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Abstract

We present a method for verifying properties of imperative programs manipulating integer ar-
rays. We assume that we are given a program and a property to be verified. The interpreter

(that is, the operational semantics) of the program is specified as a set of Horn clauses with con-
straints in the domain of integer arrays, also called constraint logic programs over integer arrays,
denoted CLP(Array). Then, by specializing the interpreter with respect to the given program
and property, we generate a set of verification conditions (expressed as a CLP(Array) program)
whose satisfiability implies that the program verifies the given property. Our verification method
is based on transformations that preserve the least model semantics of CLP(Array) programs,
and hence the satisfiability of the verification conditions. In particular, we apply the usual rules
for CLP transformation, such as unfolding, folding, and constraint replacement, tailored to the
specific domain of integer arrays. We propose an automatic strategy that guides the application
of those rules with the objective of deriving a new set of verification conditions which is either
trivially satisfiable (because it contains no constrained facts) or is trivially unsatisfiable (because
it contains the fact false). Our approach provides a very rich program verification framework
where one can compose together several verification strategies, each of them being implemented
by transformations of CLP(Array) programs.

This paper will appear in the Proceedings of the 15th International Conference on Verification,
Model Checking, and Abstract Interpretation (VMCAI), January 19–21, 2014, San Diego, USA.





1 IntrodutionHorn lauses and onstraints have been advoated by many researhers as suit-able logial formalisms for the automated veri�ation of imperative programs [2,19, 34℄. Indeed, the veri�ation onditions that express the orretness of a givenprogram, an often be expressed as onstrained Horn lauses [3℄, that is, Hornlauses extended with onstraints in spei� domains suh as the integers or therationals. For instane, onsider the following C-like program prog :
x=0; y=0;

while (x<n) {x=x+1; y=y+2}and assume that we want to prove the following Hoare triple: {n≥1} prog {y>x}.This triple is valid if we �nd a prediate P suh that the following three veri�-ation onditions hold:1. x=0 ∧∧ y=0 ∧∧ n≥1 → P (x, y, n)2. P (x, y, n) ∧∧ x<n → P (x+ 1, y + 2, n)3. P (x, y, n) ∧∧ x≥n → y>xConstraints suh as the equalities and inequalities in lauses 1�3, are formu-las de�ned in a bakground (possibly non-Horn) theory. The use of onstraintsmakes it easier to express the properties of interest and enables us to applyad-ho theorem provers, or solvers, for reasoning over those properties.Veri�ation onditions an be automatially generated either from a formalspei�ation of the operational semantis of the programs [34℄ or from the proofrules that formalize program orretness in an axiomati way [19℄.The orretness of a program is implied by the satis�ability of the veri�ationonditions. Various methods and tools for Satis�ability Modulo Theory (see, forinstane, [11℄) prove the orretness of a given program by �nding an interpre-tation (that is, a relation spei�ed by onstraints) that makes the veri�ationonditions true. For instane, in our example, one suh interpretation is:
P (x, y, n) ≡ (x=0 ∧∧ y=0 ∧∧ n≥1) ∨∨ y>xIt has been noted (see, for instane, [3℄) that veri�ation onditions an be viewedas onstraint logi programs, also alled CLP programs [22℄. Indeed, lauses 1and 2 above an be onsidered as lauses of a CLP program over the integers,and lause 3 an be rewritten as the following goal (by moving the onlusionto the premises):4. P (x, y, n) ∧∧ x≥n ∧∧ y≤x → falseVarious veri�ation methods based on onstraint logi programming have beenproposed in the literature (see, for instane, [8, 10, 34℄). These methods onsistof two steps: (i) the �rst step is the translation of the veri�ation task into aCLP program, and (ii) the seond step is the analysis of that CLP program. Inpartiular, as indiated in [8℄, in many ases it is helpful for the analysis step totransform a CLP program (expressing a set of veri�ation onditions) into anequisatis�able program whose satis�ability is easier to show.For instane, if we propagate, aording to the transformations desribedin [8℄, the two onstraints representing the initialization ondition (x=0 ∧∧ y=03



