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Abstract

Classifiers built through supervised learning techniques are widely used in computational biology.
Examples are neural networks, decision trees and support vector machines. Recently, an extension of
Regularized Generalized Eigenvalues Classifier (ReGEC) has been proposed, in which prior knowledge is
included. When knowledge is formalized as a set of linear constraints to the ReGEC, the resulting non
linear classifier has a lower complexity and halves the misclassification error with respect to the original
method. In this work, we show how logic programming can extract knowledge from data to enhance
classification models produced by ReGEC. The knowledge extraction method is based on two phases:
a feature selection phase and a rules extraction phase. Feature selection is formulated as an integer
programming problem that extends a set covering problem. The extraction phase is performed through
the iterative solution of different instances of the same minimum cost satisfiability problem that models
the logic separation rules used for classification. The overall method, that we call LF-ReGEC, guarantees
that the number of points in the training set is not increased and the resulting model does not overfit the
problem. Furthermore, the overall accuracy of the method is increased. Finally, the method is compared
with other methods using genomic and proteomic data sets taken from the literature.
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1. Introduction

The use of automatic classification methods based on supervised learning has become an important
research topic for theoretical and applied mathematics. The capability of extracting information and
knowledge from large amount of data is in fact a much demanded task for all those settings where com-
plex phenomena are observed, and numerically measured, with the aim of understanding the underlying
motivations that govern them.

The literature proposes different types of classifiers, each one characterized by its own specific features.
Their aim is to fit a model on the observed data that is capable of connecting the observed measures
of a data point with a relevant, non-observed characteristic of the data point itself, usually referred to
as class. The standard approach of supervised learning is thus to infer the model’s parameter from a
set of observations of known class (the training sample) and then apply the model to predict or forecast
the class value for observations for which the class is unknown. In the typical setting, one keeps aside
a portion of the available data - referred to as test sample - to verify that the model, produced on the
basis of the training data, obtains a sufficient level of precision in predicting the class for the testing data.
More elaborated testing schemes have been developed to reinforce the model’s evaluation, such as cross
validation or leave-one-out testing.

Widely known examples of classifiers are neural networks[3], decision trees[18] and support vector
machines (SVM)[5]. Classification methods have been successfully applied in a variety of fields. In
particular, promising applications of these methods are in the field of biomedicine and bioinformatics.
Here, the precision of the method is of particular relevance, and the data sets that have to be analyzed
are typically very large; the available samples are composed of genetic expressions or DNA sequences
that can reach dimensions of several tens of thousands.

The relevance of automatic classification for problems of this type pushes the efforts of research towards
the identification of new ideas that are able to improve on the current performances of the available
methods. One such idea is related with the integration of external or prior knowledge in a classification
method. A natural approach is to plug a priori knowledge in a classifier adding directly more points to the
data set. This results in higher computational complexity, and in a propension to overfitting; moreover,
most times additional data is not available or expensive to obtain.

An interesting approach in this direction has been proposed by Mangasarian[16], showing that it is
possible to analytically express knowledge as additional terms of the cost function of the optimization
problem defining a standard SVM. This solution has the advantage not to increase the dimension of the
training set, thus to avoid overfitting and poor generalization of the classification model[3].

Guarracino et al.[15] have recently shown how to extend this approach to Generalized Proximal Support
Vector Machines[14] (GEPSVM), halving the missclassification error of the original method. The idea of
increasing the knowledge contained in the training set with additional knowledge is particularly appealing
in the context of biomedical data, where it can provided by the experience of field experts or previous
results.

In this paper, we propose an alternative method to incorporate additional knowledge in a SVM classifier,
extending the work of Mangasarian et al.[17]. The proposed approach is based on the extraction of
additional knowledge from the training data itself, but with a learning method that is consistently different
from SVM. We adopt the logic mining method Lsquare[7] combined with a recently developed feature
extractor based on integer programming, to extract logic DNF formulas from the training data. Then,
we select the most meaningful portions of such formulas and plug them into the ReGEC algorithm as
external non linear knowledge.

The results so obtained are indeed very interesting and exhibit quite consistently an increase in the
recognition capability of the system, as measured by 10-fold cross validation. In some sense, we propose
a combination of two very different learning methods: ReGEC, that operates in a multidimensional Eu-
clidean space with highly nonlinear data transformation, and logic learning, that operates in a discretized
space with models based on propositional logic. The former constitutes the master learning algorithm,
while the latter provides the additional knowledge that is efficiently incorporated and dealt with by the
ReGEC algorithm.

It is of interest to note that the logic rules adopted to represent the external knowledge are the most
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appropriate form for synthesizing the additional knowledge that is possessed by field experts.
We briefly introduce the notation adopted throughout the paper below.

