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AbstratLet P (G;�) be the hromati polynomial of a graph G with n verties, stability number �,and lique number !. We demonstrate lower and upper bounds, whih depend on � and !,respetively, for the ratio P (G;�� 1)=P (G;�). Namely, we show that, for every � � n,�� n+ �� ��� n+ �� 1�� n+ � �� � P (G;�� 1)P (G;�) � �� !� ��� 1� �n�! :We haraterize the graphs that yield the lower bound or the upper bound.Moreover, let �(G) be the mean number of olours used in any oloring of the graph G. Ourresults yield new bounds on �(G), i.e.:n� (n� !)�n� 1n �n�! � �(G) � n� ���� 1� �� :





3.1. IntrodutionIn this paper, all our graphs will be undireted, simple, and �nite. Let G be an arbitrary graphwith n verties. A vertex olouring of G is an assignment of olours to the verties of G sothat adjaent verties get di�erent olours. The minimum number of olours needed in a vertexolouring of G is alled the hromati number of G and is denoted by �(G). Let k(G) denotethe total number of vertex olourings of G that use preisely k olours; learly, k(G) > 0 if andonly if k � �(G).Let P (G;�) denote the total number of vertex olourings of G that use at most � olours. Itis well known that P (G;�) is a polynomial in �:P (G;�) = nXk=1 k(G)(�)k;where (�)k = �(� � 1) � � � (� � k + 1); P (G;�) is alled the hromati polynomial of G. Forinstane, if G = Kn (the omplete graph with n verties) then P (G;�) = (�)n; if G = On (thegraph with n verties and no edges) then P (G;�) = �n; if G = Tn (an arbitrary tree with nverties) then P (G;�) = �(�� 1)n�1. In this paper, � will be a positive integer.Consider the set of all olourings of G with at most n olours. The mean olour number of G,denoted by �(G) is the average of the number of olours used by a olouring in this set. Themean olour number of G is related to the hromati polynomial of G (see [2℄):�(G) = n�1� P (G;n� 1)P (G;n) � :Sine �(G) � �(G) � n;it follows that 0 � P (G;n� 1)P (G;n) � n� �(G)n :In 1995, Bartels and Welsh [2℄ onjetured thatP (G;n� 1)P (G;n) � �n� 1n �n ;or equivalently, P (G;n� 1)P (G;n) � P (On; n� 1)P (On; n) :This onjeture was proved by Dong [4℄ in 1998, who showed the following result.Theorem 1. ([4℄) Let G be a graph with n verties. Then, for every � � n,P (G;� � 1)P (G;�) � ��� 1� �n : (1)To prove Theorem 1, Dong gave a better bound on P (G;��1)=P (G;�) in ase G was onneted.