∧∧ n≥ 1) and the error ondition (x≥ n ∧∧ y≤ x), then from lauses 1, 2, and 4we derive the following new veri�ation onditions:5. Q(x, y, n) ∧∧ x<n ∧∧ x>y ∧∧ y≥0 → Q(x+ 1, y + 2, n)6. Q(x, y, n) ∧∧ x≥n ∧∧ x≥y ∧∧ y≥0 ∧∧ n≥1 → falseThis propagation of onstraints preserves the least model, and hene, by ex-tending the van Emden-Kowalski Theorem [38℄ to onstrained Horn lauses, theveri�ation onditions expressed by lauses 5�6 are satis�able i� lauses 1�3 aresatis�able. Now, proving the satis�ability of lauses 5�6 is trivial beause noneof them is a onstrained fat (that is, a lause of the form c → Q(x, y, n), where
c is a satis�able onstraint). Thus, lauses 5-6 are made true by simply taking
Q(x, y, n) to be false .The approah presented in [8℄ shows that the transformational veri�ationmethod brie�y presented in the example above, is quite general. Aording tothat method, in fat, one starts from a program prog on integers and a safetyproperty ϕ to be veri�ed. Then, following [34℄, one spei�es the interpreter ofthe program as a CLP program whose onstraints are in the domain of inte-ger arrays. Next, by speializing the interpreter with respet to prog and ϕ, anew CLP program, all it VC , is derived. This program onsists of the lausesthat express the veri�ation onditions (hene the name VC ) whih guaranteethat prog satis�es ϕ. Program VC (and the orresponding set of veri�ationonditions) is repeatedly speialized with respet to the onstraints ourringin its lauses with the objetive of deriving either (i) a CLP program withoutonstrained fats, hene proving that prog satis�es ϕ, or (ii) a CLP programontaining the fat false , hene proving that prog does not satisfy ϕ (in this asea ounterexample to ϕ an be extrated from the derivation of the speializedprogram).In this paper we extend the method presented in [8℄ to the proof of par-tial orretness properties of programs manipulating integer arrays. In order tospeify veri�ation onditions for array programs, in Setion 2 we introdue thelass of CLP(Array) programs, that is, logi programs with onstraints in thedomain of integer arrays. In partiular, CLP(Array) programs may ontain o-urrenes of read and write prediates that are interpreted as the input andoutput relations of the usual read and write operations on arrays. Then, in Se-tion 3 we introdue some transformation rules for manipulating CLP(Array)programs. Besides the usual unfolding and folding rules, we onsider the on-straint replaement rule, whih allows us to replae onstraints by equivalentones in the theory of arrays [4, 17, 30℄. In Setion 4 we show how to generate theveri�ation onditions via speialization of CLP(Array) programs. In Setion 5we present an automati strategy designed for applying the transformation ruleswith the objetive of obtaining a proof (or a disproof) of the properties of in-terest. In partiular, similarly to [8℄, the strategy aims at deriving either (i) aCLP(Array) program that has no onstrained fats (hene proving satis�abilityof the veri�ation onditions and partial orretness of the program), or (ii) aCLP(Array) program ontaining the fat false (hene proving that the veri�-ation onditions are unsatis�able and the program does not satisfy the given4



property). The transformation strategy may introdue some auxiliary prediatesby using a generalization strategy that extends to CLP(Array) the generaliza-tion strategies for CLP programs over integers or reals [14℄. Finally, as reportedin Setion 6, we have implemented our transformation strategy on the MAPtransformation system [29℄ and we have tested the veri�ation method using thestrategy we have proposed on a set of array programs taken from the literature.2 Constraint Logi Programs on ArraysIn this setion we reall some basi notions and terminology onerning Con-straint Logi Programming (CLP), and we introdue the set CLP(Array) ofCLP programs with onstraints in the domain of integer arrays. For details onCLP the reader may refer to [22℄.If p1 and p2 are linear polynomials with integer variables and oe�ients, then
p1=p2, p1≥p2, and p1>p2 are atomi integer onstraints. The dimension n ofan array a is represented as a binary relation by the prediate dim(a, n). Forreasons of simpliity we onsider one-dimensional arrays only. The read andwrite operations on arrays are represented by the prediates read and write,respetively, as follows: read(a, i, v) denotes that the i-th element of array ais the value v, and write(a, i, v, b) denotes that the array b that is equal tothe array a exept that its i-th element is v. We assume that both indexes andvalues are integers, but our method is parametri with respet to the index andvalue domains. (Note, however, that the result of a veri�ation task may dependon the onstraint solver used, and hene on the onstraint domain.)An atomi array onstraint is an atom of the following form: either dim(a, n),or read(a, i, v), or write(a, i, v, b). A onstraint is either true, or an atomi(integer or array) onstraint, or a onjuntion of onstraints. An atom is anatomi formula of the form p(t1,...,tm), where p is a prediate symbol not in
{=,≥, >, dim, read, write} and t1, . . . , tm are terms onstruted out of variables,onstants, and funtion symbols di�erent from + and *.A CLP(Array) program is a �nite set of lauses of the form A :- , B, whereA is an atom,  is a onstraint, and B is a (possibly empty) onjuntion of atoms.
A is alled the head and , B is alled the body of the lause. We assume that inevery lause all integer arguments in its head are distint variables. The lauseA :-  is alled a onstrained fat. When  is true then it is omitted and theonstrained fat is alled a fat. A goal is a formula of the form :-, B (standingfor c ∧∧B → false or, equivalently, ¬(c ∧∧B)). A CLP(Array) program is said tobe linear if all its lauses are of the form A :- , B, where B onsists of at mostone atom.We say that a prediate p depends on a prediate q in a program P if eitherin P there is a lause of the form p(...) :- , B suh that q ours in B, or thereexists a prediate r suh that p depends on r in P and r depends on q in P .We say that a prediate p in a linear program P is useless if in P there areonstrained fats neither for p nor for eah prediate q on whih q depends.5