- Given a vector x ∈n, x1 is the 1-norm, (
∑n

i=1
|xi|), and x is the 2-norm,

(∑n
i=1

(xi)
2
) 1

2 .

- AT is the transpose of the matrix A ∈m×n, and Ai and A.j are the i-th row and the j-th column,
respectively, of the matrix A.

- e = (1, 1, . . . , 1)T and 0 = (0, 0, . . . , 0)T .

- Given two matrices A ∈m×n and B ∈n×k, a kernel K(A, B) maps m×n×n×k into m×k. One of the
most widely used kernels is the Gaussian kernel where the ij-th element of the matrix is defined as

(K(A, B))ij = e−µAT
i −B.j

2

, where A and B are matrices with the same number of columns, and µ

is a positive constant.

- In classification, each point x ∈n is assigned to one of the classes in {−1, 1}, and, for set Γ of m real
points, which is represented by the m rows of the matrix in m×n, there is an associated a vector
c ∈ {−1, 1}

m
of labels denoting their classes.

The paper is organized as follows. In Section 2, we give a general description of knowledge based SVM.
Section 3 discusses the technique by means of which additional knowledge can be implicitly added to
the ReGEC classifier with very limited additional computational cost. Section 4 describes the logic
learning method adopted to extract separating logic rules from the data while Section 5 presents the
experimental results obtained on 5 different biomedical data sets of large dimension. Section 6 provides
some conclusions and directions for future research.

2. Knowledge based SVM

Support Vector Machine is a state of the art machine learning algorithm[5, 27]. The main idea of SVM
is to separate the input space in two half spaces using the hyperplane xT w − γ = 0 which maximizes
the margin between the two classes. The hyperplane can be found by minimizing the norm of w, with
constraints to correctly classified points of both classes.

For nonlinear classification, the SVM is used with kernel functions [17] and the basic solution technique
is still through linear programming. With a kernel Radial Basis Function, the corresponding hyperlane,
projected in the feature space [22], has the following form:

f(x) ≡ K(xT , BT )u − γ = 0, (1)

where B ∈k×n and K(xT , BT ) :1×n ×n×k →1×k is the Radial Basis Function that returns the vector y

with components:

yi = e−
‖x−Bi‖

2

σ .

Parameters u ∈k and γ ∈ are determined by solving the following linear programming problem[17]:

min
u,γ,y,s

νeT y + eT s (2)

s.t. D(K(Γ, ΓT )u − γe) + y ≥ e,

−s ≤ u ≤ s,

y ≥ 0.

Here, D is the diagonal matrix of ±1 corresponding to elements of the training set or matrix Γ.
One can include the knowledge of an expert in the learning phase of the function (1) to improve the

results obtained by a classifier from the training set. The expertise knowledge is represented by the
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following implication which represents a knowledge region ∆ in the input space in which points xs are
known to belong to the class +1:

g(x) ≤ 0 ⇒ K(xT , BT )u − γ ≥ α, ∀x ∈ ∆, (3)

where α is a nonnegative number. Therefore, based on the theorem of the alternatives[17] for a convex
function, the implication (3) can be expressed as a linear inequality in terms of the parameters (u, γ),
and we can add positive nonlinear knowledge to the problem (2) as follows:

min
u,γ,y

νeT y + eT s (4)

s.t. D(K(A, BT )u − γe) + y ≥ e,

−s ≤ u ≤ s, y ≥ 0,

K(xT
i , BT )u − γ − α + vT g(xi) + zi ≥ 0,

v ≥ 0, zi ≥ 0, i = 1, . . . , l.

The same holds for negative knowledge regions. This leads to the linear program (2) with knowledge
included in the cost function:

min
u,γ,y,s,v,p,z1,...,zl,q1,...,qt

νeT y + eT s + σ(

l∑

i=1

zi +

t∑

j=1

qj) (5)

s.t. D(K(A, BT )u − γe) + y ≥ e,

−s ≤ u ≤ s, y ≥ 0,

K(xT
i , BT )u − γ − α + vT g(xi) + zi ≥ 0,

v ≥ 0, zi ≥ 0, i = 1, . . . , l,

−K(xT
j , BT )u + γ − α + pT g(xj) + qj ≥ 0,

p ≥ 0, qj ≥ 0, j = 1, . . . , t.

We note that the linear programming problem (5) minimizes the margin between the two classes con-
straining the classification problem to leave the two a priori knowledge sets in the corresponding halfspace.