4.Theorem 2. ([4℄) Let G be a onneted graph with n verties. Then, for every � � n,P (G;� � 1)P (G;�) � �� 2� ��� 2�� 1�n�2 : (2)Moreover, if x is a vertex of G suh that G� x is onneted, then for every � � n,P (G� x; �)P (G;�) � 2�� 3(�� 1)(2� � d� 2) ; (3)where d denotes the degree of x in G.In this paper we shall improve Theorem 1 and inequality (2) in Theorem 2; moreover, we shallgive a lower bound on P (G;� � 1)=P (G;�). The proof of our generalization of inequality (2)uses a tehnique similar to that of Dong, and in partiular relies on inequality (3).We lose this setion with some easy properties of the hromati polynomial of a graph thatwill be used in this paper. For this purpose, let G be a graph and let x and y be two vertiesof G; G + xy will denote the graph obtained from G by adding the edge xy (if it does notexists); Gjxy will denote the simple graph obtained from G by ontrating the verties x andy (i.e. by identifying x and y and by replaing every multiple edge by a single one); G � xwill denote the graph obtained from G by removing vertex x. Let x be a non-isolated vertexof G and let x1; : : : ; xd denote the verties that are adjaent to x; if xi and xj , with i > j, arenon-adjaent, then Gxij will denote the graph obtained from G � x by adding the edges x1xi,x2xi, : : :, xj�1xi (if they do not exist) and by ontrating xi and xj . Finally, a lique-utset in agraph G = (V;E) is a lique whose removal from G disonnets the graph; when G has a liqueutset Kt we shall write G = G1 [ G2, where G1 and G2 are the two indued subgraphs of Gsuh that G1 \G2 = Kt.Property 1. Let G be a graph and let x and y be two non-adjaent verties in G. ThenP (G;�) = P (G+ xy; �) + P (Gjxy; �):Property 2. Let G be a graph with n verties and let x be a vertex of G that is adjaent to allother verties. Then P (G;�) = �P (G� x; �� 1):Property 3. ([4℄) Let G = (V;E) be a graph, let x be a vertex of G, and let x1; : : : ; xd be theverties that are adjaent to x, with d � 1. ThenP (G;�) = (�� d)P (G � x; �) + dXi=2 X1�j<i: xixj =2E P (Gxij ; �):Property 4. Let G = (V;E) be a non-onneted graph and let C1; : : : ; Ck denote its onnetedomponents. Then P (G;�) = kYi=1P (Ci; �):



5.Property 5. Let G = (V;E) be a graph, let Kt denote a lique utset in G, and let G1 and G2denote the two indued subgraphs of G suh that G = G1 [G2 and Kt = G1 \G2. ThenP (G;�) = P (G1; �)P (G2; �)P (Kt; �) :2. The main resultsFor every graph G, let �(G) denote the stability number of G (maximum ardinality of a subsetof pairwise non-adjaent verties), and let !(G) denote the lique number of G (maximumardinality of a subset of pairwise adjaent verties).To every graph G with n verties, we an assoiate two graphs L(G) and U(G): L(G) is theomplete union of an independent set S of size �(G) and a lique of size n� �(G); U(G) is thedisjoint union of a lique K of size !(G) and an independent set of size n� !(G). In Figure 1we show a graph G along with the orresponding L(G) and U(G). Note that when the graph Gis Kn or On then both graphs G(L) and U(L) are equal to G.
G L(G) U(G)Figure 1Sine P (L(G); �) = P (Kn��(G); �)(�� n+ �(G))�(G)and sine P (U(G); �) = P (K!(G); �)�n�!(G);it follows that P (L(G); � � 1)P (L(G); �) = �� n+ �(G)� ��� n+ �(G)� 1�� n+ �(G) ��(G) ;P (U(G); � � 1)P (U(G); �) = �� !(G)� ��� 1� �n�!(G) :The following result will show that P (L(G); � � 1)=P (L(G); �) is a lower bound on P (G;��1)=P (G;�) and that P (U(G); � � 1)=P (U(G); �) is an upper bound on P (G;�� 1)=P (G;�).Theorem 3. Let G be a graph with n verties. Then for every � � n,P (G;�� 1)P (G;�) � �� n+ �(G)� ��� n+ �(G) � 1�� n+ �(G) ��(G) (4)