Now we de�ne the semantis of CLP(Array) programs. An A-interpretationis an interpretation I, that is, a set D, a funtion in Dn → D for eah funtionsymbol of arity n, and a relation on Dn for eah prediate symbol of arity n,suh that:(i) the set D is the Herbrand universe [28℄ onstruted out of the set Z of theintegers, the onstants, and the funtion symbols di�erent from + and *,(ii) I assigns to +, *, =,≥, > the usual meaning in Z,(iii) for all sequenes a0 . . . an−1, for all integers d,
dim(a0 . . . an−1, d) is true in I i� d=n(iv) I interprets the prediates read and write as follows: for all sequenes
a0 . . . an−1 and b0 . . . bm−1 of integers, for all integers i and v,
read(a0 . . . an−1, i, v) is true in I i� 0≤i≤n−1 and v=ai, and
write(a0 . . . an−1, i, v, b0 . . . bm−1) is true in I i�

0≤i≤n−1, n=m, bi=v, and for j=0, . . . , n−1, if j 6=i then aj=bj(v) I is an Herbrand interpretation [28℄ for funtion and prediate symbols dif-ferent from +, *, =,≥, >, dim, read, and write.We an identify an A-interpretation I with the set of ground atoms that are truein I, and hene A-interpretations are partially ordered by set inlusion.We write A |= ϕ if ϕ is true in every A-interpretation. A onstraint  issatis�able if A |= ∃(), where in general, for every formula ϕ, ∃(ϕ) denotes theexistential losure of ϕ. Likewise, ∀(ϕ) denotes the universal losure of ϕ. A on-straint is unsatis�able if it is not satis�able. A onstraint  entails a onstraint d,denoted  ⊑ d, if A |= ∀( → d). By vars(ϕ) we denote the free variables of ϕ.We assume that we are given a solver to hek the satis�ability and theentailment of onstrains in A. To this aim we an use any solver that implementsalgorithms for satis�ability and entailment in the theory of integer arrays [4, 17℄.The semantis of a CLP(Array) program P is de�ned to be the least A-modelof P , denoted M(P ), that is, the least A-interpretation I suh that every lauseof P is true in I.Given a CLP(Array) program P and a ground goal G of the form :-A, P ∪{G}is satis�able (or, equivalently, P 6|=A) if and only if A 6∈M(P ). This property is astraightforward extension to CLP(Array) programs of van Emden and Kowalski'sresult [38℄.3 Transformation Rules for CLP(Array) ProgramsOur veri�ation method is based on the appliation of transformations that,under suitable onditions, preserve the least A-model semantis of CLP(Array)programs. In partiular, we apply the following transformation rules, olletivelyalled unfold/fold rules : (i) de�nition, (ii) unfolding, (iii) onstraint replaement,and (iv) folding. These rules are an adaptation to CLP(Array) programs of theunfold/fold rules for a generi CLP language (see, for instane, [13℄).Let P be a CLP(Array) program.De�nition Rule. By this rule we introdue a lause of the form newp(X) :-,A,where newp is a new prediate symbol (ourring neither in P nor in a lause6



introdued by the de�nition rule), X is the tuple of variables ourring in theatom A, and  is a onstraint.Unfolding Rule. Given a lause C of the form H :-,L,A,R, where H and A areatoms,  is a onstraint, and L and R are (possibly empty) onjuntions of atoms,let us onsider the set {Ki :-i,Bi | i = 1, . . . ,m} made out of the (renamedapart) lauses of P suh that, for i=1, . . . ,m, A is uni�able with Ki via the mostgeneral uni�er ϑi and (,i)ϑi is satis�able. By unfolding C w.r.t. A using P ,we derive the set {(H :-,i,L,Bi,R)ϑi | i = 1, . . . ,m} of lauses.Constraint Replaement Rule. If a onstraint c0 ours in the body of a lause Cand, for some onstraints c1, . . . , cn,
A |= ∀ ((∃X0 c0)↔(∃X1 c1 ∨∨ . . . ∨∨∃Xn cn))where, for i = 0, . . . , n, Xi = vars(C)−vars(ci), then we derive n new lauses