3. Nonlinear Knowledge in GEPSVM

We recall that a SVM binary classifier finds a hyperplane which divides the space into two halfspaces.
Points laying in one halfspace belong to class +1, the others to class −1. A different approach is also
used in Proximal Support Vector Machines (PSVM) [10], where the class of a point is determined by the
closeness to one of two hyperplanes.

Given matrices A ∈m×n and B ∈k×n, respectively representing points of class +1 and −1, Γ = A ∪B,
we can find the hyperplane approximating the class +1 solving the following minimization task:

min
u,γ 6=0

K(A, Γ)u − eγ
2

K(B, Γ)u − eγ
2
, (6)

which finds the hyperplane minimizing the distance from the points of class +1 and at the same time
maximizing the distance from the points of class −1. Conversely, the hyperplane for points in class −1,
can be found solving the reciprocal of (6):

min
u,γ 6=0

K(B, Γ)u − eγ
2

K(A, Γ)u − eγ
2
. (7)

Equation (7) finds the hyperplane that minimizes the distance from points in class −1 and maximizes
the distance from points in class −1. Each of these problems can be solved using regularization as
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proposed by Guarracino et. al.[14]:

min
u,γ 6=0

K(A, Γ)u − eγ
2

+ δK̃Bu − eγ
2

K(B, Γ)u − eγ
2

, (8)

min
u,γ 6=0

K(B, Γ)u − eγ
2

+ δK̃Au − eγ
2

K(A, Γ)u − eγ
2

, (9)

where K̃A and K̃B are diagonal matrices, with diagonal elements taken respectively from matrices K(A, Γ)
and K(B, Γ).

Given

G = [K(A, Γ) − e]
T

[K(A, Γ) − e] ,

H = [K(B, Γ) − e]
T

[K(B, Γ) − e] , (10)

z =
[
uT γ

]T
,

the equation (6) becomes:

min
z∈m

zT Gz

zT Hz
. (11)

Similarly for B, we obtain the reciprocal problem:

min
z∈m

zT Hz

zT Gz
. (12)

Equations (11) and (12) represent Rayleigh quotients of the eigenvalue problems Gz = λHz and their
reciprocal.

The minimum eigenvectors obtained as solution to (8)-(9) give the proximity planes Pi, 1 = 1, 2. A
given point x will thus be classified according to the following formula:

class(x) = arg min
i=1,2

dist(x, Pi) (13)

using the distance

dist(x, Pi) =
K(x, Γ)u − γ

u
. (14)

GEPSVM algorithm has several advantages with respect to SVM. First of all, in its linear formulation, it
can be used to classify problems that are not linearly separable. Furthermore, its computational complex-
ity is dominated by the number of training samples. Finally, its implementatino is reduced to eigenpairs
computation, which can be expressed in a single line code in many problem solving environments such
as R and Matlab.

It is possible to add nonlinear prior knowledge formulating the model in terms of a constrained gener-
alized eigenvalue problems. The latter has been extensively studied and a procedure for its solution has
been proposed by Golub[12].

If G and H , as defined in (11), are symmetric matrices of order n, constraints can be expressed by the
equation:

CT z = 0, (15)

where C is an n × p matrix of rank r, with r < p < n. The constrained eigenvalue problem for the
classification surface for points in class +1 is:

min
z∈m

zT Gz

zT Hz
(16)

s.t. CT z = 0.
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Let ∆ be the set of class +1 points describing nonlinear knowledge, constraint matrix C must represent
knowledge imposed on class +1 points, hence it will be:

C =
[

K(∆, Γ) −e
]T

(17)

Matrix C needs to be rank deficient in order to have non-trivial solution. The set of constraints 15
requires all points in ∆ to have null distance from the hyperplane, and thus to belong to class +1.

The QR decomposition of C gives two matrices Q and R such that C = QR. Q is an orthonormal
matrix where QT Q = I. R is an order r upper triangular matrix. Reordering the rows of C, we can
write:

QT C =

[
R S

0 0

]
,

where S is an r × (p − r) matrix. Let

z = Qw = Q

[
y

v

]
,

where y is a vector of the first r components of w and v of the last (n− r) components of w, thus having
a representation of z in the space generated by Q. We have:

CT z =

[
RT 0
ST 0

] [
y

v

]
= 0

and hence y = 0. Defining z = Qw it is possible to reformulate the equation (11) as:

min
w 6=0

wT QT G Q w

wT QT H Q w
.