6. P (G;�� 1)P (G;�) � �� !(G)� ��� 1� �n�!(G) : (5)Theorem 3 implies Theorem 1. To see this, note that for every two integers m; k with m �k � 0, we an write m� km = kYi=1 m� im� i+ 1 � kYi=1 m� 1m ;and so m� km � �m� 1m �k ; (6)with equality if and only if k = 1. Hene,�� !(G)� ��� 1� �n�!(G) � ��� 1� �n ; (7)inequality (7) follows diretly from (6) with m = � and k = !(G).Now, Dong's upper bound on P (G;� � 1)=P (G;�) is related to the empty graph On, in thesense that P (On; �� 1)P (On; �) = ��� 1� �n :Note that On an be seen as the \most sparse" graph having n verties with lique number equalto one; on the other hand, our graph U(G) an be seen as the \most sparse" graph having nverties with lique number equal to !(G).To the best of our knowledge, the only lower bound on P (G;� � 1)=P (G;�) that was knownwas (�� n)=n; this lower bound is related to the omplete graph Kn, in the sense thatP (Kn; �� 1)P (Kn; �) = �� nn :The graph Kn an be seen as the \most dense" graph having n verties with stability numberequal to one; our graph L(G) an be seen as the \most dense" graph having n verties withstability number equal to �(G).It is natural to ask whih graphs G reah the lower bound and/or the upper bound. Clearly,when G = L(G) (i.e., G is the omplete union of a maximum independent set and a lique) thenP (G;� � 1)=P (G;�) is equal to the lower bound; when G = U(G) (i.e., G is the disjoint unionof a maximum lique and an independent set) then P (G;� � 1)=P (G;�) is equal to the upperbound. The following result shows that those are the only possible ases.Theorem 4. Let G be a graph with n verties, let � = �(G), and let ! = !(G). Then for every� � n, P (G;� � 1)P (G;�) = �� n+ �� ��� n+ �� 1�� n+ � �� ; if and only if G = L(G);P (G;� � 1)P (G;�) = �� !� ��� 1� �n�! ; if and only if G = U(G):



7.To prove the validity of (5) in Theorem 3, we shall prove a stronger result for a onnetedgraph.Theorem 5. Let G be a onneted graph with n verties. Then, for every � � n,P (G;�� 1)P (G;�) � �� !(G)� ��� 2�� 1�n�!(G) : (8)Theorem 5 implies inequality (2) in Theorem 2. To see this, note that this is obvious when!(G) � 2 (in this ase, the upper bound given by (2) or (8) is the same). When !(G) � 3, wean show that the upper bound given by (8) is smaller than the upper bound given by (2), thatis �� !(G)� ��� 2�� 1�n�!(G) < �� 2� ��� 2�� 1�n�2 : (9)To see the validity of (9), note that��� 2�� 1�n�2 ��� 1�� 2�n�!(G) = ��� 2�� 1�!(G)�2 ;and that �� !(G)�� 2 = (�� 2)� (!(G) � 2)�� 2 ;and so, by (6), �� !(G)�� 2 � ��� 3�� 2�!(G)�2 < ��� 2�� 1�!(G)�2 :To give a meaning to the upper bound in (8), we need to introdue one more graph related toG: the graph C(G). C(G) = (V;E) is a onneted graph with n verties omposed by a liqueK and a tree T having preisely one ommon vertex; K and T have !(G) and n � !(G) + 1verties, respetively. Sine, in general, there are many suh trees, the graph C(G) may be notunique. In Figure 2 we show a graph G and a orresponding C(G).