C1, . . . , Cn by replaing c0 by c1, . . . , cn, respetively, in the body of C.The equivalenes needed for onstraint replaements are shown to hold in
A by using a relational version of the theory of arrays with dimension [4, 17℄.In partiular, the onstraint replaements we apply during the transformationsdesribed in Setion 5 follow from the following axioms where all variables areuniversally quanti�ed at the front:(A1) I=J, read(A, I, U), read(A, J, V) → U=V(A2) I=J, write(A, I, U, B), read(B, J, V) → U=V(A3) I 6=J, write(A, I, U, B), read(B, J, V) → read(A, J, V)Axiom (A1) is often alled array ongruene and axioms (A2) and (A3) areolletively alled read-over-write. We omit the usual axioms for dim.Folding Rule. Given a lause E: H :- e,L, A, R and a lause D: K :-d, D intro-dued by the de�nition rule. Suppose that, for some substitution ϑ, (i) A = Dϑ,and (ii) ∀ (e→dϑ). Then by folding E using D we derive H :-e, L, Kϑ, R.From P we an derive a new program TransfP by: (i) seleting a lause Cin P , (ii) deriving a new set TransfC of lauses by applying one or more trans-formation rules, and (iii) replaing C by TransfC in P . Clearly, we an applya new sequene of transformation rules starting from TransfP and iterate thisproess at will.The orretness results for the unfold/fold transformations of CLP programsproved in [13℄ an be instantiated to our ontext as stated in the followingtheorem.Theorem 1. (Corretness of the Transformation Rules) Let the CLP(Array)program TransfP be derived from P by a sequene of appliations of the trans-formation rules. Suppose that every lause introdued by the de�nition rule isunfolded at least one in this sequene. Then, for every ground atom A in thelanguage of P , A∈M(P ) i� A∈M(TransfP).The assumption that the unfolding rule should be applied at least one isrequired for tehnial reasons (see the details in [13℄). Informally, this assumptionavoids the replaement of a de�nition lause A :- Bwith the lause A :- A obtained7



by folding A :- B using itself. This replaement may not preserve the least modelsemantis.4 Generating Veri�ation Conditions via SpeializationWe onsider an imperative C-like programming language with integer and arrayvariables, assignments (=), sequential ompositions (;), onditionals (if else),while-loops (while), and jumps (goto). A program is a sequene of (labeled)ommands, and in eah program there is a unique halt ommand whih, whenexeuted, auses program termination.The semantis of our language is de�ned by a transition relation, denoted
=⇒, between on�gurations. Eah on�guration is a pair 〈〈c, δ〉〉 of a ommand cand an environment δ. An environment δ is a funtion that maps: (i) everyinteger variable identi�er x to its value v, and (ii) every integer array identi�er
a to a �nite sequene a0, . . . , an−1 of integers, where n is the dimension of thearray a. The de�nition of the relation=⇒ is similar to the `small step' operationalsemantis given in [36℄, and is omitted.Given an imperative program prog , we address the problem of verifyingwhether or not, starting from any initial on�guration that satis�es the prop-erty ϕinit , the exeution of prog eventually leads to a �nal on�guration thatsatis�es the property ϕerror , also alled an error on�guration. This problem isformalized by de�ning an inorretness triple of the form {{ϕinit}} prog {{ϕerror}},where ϕinit and ϕerror are onstraints. We say that a program prog is in-orret with respet to ϕinit and ϕerror , whose free variables are assumed tobe among the program variables z1, . . . , zr, if there exist environments δinitand δh suh that: (i) ϕinit (δinit (z1), . . . , δinit (zr)) holds, (ii) 〈〈ℓ0 : c0, δinit 〉〉 =⇒

∗

〈〈ℓh :halt, δh〉〉, and (iii) ϕerror (δh(z1), . . . , δh(zr)) holds, where ℓ0 :c0 is the �rstlabeled ommand of prog and ℓh : halt is the unique halt ommand of prog .A program is said to be orret with respet to ϕinit and ϕerror i� it is notinorret with respet to ϕinit and ϕerror . Note that our notion of orretness isequivalent to the usual notion of partial orretness spei�ed by the Hoare triple
{ϕinit} prog {¬ϕerror}. In this paper we assume that the properties ϕinit and
ϕerror an be expressed as onjuntions of (integer and array) onstraints.We translate the problem of heking whether or not the program prog isinorret with respet to the properties ϕinit and ϕerror into the problem ofheking whether or not the nullary prediate incorrect (standing for false) isa onsequene of the CLP(Array) program T de�ned by the following lauses:

incorrect :- errorConf(X), reach(X).
reach(Y) :- tr(X, Y), reach(X).
reach(Y) :- initConf(Y).together with the lauses for the prediates initConf(X), errorConf(X), and

tr(X, Y). Those lauses are de�ned as follows: (i) initConf(X) enodes an initialon�guration satisfying the property ϕinit , (ii) errorConf(X) enodes an erroron�guration satisfying the property ϕerror , and (iii) tr(X, Y) enodes the tran-sition relation =⇒ between pairs of on�gurations, whih depends on the given8



program prog. For instane, the following lause enodes the transition relationfor the array assignment ℓ : a[ie] = e (here a on�guration pair of the form:
〈〈ℓ :c, δ〉〉 for the ommand c at label ℓ and the environment δ, is denoted by theterm cf(cmd(L, C), D)):
tr(cf(cmd(L, asgn(arrayelem(A, IE), E)), D), cf(cmd(L1, C), D1)) :-