To simplify, we let L = QT GQ and M = QT HQ, with

L =

[
L11 L12

L21 L22

]
, M =

[
M11 M12

M21 M22

]
,

where L11, M11 are r × r matrices and L22, M22 are (n − r) × (n − r) matrices. Both L and M are
symmetric matrices. Moreover, being matrix M positive definite, we have

0 < λmin(M) ≤ λmin(M22) ≤ λmax(H22) ≤ λmax(H), (18)

where λmin and λmax represent minimum and maximum eigenvalues. Leading back to a minimization
problem, we have to find w such that:

min
w 6=0

wT Lw

wT Mw
. (19)

Minimization problem (19) contains positive nonlinear knowledge represented by C. This expression is
Rayleigh quotient of the generalized eigenvalue problem Lw = λMw. Stationary points are those and
only those corresponding to the eigenvectors of (19). Moreover, being M positive definite, Rayleigh
quotient is limited and varies in the interval determined by minimum and maximum eigenvalues [19].
Considering (18), we just need to search stationary values of the equation:

L22 v = λM22v. (20)

Since L and M are symmetric and M is positive definite, L22 and M22 will be symmetric, and M22

positive definite.
So far, having found the n − r eigenvalues and eigenvectors of L22vi = λiM22vi, i = 1 . . . n − r, we

calculate the components of the vector z, original solution of the problem (16):

wi = Q




0
· · ·

In−r



 vi. (21)

The constrained method just introduced has a lower complexity, compared to the original method, in
the solution of the eigenvalue problem (20), which involves matrices of order (n − r), although an initial
QR factorization is needed for the matrix C.
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4. Additional Knowledge in the form of Logic Formulas

The additional knowledge for the ReGEC classifier is extracted from training data with a logic mining
technique capable of dealing efficiently with large data sets. Such choice is motivated by two main
considerations: first, the nature of the method is intrinsically different from the SVM adopted as primary
classifier; second, the logic formulas are, semantically, the form of “knowledge” closest to human reasoning
and therefore resemble at best contextual information.

The logic mining system consists of two main components, each characterized by the use of integer
programming models and state-of-the-art solution techniques. Below, a brief description of the system is
given, pointing, when needed, to extended descriptions made available in the related literature.

Discretization. When the data is in numeric form (e.g., as in the case of the experiments described
in the following of this paper) the system adopts a discretization method that builds, from each original
variable, one or more logic variables based on some thresholds on the range of variation of the variable
itself. This is accomplished by an iterative procedure that first sections the variation interval of the
variable in a large number of intervals, and the joins these intervals based on class entropy. A detailed
description of the methods can be found in [2].

Feature Selection. The logic variables obtained in the discretization step are selected with a feature
selection method inspired to the one often referred to as Combinatorial Feature Selection or Minimal
Test Collection (see [11]). We proposed a modification of such method based on the infimum-norm that
amounts to the following integer linear program:

max α (22)

s.t.
m∑

h=1

xh ≤ k

m∑

h=1

ah
ijxh ≥ α, i = 1 . . . n, j = 1 . . . n, c(i) 6= c(j)

xh ∈ {0, 1} , h = 1 . . .m,

where the binary variables xh = {0, 1} are associated with each feature (h = 1, ..., m) and have value of 1
only if the feature is chosen; the coefficients ah

ij equal to 1 when individuals i and j differ on feature h, and
0 otherwise, and c(i) indicates the class of individual i. For details, refer to [2], [6]. Such combinatorial
problem is hard in nature, and, for interesting cases, of large dimensions. For this reason we adopt a
randomized heuristic solution technique of the GRASP[1, 9] family, which stand for Greedy Randomized
Adaptive Search Procedures, that has proven to reach solutions of very good quality in limited time.

Logic Separation. The extraction of logic formulas that holds true for individuals in one class and
false for those in the other one is accomplished by the logic miner Lsquare. Lsquare is a learning method
that operates on data represented by logic variables and extracts separating logic formulas in Disjunctive
Normal From (DNF). The classification rules are determined using a particular problem formulation that
amounts to be a well know and hard combinatorial optimization problem, the minimum cost satisfiability
problem, or MINSAT, that is solved using a very sophisticated solver based on decomposition and learning
techniques [26]. The DNF formulas are formed by few clauses with large coverage (the interpretation of
the trends present in the data) and, if needed, additional clauses with smaller coverage (the interpretation
of the outliers in the training set). The system and its additional components have been presented and
described in related papers ([7, 8]) and their detailed description is out of the scope of this paper.

5. Experimental results

LF-ReGEC has been implemented with Matlab 7.3.0. The computational kernels of the logic formulas
are implemented in C. Results are evaluated using an Intel Xeon CPU 3.20GHz, 6GB RAM running Red
Hat Enterprise Linux WS release 3. Matlab function eig for the solution of the generalized eigenvalue
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problem was used as computational kernel of ReGEC. Tests have been performed for ReGEC, LF and
LF-ReGEC algorithms. Accuracy results for SVM and TSP are taken from literature[25].