G C(G)Figure 2



8.Sine P (C(G); �) = P (K!(G); �)P (Tn�!+1; �)� ;it follows that P (C(G); �� 1)P (C(G); �) = �� !(G)� ��� 2�� 1�n�!(G) :Hene, the upper bound in (8) is nothing but P (C(G); �� 1)=P (C(G); �). Note that the upperbound in (2) is nothing but P (Tn; ��1)=P (Tn; �). While the graph Tn an be seen as the \mostsparse" onneted graph with n verties (n � 2) having lique number equal to two, our graphC(G) an be seen as the \most sparse" onneted graph with n verties having lique numberequal to !(G).3. Proof of the resultsAs stated in the previous setion, to prove Theorem 3, we �rst need to prove Theorem 5.Proof of Theorem 5. Let G be an arbitrary onneted graph with n verties; write ! = !(G).The theorem is obvious when n � 3 or when G = Kn. Hene, we may assume that n � 4, thatG 6= Kn, and that (8) holds for all onneted graphs with at most n� 1 verties.Let x be an arbitrary vertex of G suh that !(G�x) = ! (suh a vertex exists sine G 6= Kn)and let x1; : : : ; xd denote all the verties of G that are adjaent to x. Clearly d � 1 sine G isonneted.First, assume that G� x is not onneted. Then, by Property 5, we an writeP (G;�) = P (G1; �)P (G2; �)� ;where G1 and G2 are suh that G = G1 [G2 and G1 \G2 = x. Sine G is onneted, both G1and G2 are onneted. By assumption, (8) holds for the graphs G1 and G2, and so for i = 1; 2P (Gi; �� 1)P (Gi; �) � �� !(Gi)� ��� 2�� 1�ni�!(Gi) ;where ni denote the number of verties of Gi. ThenP (G;� � 1)P (G;�) � (�� !(G1))(�� !(G2))�2 ��� 2�� 1�n1+n2�!(G1)�!(G2) ��� 1 :Now, ! is equal to !(G1) or to !(G2); without loss of generality, we an assume that ! = !(G1).Sine n = n1 + n2 � 1, we haveP (G;� � 1)P (G;�) � �� !� ��� 2�� 1�n�! �� !(G2)�� 1 ��� 1�� 2�!(G2)�1 :But �� !(G2)�� 1 = (�� 1)� (!(G2)� 1)�� 1 � ��� 2�� 1�!(G2)�1 ;



9.(the last inequality follows from (6)), and so we are done.Hene, we an assume that G� x is onneted. If we setf(G;�) = (�� !)(�� 2)n�!P (G;�) � �(�� 1)n�!P (G;� � 1);to prove the validity of the theorem, we only need show that f(G;�) � 0. Note that, byProperty 3, P (G;�) = (�� d)P (G � x; �) + dXi=2 X1�j<i: xixj =2E P (Gxij ; �): (10)Write !ij = !(Gxij). Sine G� x and eah Gxij are onneted graphs with less verties than G,by assumption, inequality (8) holds for these graphs. Hene,P (G� x; �� 1)P (G� x; �) � �� !� ��� 2�� 1�n�1�! (11)and P (Gxij ; �� 1)P (Gxij ; �) � �� !ij� ��� 2�� 1�n�2�!ij : (12)Clearly, either !ij = ! or !ij = ! + 1 (beause !(G� x) = !). In both ases it is easy to showthat P (Gxij ; �� 1)P (Gxij ; �) � �� !� ��� 2�� 1�n�2�! : (13)Now, let f1(G;�) = (�� d� 1)(�� 1)[(� � !)(�� 2)n�1�!P (G� x; �)+��(�� 1)n�1�!P (G � x; �� 1)℄;f2(G;�) = (�� 1)2 dXi=2 X1�j<i: xixj =2E[(�� !)(�� 2)n�2�!P (Gxij ; �)+��(�� 1)n�2�!P (Gxij ; �� 1)℄;f3(G;�) = (d� 1)(�� !)(�� 2)n�1�!P (G� x; �)+�(2�� 3)(�� !)(�� 2)n�2�! dXi=2 X1�j<i: xixj =2EP (Gxij ; �):Sine (�� d)(�� 2) = (�� d� 1)(�� 1) + (d� 1);and sine (�� 2)2 = (�� 1)2 � (2�� 3);using for P (G;�) and P (G;�� 1) the orresponding expressions given by (10), it is easy to seethat