eval(IE, D, I), eval(E, D, V), lookup(D, array(A), FA), write(FA, I, V, FA1),
update(D, array(A), FA1, D1), nextlab(L, L1), at(L1, C).(L1 is the label following L in the enoding of the given program.) The prediatereah(Y) holds if a on�guration Y an be reahed from an initial on�guration.The imperative program prog is orret with respet to the properties ϕinitand ϕerror i� incorrect 6∈M(T ) (or, equivalently, T 6|=incorrect), where M(T )is the least A-model of program T (see Setion 2). Our veri�ation methodperforms a sequene of appliations of the unfold/fold rules presented in Setion3 starting from program T . By Theorem 1 we have that, for eah program Uobtained from T by a sequene of appliations of the rules, incorrect∈M(T )i� incorrect∈M(U).Our veri�ation method is made out of the following two steps, eah of whihis realized by a sequene of appliations of the unfold/fold transformation rules:Step (A): Generation of Veri�ation Conditions, and Step (B): Transformationof Veri�ation Conditions.In Step (A) program T is speialized with respet to the given tr (whih de-pends on prog), initConf, and errorConf, thereby deriving a new program T 1suh that: (i) incorrect ∈ M(T ) i� incorrect ∈ M(T 1), and (ii) tr does notour expliitly in T 1. The speialization of T is obtained by applying a variantof the strategy for interpreter removal presented in [8℄. The main di�erene withrespet to [8℄ is that the CLP programs onsidered in this paper ontain read,

write, and dim prediates. The read and write prediates are never unfoldedduring speialization and they our in the residual CLP(Array) program T 1.All ourrenes of the dim prediate are eliminated by replaing them by suit-able integer onstraints on indexes. The lauses of T 1 are alled the veri�ationonditions for prog, and we say that they are satis�able i� incorrect 6∈ M(T 1)(or equivalently T 1 6|=incorrect). Thus, the satis�ability of the veri�ation on-ditions for prog guarantees that prog is orret with respet to ϕinit and ϕerror .Step (B) has the objetive of heking, through further transformations, thesatis�ability of the veri�ation onditions generated by Step (A). We will de-sribe this step in detail in Setion 5.Let us onsider, for example, the following program SeqInit whih initializesa given array a of n integers by the sequene: a[0], a[0]+1, . . . , a[0]+n−1:SeqInit : ℓ0 : i = 1;
ℓ1 : while (i<n) { a[i] = a[i−1] + 1; i = i+ 1; };
ℓh : haltWe onsider the following inorretness triple:

{{ϕinit (i, n, a)}} SeqInit {{ϕerror (n, a)}}where:(i) ϕinit (i, n, a) is i≥0 ∧∧ n=dim(a) ∧∧ n≥1, and9



(ii) ϕerror (n, a) is ∃j (0≤j ∧∧ j + 1<n ∧∧ a[j]≥a[j+1]).First, the above inorretness triple is translated into a CLP(Array) program T .In partiular, the properties ϕinit and ϕerror are de�ned by the following lauses,respetively:1. phiInit(I, N, A) :- I≥0, dim(A, N), N≥1.2. phiError(N, A) :- Z=W+1, W≥0, W+1<N, U≥V, read(A, W, U), read(A, Z, V).The lauses de�ning the prediates initConf and errorConf whih speify theinitial and the error on�gurations, respetively, are as follows:3. initConf(cf(cmd(l0,Cmd), Ps)):-at(l0,Cmd), progState(Ps), phiInit(Ps).4. errorConf(cf(cmd(lh,Cmd), Ps)):-at(lh,Cmd), progState(Ps), phiError(Ps).The prediates at and progState are de�ned by: `at(l0, asgn(int(i), int(1))).',`at(lh, halt).', and `progState([[int(i), I], [int(n), N], [array(a), A]]).'.Now we apply Step (A) of our veri�ation method, whih onsists in the removalof the interpreter. From program T we obtain the following program T 1:5. inorret :- Z=W+1, W≥0, W+1<N, U≥V, N≤I,

read(A, W, U), read(A, Z, V), p(I, N, A).6. p(I1, N, B) :- 1≤I, I<N, D=I−1, I1=I+1, V=U+1,

read(A, D, U), write(A, I, V, B), p(I, N, A).7. p(I, N, A) :- I=1, N≥1.The CLP(Array) program T 1 expresses the veri�ation onditions for SeqInit .Indeed, prediate p is an invariant for the while loop. For reasons of simpliity,the prediates expressing the assertions assoiated with assignments and on-ditionals have been unfolded away during the removal of the interpreter. (Thestrategy for removing the interpreter an be ustomized.)Due to the presene of integer and array variables, the least A-model M(T 1)may be in�nite, and both the bottom-up and top-down evaluation of the goal:- inorretmay not terminate (indeed, this is the ase in our example above).Thus, we annot diretly use the standard CLP systems to prove program or-retness. In order to ope with this di�ulty, we use a method based on CLPprogram transformations, whih allows us to avoid the exhaustive exploration ofthe possibly in�nite spae of reahable on�gurations.5 A Transformation Strategy for Veri�ationAs mentioned above, the veri�ation onditions expressed as the CLP(Array)program T 1 generated by Step (A) are satis�able i� incorrect 6∈ M(T 1). Ourveri�ation method is based on the fat that by transforming the CLP(Array)program T 1 using rules that preserve the least A-model, we get a newCLP(Array) program T 2 that expresses equisatis�able veri�ation onditions.Step (B) has the objetive of showing, through further transformations, thateither the veri�ation onditions generated by Step (A) are satis�able (that is,
incorrect 6∈M(T 1) and hene prog is orret with respet to ϕinit and ϕerror ),or they are unsatis�able (that is, incorrect ∈ M(T 1) and hene prog is not10