5.1. A case study

We have chosen acute leukemias microarray dataset as a test case. The aim is to classify acute leukemias
into those arising from lymphoid precursors (acute lymphoblastic leukemia, ALL) or from myeloid precur-
sors (acute myeloid leukemia, AML). Distinguishing ALL from AML is critical for successful treatment.
Indeed, chemotherapy regimens for ALL are generally different from those for AML and, although remis-
sions can be achieved using ALL therapy for AML (and vice versa), cure rates are markedly diminished,
and toxicities are encountered. The dataset is obtained from Golub et. al., 1999[13]. It consists of
25 AML and 47 ALL samples. The gene expression data for 7129 probes has been acquired with an
Affymetrix microarray. The dataset has been divided in 10 folds, each containing approximately 10% of
the complete dataset. Each fold has been extracted from the original data and used for testing. The
remaining 90% in each fold has been used for training. Firstly, the dataset has been discretized and the
logic formulas have been evaluated. Those formulas are in the form:

IF p(4196) > 3.435 AND p(6041) > 3.004 THEN class1,

IF p(6573) < 2.059 AND p(6685) > 2.794 THEN class1,

IF p(1144) > 2.385 AND p(4373) < 3.190 THEN class− 1,

IF p(4847) < 3.006 AND p(6376) < 2.492 THEN class− 1,

where p(i) represents the i-th probe. Each of the previous formulas is true for some samples of one class
and it is false for all samples of the other class. We chose only these formulas for which is maximum the
number of points satisfying the condition. The knowledge region for each class, are those given by the
intersection of all chosen formulas.

Accuracy results of ten fold (1) and leave one out (2) cross

validation
Dataset ReGEC (1) LF (1) LF-ReGEC (1) SVM(2) TSP(2)

Leukemia 98.33% 86.36% 100% 98.61% 93.80%

Accuracy results reported in Table 5.1 show ten fold cross validation results for ReGEC, LP algorithm
and SVM, leave one out cross validation for the last two. The LF-ReGEC method is fully accurate on
the dataset.

5.2. Numerical experiments

LF-IReGEC was tested on publicly available benchmark data sets. The data has been obtained from
k-TSP Program Download Page [25]. Dataset characteristics and references are reported in Table 5.2.
Results regarding its performance in terms of classification accuracy are also presented. In Table 5.2,
accuracy results are reported for the datasets of Table 5.2 for various methods. Null classification results
have been computed on the complete datasets, supposing that all samples would have been classified in
the class containing the larger number of samples. We note that the LP method is more accurate than
TSP in three cases out of five. In all cases, the use of LF in conjunction with ReGEC, produces equal or
higher accuracy results. We note that in LOO cross validation results are usually more accurate, because
the training is done on all training set, except a sample. Nevertheless, LF-ReGEC well compares with
SVM.

Datasets characteristics

Dataset Platform genes (P) samples (N) Reference

Leukemia Affy 7129 25 (AML) 47 (ALL) (Golub et al. [13])
Prostate1 Affy 12 600 52 (T) 50 (N) (Singh et al. [23])
Prostate2 Affy 12 625 38 (T) 50 (N) (Stuart et al. [24])

CNS Affy 7129 25 (C) 9 (D) (Pomeroy et al. [20])
GCM Affy 16 063 190 (C) 90 (N) (Ramaswamy et al. [21])
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Ten fold (1) and leave one out (2) cross validation accuracy

results

Dataset NULL ReGEC (1) LF (1) LF-ReGEC (1) SVM(2) TSP(2)

Leukemia 65.27% 98.33% 86.36% 100% 98.61% 93.80%
Prostate1 50.98% 84.62% 77.80% 84.62% 91.18% 95.10%
Prostate2 56.81% 65.78% 73.50% 75.25% 76.14% 67.60%

CNS 73.52% 65.78% 79.20% 82.58% 82.35% 77.90%
GCM 67.85% 70.45% 79.60% 71.43% 93.21% 75.40%

6. Conclusions and future work

In the present work, we have proposed a new method to incorporate nonlinear knowledge provided by
Logic Formulas in ReGEC, in a fashion similar to what has been proposed in Mangasarian and Wild,
2006[17]. Results show that accuracy of the new algorithm well compares with those of the single
algorithms. In future, we will test and compare the LF-ReGEC method against other standard datasets.
Finally, we believe further investigation needs to be devoted to the identification of knowledge regions,
using only a subset of the training set with an incremental technique[4].
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