10. f(G;�) = f1(G;�) + f2(G;�) + f3(G;�):Now, (11) implies that f1(G;�) � 0 and (13) implies that f2(G;�) � 0. Hene, we only needshow that f3(G;�) � 0. But,f3(G;�) = (�� !)(�� 2)n�2�![(d� 1)(�� 2)P (G � x; �)+�(2�� 3)P (G;�) + (2�� 3)(�� d)P (G � x; �)℄;and so f3(G;�) � 0 if and only if[(d� 1)(�� 2) + (2�� 3)(�� d)℄P (G � x; �)� (2�� 3)P (G;�) � 0:Now, sine (d � 1)(� � 2) + (2� � 3)(� � d) = (� � 1)(2� � d � 2), inequality (3) implies thatf3(G;�) � 0. Thus the theorem follows.Proof of Theorem 3. Let G be an arbitrary graph with n verties and let � � n. To proveTheorem 3, we shall �rst prove the validity of the upper bound (inequality (5)) and then thevalidity of the lower bound (inequality (4)).Write ! = !(G). If G is onneted then Theorem 5 implies that inequality (8) holds. But,sine �� !� ��� 2�� 1�n�! � �� !� ��� 1� �n�! ;we are done.Hene, we an assume that G is not onneted. Let H be the graph obtained from G byadding a vertex x joined to every vertex of G. Property 2 implies that P (H; k) = kP (G; k � 1)for every k, and so P (G;� � 1)P (G;�) = �+ 1� P (H;�)P (H;�+ 1) :Now, sine H is a onneted graph with n + 1 verties and sine !(H) = ! + 1, Theorem 5implies that P (H;�)P (H;�+ 1) � �� !�+ 1 ��� 1� �n�! ;and so (5) holds.To prove the validity of the lower bound, write � = �(G). Clearly, (4) is true when n � 3, orwhen G = L(G). In partiular, (4) holds when G = Kn or when G = On. Hene, we an assumethat n � 4, that G is di�erent from L(G), and that (4) holds for all graphs with at most n� 1verties and for all graphs with n verties but more edges than G. Letf(G;�) = (�� n+ �)(�� n+ �� 1)�P (G;�) � �(�� n+ �)�P (G;�� 1):To prove the validity of (4), we only need show that f(G;�) � 0. In fat, we shall show thatf(G;�) < 0.For this purpose, let x be an arbitrary vertex of G suh that �(G � x) = � (suh a vertexexists sine G 6= On). Sine G 6= L(G), there exists a vertex y not adjaent to x suh that



11.�(G + xy) = �. Write G0 = G + xy, G00 = Gjxy, and �00 = �(G00). Sine by Property 1,P (G; k) = P (G0; k) + P (G00; k) for every k, it follows thatf(G;�) = f 0(G;�) + f 00(G;�)= f 0(G;�) + (�� n+ �� 1)g(G;�)+��(�� n+ �)��1P (G00; �� 1);where f 0(G;�) = (�� n+ �)(� � n+ �� 1)�P (G0; �)� �(�� n+ �)�P (G0; �� 1);f 00(G;�) = (�� n+ �)(�� n+ �� 1)�P (G00; �)� �(�� n+ �)�P (G00; �� 1);g(G;�) = (�� n+ �)(� � n+ �� 1)��1P (G00; �)� �(�� n+ �)��1P (G00; �� 1):By assumption, (4) holds for both graphs G0 and G00, and soP (G0; �� 1)P (G0; �) � �� n+ �� ��� n+ �� 1�� n+ � �� (14)and P (G00; �� 1)P (G00; �) � �� n+ �00 + 1� � �� n+ �00�� n+ �00 + 1��00 : (15)Now (14) implies that f 0(G;�) � 0. Clearly, either �00 = � or �00 = �� 1.If �00 = �, then (15) readsP (G00; �� 1)P (G00; �) � �� n+ �+ 1� � �� n+ ��� n+ �+ 1�� ; (16)and so P (G00; �� 1)P (G00; �) > �� n+ �� ��� n+ �� 1�� n+ � �� : (17)But then, (17) implies that f 00(G;�) < 0, and so f(G;�) < 0.If �00 = �� 1, then (15) readsP (G00; �� 1)P (G00; �) � �� n+ �� ��� n+ �� 1�� n+ � ���1 : (18)But then, (18) implies that g(G;�) � 0; moreover �(� � n + �)��1P (G00; � � 1) > 0 (beauseG00 has n� 1 verties and �� 1 � n� 1), and again f(G;�) < 0. The theorem follows.Proof of Theorem 4. Let G be an arbitrary graph with n verties, and let � � n. From theproof of Theorem 3 it follows that (4) holds as equation if and only if G = L(G).Now onsider inequality (5). Clearly, if G is onneted, then Theorem 5 implies that (5) holdsas an inequality.Hene, we an assume that G is not onneted. Let C1; : : : ; Ck denote the onneted omponentsof G and let ni denote the number of verties of Ci. By Property 4,