orret with respet to ϕinit and ϕerror ). To this aim, Step (B) propagates theinitial and/or the error properties so as to derive from program T 1 a program
T 2 where the prediate inorret is de�ned by either (α) the fat `inorret'(in whih ase the veri�ation onditions are unsatis�able and prog is inorret),or (β) the empty set of lauses (in whih ase the veri�ation onditions aresatis�able and prog is orret). In the ase where neither (α) nor (β) holds, thatis, in program T 2 the prediate inorret is de�ned by a non-empty set oflauses not ontaining the fat `inorret', we annot onlude anything aboutthe orretness of prog. However, similarly to what has been proposed in [8℄, inthis ase we an iterate Step (B), alternating the propagation of the initial anderror properties, in the hope of deriving a program where either (α) or (β) holds.Obviously, due to undeidability limitations, it may be the ase that we neverget a program where either (α) or (β) holds.Step (B) is performed by applying the unfold/fold transformation rules a-ording to the Transform strategy shown in Figure 1. Transform an be viewedas a bakward propagation of the error property. The forward propagation ofthe initial property an be obtained by ombining Transform with the Reversaltransformation desribed in [8℄. For lak of spae we do not present this extratransformation here.The input program T 1 is a linear CLP(Array) program (we an show, in fat,that Step (A) always generates a linear program).Input : A linear CLP(Array) program T1.Output : Program T2 suh that inorret∈M(T1) i� inorret∈M(T2).Initialization:Let InDefs be the set of all lauses of T1 whose head is the atom inorret;
T2:=∅ ; Defs := InDefs ;while in InDefs there is a lause C doUnfolding: Unfold C w.r.t. the unique atom in its body using T1, and derivea set U(C) of lauses;Constraint Replaement: Apply a sequene of onstraint replaements byusing the Laws of Arrays, and derive from U(C) a set R(C) of lauses;Clause Removal: Remove from R(C) all lauses whose body ontains an un-satis�able onstraint;Definition&Folding: Introdue a (possibly empty) set of new prediate def-initions and add them to Defs and to InDefs;Fold the lauses in R(C) di�erent from onstrained fats by using the lausesin Defs, and derive a set F(C) of lauses;InDefs := InDefs− {C}; T2 := T2 ∪ F(C);end-while;Removal of Useless Clauses:Remove from T2 all lauses with head prediate p, if in T2 there is no onstrained fat
q(. . .) :- c where q is either p or a prediate on whih p depends.Fig. 1. The Transform strategy.11



Unfolding performs one inferene step bakward from the error property.The Constraint Replaement phase by applying the theory of arrays, infersnew onstraints on the variables of the only atom that ours in the body ofeah lause obtained by the Unfolding phase. It works as follows. We selet alause, say H :- c, G, in the set U(C) of the lauses obtained by unfolding, andwe replae that lause by the one(s) obtained by applying as long as possiblethe following rules. Note that this proess always terminates and, in general, itis nondeterministi.(RR1) If c ⊑ (I=J) thenreplae: read(A, I, U), read(A, J, V) by: U=V, read(A, I, U)(RR2) If c ≡ (read(A, I, U), read(A, J, V), d), d 6⊑ (I 6=J), and d ⊑ (U 6=V) thenadd to c the onstraint: I 6=J(WR1) If c ⊑ (I=J) thenreplae: write(A, I, U, B), read(B, J, V)by: U=V, write(A, I, U, B)(WR2) If c ⊑ (I 6=J) thenreplae: write(A, I, U, B), read(B, J, V)by: write(A, I, U, B), read(A, J, V)(WR3) If c 6⊑ I=J and c 6⊑ I 6=J thenreplae: H :- c, write(A, I, U, B), read(B, J, V), Gby: H :- c, I=J, U=V, write(A, I, U, B), Gand H :- c, I 6=J, write(A, I, U, B), read(A, J, V), GRules RR1 and RR2 are derived from the array axiom A1 (see Setion 3), andrules WR1�WR3 are derived from the array axioms A2 and A3 (see Setion 3).The Definition&Folding phase introdues new prediate de�nitions by suit-able generalizations of the onstraints. These generalizations guarantee the ter-mination of Transform, but at the same time they should be as spei� as possiblein order to ahieve maximal preision. This phase works as follows. Let C1 in
R(C ) be a lause of the form H :-, p(X). We assume that Defs is struturedas a tree of lauses, where lause A is the parent of lause B if B has beenintrodued for folding a lause in R(A). If in Defs there is (a variant of) a lause
D: newp(X):- d, p(X) suh that vars(d) ⊆ vars(c) and c ⊑ d, then we fold
C1 using D. Otherwise, we introdue a lause of the form newp(X):- gen,p(X)where: (i) newp is a prediate symbol ourring neither in the initial programnor in Defs , and (ii) gen is a onstraint suh that vars(gen) ⊆ vars(c) and
c ⊑ gen. The onstraint gen is alled a generalization of the onstraint c and isonstruted as follows.Let c be of the form i1, rw1, where i1 is an integer onstraint and rw1 is aonjuntion of read and write onstraints.(1) Delete all write onstraints from rw1, hene deriving r1.(2) Rewrite i1, r1 so that all ourrenes of integers in read onstraints aredistint variables not appearing in X (this an be ahieved by possibly addingsome integer equalities to r1), hene deriving i2, r2.12



