.24)that is, it is a full (row) rank matrix (remind that qi is the dimension of Y[i]). From the de�nitionof Bk and EY , given in (7.21) and (7.26) respectively, using (7.17) and taking into account theblock triangular structure of Bk, it results that condition (B.24) is equivalent to:rank�E1Y ~B�k� = q; (B.25)rank�EjY ~T j�U j� ( ~B�k 
 I�j�1)T j� � = qj; 8j = 2; :::; �: (B.26)Now, from (7.28) we see that E1Y 2 IRq�� , E1Y = [Iq 0]. Hence, by the de�nition of ~Bk, given in(7.12), and taking into account of (B.23), it results E1Y ~B�k = [0 Iq 0], and hence condition (B.25)is veri�ed.It remains to prove (B.26). In order to do this, �rst of all note that, from the de�nition of ~Bkgiven in (7.12), and taking into account of (B.23), we can consider the following partition of thematrix ~B�k 
 I�j�1 : ~B�k 
 I�j�1 = �M1M2 � ; (B.27)where M1 has dimensions q�j�1 � �j and has the following structure:M1 = [ 0 Iq�j�1 0 ] ; (B.28)where the �rst null-block has dimensions q�j�1 � q�j�1. Using Lemma B.9, and (B.27), wehave EjY ~T j� U j� ( ~B�k 
 I�j�1)T j� = [Lj� 0 ] �M1M2 �T j� = Lj�M1T j� : (B.29)Now, note that the range of the expansion matrix T j� is equal to the Kronecker space K(�; j) (weremind that T j� performs the operation Z [j] = T j�Z[j]). Then, by (B.29), we have that (B.26)is implied by the following condition: the operator Lj�M1 : IR�j ! IRqj , restricted to K(�; j) issurjective.Let y 2 IRqj , we will prove that there exists a z 2 K(�; j) such that y = Lj�M1z. For, byLemma B.9, rank(Lj�) = qj , then there exist qj indexes: 1 � i1; i2; :::; iqj � q�j�1, such that thecolumns �i1 ; �i2 ; :::; �iqj (�i denotes as usual the i-th column of Lj�) are linearly independent.For every is, s = 1; :::; qj , let us consider the sets �0(is; �; j) � �(is; �; j) de�ned in (B.2). Let usde�ne ��is as ��is �= Xi2�0(is;�;j)�i: (B.30)From Lemma B.10 part A) and B), we have that the set f��is ; s = 1; :::; qjg is a set of linearlyindependent vectors, hence there exist real numbers: �i1 ; �i2 ; :::; �iqj , such thaty = �i1��i1 + :::+ �iqj ��iqj : (B.31)



35.Now, let us show that the elements of the set fis + q�j�1 s = 1; :::; qjg are pairwise (�; j)-NR.At this purpose, for any pair (ir; is), r 6= s, r; s = 1; :::; qj , we can distinguish the following twocases:i) � ir�j�1 � = � is�j�1 � :In this case, since �ir and �is are linearly independent, it follows that (ir; is) is (�; j)-NR.Indeed, if (ir; is) were (�; j)-R, then Lemma B.10 part B) would imply that �ir and �isare linearly dependent vectors. Hence, since (ir; is) is (�; j)-NR, Lemma B.7 implies that(ir + q�j�1; is + q�j�1) is (�; j)-NR.ii) i0r �= � ir�j�1 � 6= � is�j�1 � �= i0s: (B.32)In this case, if (ir; is) is (�; j)-R then Lemma B.8 directly implies the same conclusion of i).Else, if (ir; is) is (�; j)-NR, then we can show that (ir+q�j�1; is+q�j�1) is again (�; j)-NR.For, let h1; :::; h� , h01; :::; h0� such that h1 + :::+ h� = h01 + :::+ h0� = j � 1 and�Z [j]�ir = Zi0rZh11 � � �Zh���Z [j]�is = Zi0sZh011 � � �Zh0�� ; (B.33)where i0r; i0s are given by (B.32). Since �ir and �is are linearly independent (hence nonzero),Lemma B.10 part C) implies that both the monomials in (B.33) are Y -monomials. If(ir + q�j�1; is + q�j�1) were (�; j)-R we should haveZi0r+qZh11 � � �Zh�� = Zi0s+qZh011 � � �Zh0�� ;which is possible if and only ifhi0r+q = h0i0r+q � 1; hi0s+q = h0i0s+q + 1;hi = h0i 8i 6= i0r + q; i0s + q: (B.34)Now, i0r; i0s � q, then we have that Zi0r+q and Zi0s+q are not components of the vector Y ,hence condition (B.34) can be veri�ed if and only if both the monomials in (B.33) are notY -monomials, a contradiction.Since the elements of the set fis + q�j�1; s = 1; :::qjg are pairwise (�; j)-NR, we have that�(is + q�j�1; �; j) \ �(ir + q�j�1; �; j) = ;; 8r; s = 1; :::; qj ; r 6= s: (B.35)From (B.35) it results well de�ned the following vector z 2 IR�j�1 :zl = ��is ; if l 2 �(is + q�j�1; �; j)0; otherwise. (B.36)Noting that, by construction, z 2 K(�; j), the Theorem is proven as soon as it is shown thaty = Lj�M1z with y given by (B.31).



36.For, let z0 =M1z. By the structure of the matrix M1 (B.28), it follows that:z0l = ��is ; if l 2 �(is + q�j�1; �; j) � q�j�10; otherwise, (B.37)where the de�nition of translated set, given by (B.8), has been used. Observing (B.37), (B.31)and the de�nition of the ��is 's (B.30), we see that the equality y = Lj�z0, and hence the Theorem,is implied by the conditionXi2�0(is;�;j)�i = Xi2�(is+q�j�1;�;j)�q�j�1 �i; 8s = 1; :::; qj : (B.38)Now, from Lemma B.7 we have �0(is; �; j) = �0(is + q�j�1; �; j) � q�j�1, moreover, by (B.3)�(is + q�j�1; �; j) = �0(is + q�j�1; �; j) [ �00(is + q�j�1; �; j);hence, (B.38) becomes: Xi2�00(is+q�j�1;�;j)�q�j�1 �i = 0; 8s = 1; :::; qj ;which is implied by �i = 0; 8i 2 �00(is + q�j�1; �; j) � q�j�1: (B.39)In order to prove (B.39), �rst of all note that by Lemma B.8, for any i 2 �00(is+q�j�1; �; j)�q�j�1we must have that (i; is) is (�; j)-NR and such that (i + q�j�1; is + q�j�1) is (�; j)-R. Now, leth1; :::; h� , h01; :::; h0� such that h1 + :::+ h� = h01 + :::+ h0� = j � 1 and�Z [j]�i = Zi0Zh11 � � �Zh���Z [j]�is = Zi0sZh011 � � �Zh0�� ; (B.40)with i0 = [i=�j�1], i0s = [is=�j�1]. Since (i+ q�j�1; is + q�j�1) is (�; j)-R it resultsZi0+qZh11 � � �Zh�� = Zi0s+qZh011 � � �Zh0�� ;which in turn implies the following conditionhi0+q = h0i0+q � 1; hi0s+q = h0i0s+q + 1;hi = h0i 8i 6= i0 + q; i0s + q: (B.41)Since i0; i0s � q, Zi0+q and Zi0s+q are not components of the vector Y . Hence, condition (B.41)implies that both the monomials in (B.40) are not Y -monomials. In particular, since �Z [j]�i isnot a Y -monomial, Lemma B.10 part C) gives �i = 0, that is (B.39).
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