12. P (G;�� 1)P (G;�) = kYi=1 P (Ci; �� 1)P (Ci; �) :Write !i = !(Ci) and assume that !1 � : : : � !k. Hene ! = !1.First, assume that !2 = 1. Then !i = 1 for every i > 1, and so ni = 1 for every i > 1. Hene,P (G;� � 1)P (G;�) = P (C1; �� 1)P (C1; �) ��� 1� �k�1 :Sine C1 is a onneted graph with n� k + 1 verties, Theorem 5 implies thatP (G;� � 1)P (G;�) � �� !� ��� 2�� 1�n�k+1�! ��� 1� �k�1 ;and so P (G;� � 1)P (G;�) � �� !� ��� 2�� 1�n�!  (�� 1)2�(�� 2)!k�1 : (19)If the theorem were false, then there would exist a non-onneted graph G 6= U(G) suh thatP (G;�� 1)P (G;�) = �� !� ��� 1� �n�! :But then (19) would imply that (�� 1)2�(�� 2)!n�! �  (�� 1)2�(�� 2)!k�1 ;and so n�! � k � 1. Hene, n1 = n� k+ 1 � !, that is n1 = !, ontraditing the assumptionthat G 6= U(G).Next, assume that !2 � 2. Sine eah graph Ci is onneted, Theorem 5 implies thatP (G;� � 1)P (G;�) � kYi=1�� !i� ��� 2�� 1�ni�!i= �� !� ��� 2�� 1�n�! ��� 1�� 2�!2+:::+!k kYi=2�� !i� :Sine !2 � 2, inequality (6) implies that�� !2� < ��� 1� �!2and that, for every i > 2, �� !i� � ��� 1� �!i :Hene, P (G;� � 1)P (G;�) < �� !� ��� 2�� 1�n�!  (�� 1)2�(�� 2)!!2+���+!k :



13.But, sine n � ! + !2 + � � �+ !k, it follows that !2 + � � �+ !k � n� !, and so (�� 1)2�(�� 2)!!2+���+!k �  (�� 1)2�(�� 2)!n�! :It follows that P (G;�� 1)P (G;�) < �� !� ��� 1� �n�! :Thus, the theorem follows.4. RemarksOur proof of Theorem 5 uses the deomposition of P (G;�) given in Property 3 and inequality (3)in Theorem 2. Theorem 5 is then used to prove the validity of the upper bound in Theorem 3.One way to prove di�erently the upper bound in Theorem 3 ould be the following. Assumethat G 6= Kn and let x be an arbitrary vertex of G suh that !(G�x) = !(G). Sine Theorem 3holds for n small, by indution, we an assume that inequality (5) holds for G� x, i.e.P (G� x; �� 1)P (G� x; �) � �� !(G)� ��� 1� �n�1�!(G) :Hene, Theorem 3 would follow immediately if the following onjeture were true:Conjeture 1. Let G be a graph with n verties suh that G 6= Kn. Then there exists a vertexx suh that, the following two properties hold:(i) !(G� x) = !(G);(ii) for every � � n, P (G;�� 1)P (G;�) � �� 1� P (G� x; �� 1)P (G� x; �) .Note that if we remove property (i) in Conjeture 1, then x ould be adjaent to all otherverties of G. In this ase, Property 2 would imply thatP (G;�� 1)P (G;�) = �� 1� P (G � x; �� 2)P (G � x; �� 1) :Hene, if we write H = G� x, and we set k = �� 1, then Conjeture 1 would be equivalent tothe following onjeture:[P (H; k)℄2 � P (H; k � 1)P (H; k + 1) for every k � n� 1: (20)Note that, if in (20) we replae \for every k � n � 1" with \for every k", then we obtain thefamous \log-onavity" onjeture (see [2℄ and [3℄). This onjeture was disproved by Seymourin [5℄. However, in the ounterexample given in [5℄, k � n� 1.We lose this paper with a orollary of Theorem 3. For this purpose, note that, by Theorem 3,�(G)n ��(G) � 1�(G) ��(G) � P (G;n� 1)P (G;n) � n� !(G)n �n� 1n �n�!(G) :Hene, Theorem 3 yields new bounds on the mean olour number of G.