(3) Compute the projetion i3 (in the rationals) of the onstraint i2 ontovars(r2) ∪ {X} (thus i2 ⊑ i3 in the domain of the integers).(4) Delete from r2 all read(A, I, V) onstraints suh that either (i) A does notour in X or (ii) V does not our in i3, thereby deriving a new value for r2. Ifat least one read has been deleted from r2 then go to step (3).Let i3, r3 be the onstraint obtained after the appliations of steps (3)�(4).(5) If in Defs there is an anestor (de�ned as the re�exive, transitive losure ofthe parent relation) of C of the form H0 :- i0, r0, p(X) suh that r0, p(X) isa subonjuntion of r3, p(X),Then ompute a generalization g of the onstraints i3 and i0 suh that i3 ⊑ g,by using a generalization operator for linear onstraints (we refer to [7,14, 33℄ for generalization operators based on widening, onvex hull, andwell-quasi orderings). De�ne the onstraint gen as g, r0;Else de�ne the onstraint gen as i3, r3.The orretness of the strategy with respet to the least A-model semantisfollows from Theorem 1, by observing that every lause de�ning a new prediateintrodued by Definition&Folding is unfolded one during the exeution ofthe strategy (indeed every suh lause is added to InDefs).The termination of the Transform strategy is based on the following fats:(i) Constraint satis�ability and entailment are heked by a terminating solver(note that ompleteness is not neessary for the termination of Transform).(ii) Constraint Replaement terminates (see above).(iii) The set of new lauses that, during the exeution of the Transform strategy,an be introdued by Definition&Folding steps is �nite. Indeed, by onstru-tion, they are all of the form H :- i, r, p(X), where: (1) X is a tuple of variables,(2) i is an integer onstraint, (3) r is a onjuntion of array onstraints of theform read(A, I, V), where A is a variable in X and the variables I and V ourin i only, (4) the ardinality of r is bounded, beause generalization does notintrodue a lause newp(X) :- i3, r3, p(X) if there exists an anestor lause of theform H0 :- i0, r0, p(X) suh that r0, p(X) is a subonjuntion of r3, p(X), (5) weassume that the generalization operator on integer onstraints has the follow-ing �niteness property: only �nite hains of generalizations of any given integeronstraint an be generated by applying the operator. The already mentionedgeneralization operators presented in [7, 14, 33℄ satisfy this �niteness property.Theorem 2. (Termination and Corretness of the Transform strategy) (i) TheTransform strategy terminates. (ii) Let program T 2 be the output of the Trans-form strategy applied on the input program T 1. Then, incorrect∈M(T 1) i�
incorrect∈M(T 2).Let us now onsider again the SeqInit example of Setion 4 and performStep (B). We apply the Transform strategy starting from program T 1.Unfolding. First, we unfold lause 5 w.r.t. the atom p(I, N, A), and we get:8. incorrect:- Z=W+1, W≥0, Z≤I, D=I−1, N=I+1, Y=X+1, U≥V,

read(B, W, U), read(B, Z, V), read(A, D, X), write(A, I, Y, B), p(I, N, A).13



Constraint Replaement. Then, by applying the replaement rules WR2,WR3, and RR1 to lause 8, we get the following lause:9. incorrect:- Z=W+1, W≥0, Z<I, D=I−1, N=I+1, Y=X+1, U≥V,