14.Corollary 1. For every graph G with n verties,n� (n� !(G))�n� 1n �n�!(G) � �(G) � n� �(G)��(G) � 1�(G) ��(G) :It is natural to ask wether our lower bound on the mean olour number of a graph is strongerthan the lower bound given by its hromati number. Clearly, when !(G) = �(G) the answer isyes. In fat, for almost all graphs, our lower bound is muh bigger than �(G).Theorem 6. For almost all graphs G with n verties,n� (n� !(G))�n� 1n �n�!(G) > �(G):Proof. For almost all graphs G with n verties (see [1℄, p.148),!(G) � 2 log2 n and �(G) � n2 log2 n:If we let f(n) = �n� 1n �n�2 log2 n ;then n� (n� !(G))�n� 1n �n�!(G) � n� (n� 2 log2 n)f(n):Sine the limit, as n goes to in�nity, of f(n) is e�1 = :367 : : :, it follows that, for n large enough,f(n) < 0:5. Hene, for almost all graphs G with n verties, with n large enough,n� (n� 2 log2 n)f(n) > n� n� 2 log2 n2 = n2 + log2 n > n2 log2 n � �(G):For dense graphs G, our lower bound on �(G) an be smaller than �(G). To see this, onsiderthe graph H onstruted by Erd}os (see, [1℄, p. 35). This graph has n=2 verties, it has notriangles, and �(H) < n=18 for n large enough. The omplement �H of H has �( �H) = 2, and so�( �H) � n=4. Let G be the graph obtained by the omplete union of �H and Kn=2. Note that Gis a graph with n verties, suh thatn2 < !(G) < 59n; and �(G) � 34n:By adding edges, we an make !(G) = b5n=9 (without dereasing �(G)). Now, if we take nlarge enough and divisible by 9, we haven� (n� !(G))�n� 1n �n�!(G) = n 1� 49 �n� 1n � 49n! :



15.But n 1� 49 �n� 1n � 49n! � n�1� 3990e� 49� � :73n < �(G):Aknowledgments. We thank Va�sek Chv�atal, Lu Devroye, and Brue Reed for helpful on-versations.Referenes[1℄ N. Alon, J.H. Spener, The Probabilisti Method, Wiley 1992.[2℄ J.E. Bartels, D. Welsh, The Markov Chain of Colourings, In: E. Balas, J. Clausen eds.,Integer Programming and Combinatorial Optimization: Pro. of the 4th International IPCOConferene, vol. 920 of Leture Notes of Computer Siene, 373{387, 1995.[3℄ F. Brenti, Expansions of hromati polynomials and log-onavity, Trans. Amer. Math. So.332 (1992), 729{755.[4℄ F.M. Dong, Proof of a Chromati Polynomial Conjeture, J. of Combin. Theory Ser. B 78(2000), 35{44.[5℄ P. Seymour, Two Chromati Polynomial Conjetures, J. of Combin. Theory Ser. B 70(1997), 184{196.