read(A, W, U), read(A, Z, V), read(A, D, X), write(A, I, Y, B), p(I, N, A).In partiular, sine W 6=I is entailed by the onstraint in lause 8, we apply ruleWR2 and we obtain a new lause, say 8.1, where read(B, W, U), write(A, I, Y, B)is replaed by read(A, W, U), write(A, I, Y, B). Then, sine neither Z=I nor Z 6=Iis entailed by the onstraint in lause 8.1, we apply rule WR3 and we obtaintwo lauses 8.2 and 8.3, where the onstraint read(B, Z, V), write(A, I, Y, B) is re-plaed by Z = I, Y = V, write(A, I, Y, B) and Z 6= I, read(A, Z, U), write(A, I, Y, B),respetively. Finally, sine D = W is entailed by the onstraint in lause 8.2, we ap-ply rule RR1 to lause 8.2 and we add the onstraint X = U to its body, hene de-riving the unsatis�able onstraint X = U, Y = X+ 1, Y = V, U≥V. Thus, the lausederived by the latter replaement is removed. Clause 9 is derived from 8.3 byrewriting Z≤I, Z 6= I as Z<I.Definition&Folding. In order to fold lause 9 we introdue a new de�nitionby applying Steps (1)�(5) of the Definition&Folding phase. In partiular,by deleting the write onstraint (Step 1) and projeting the integer onstraint(Step 3), we get a onstraint where the variable X ours in read(A, D, X) only.Thus, we delete read(A, D, X) (Step 4). Finally, we ompute a generalization ofthe onstraints ourring in lauses 5 and 9 by using the onvex hull opera-tor (Step 5). We get:10. new1(I, N, A) :- Z=W+1, W≥0, N≤I+1, N≥W+2, W≤I−2, U≥V,

read(A, W, U), read(A, Z, V), p(I, N, A).By folding lause 9 using lause 10, we get:11. incorrect:- Z=W+1, W≥0, Z<I, D=I−1, N=I+1, Y=X+1, U≥V,

read(A, W, U), read(A, Z, V), read(A, D, X), write(A, I, Y, B), new1(I, N, A).Now we proeed by performing a seond iteration of the body of the while-loopof the Transform strategy beause InDefs is not empty (indeed, at this pointlause 10 belongs to InDefs).Unfolding. After unfolding lause 10 we get the following lause:12. new1(I1, N, B) :- I1=I+1, Z=W+1, Y=X+1, D=I−1, N≤I+2, I≥1,

Z≤I, Z≥1, N>I, U≥V, read(B, W, U), read(B, Z, V),
read(A, D, X), write(A, I, Y, B), p(I, N, A).Constraint Replaement. Then, by applying rules RR1, WR2, and WR3 tolause 12, we get the following lause:13. new1(I1, N, B):- I1=I+1, Z=W+1, Y=X+1, D=I−1, N≤I+2, I≥1,

Z<I, Z≥1, N>I, U≥V, read(A, W, U), read(A, Z, V),
read(A, D, X), write(A, I, Y, B), p(I, N, A).Definition&Folding. In order to fold lause 13 we introdue the followinglause, whose body is derived by omputing the widening [5, 7℄ of the integeronstraints in the anestor lause 10 with respet to the integer onstraints inlause 13: 14



14. new2(I, N, A):- Z=W+1, W≥0, W≤I−1, N>Z, U≥V,

read(A, W, U), read(A, Z, V), p(I, N, A).By folding lause 13 using lause 14, we get:15. new1(I1, N, B) :- I1=I+1, Z=W+1, Y=X+1, D=I−1, N≤I+2, I≥1,

Z<I, Z≥1, N>I, U≥V, read(A, W, U), read(A, Z, V),
read(A, D, X), write(A, I, Y, B), new2(I, N, A).Now we perform the third iteration of the body of the while-loop of the strategystarting from the newly introdued de�nition, that is, lause 14. After someunfolding and onstraint replaement steps, followed by a �nal folding step,from lause 14 we get:16. new2(I1, N, B) :- I1=I+1, Z=W+1, Y=X+1, D=I−1, I≥1,

Z<I, Z≥1, N>I, U≥V, read(A, W, U), read(A, Z, V),
read(A, D, X), write(A, I, Y, B), new2(I, N, A).The �nal transformed program is made out of lauses 11, 15, and 16. Sine thisprogram has no onstrained fats, by the last step of the Transform proedurewe derive the empty program T 2, and we onlude that the program SeqInit isorret with respet to the given ϕinit and ϕerror properties.6 Experimental EvaluationWe have performed an experimental evaluation of our method on a benhmarkset of programs ating on arrays, mostly taken from the literature [3, 12, 21, 27℄.The results of our experiments, whih are summarized in Tables 1 and 2, showthat our approah is e�etive and quite e�ient in pratie.Our veri�er onsists of a module, based on the C Intermediate Language(CIL) [32℄, whih translates a C program together with the initial and erroron�gurations, into a set of CLP(Array) fats, and a module for CLP(Array)program transformation that removes the interpreter and applies the Transformstrategy. The latter module is implemented using the MAP system [29℄, a toolfor transforming onstraint logi programs written in SICStus Prolog.We now brie�y disuss the programs we have used for our experimental eval-uation (see Table 1 where we have also indiated the properties we have veri�ed).Some programs deal with array initialization: program init initializes all theelements of the array to a onstant, while init-non-onstant and init-sequeneuse expressions whih depend on the element position and on the preedingelement, respetively. Program init-partial initializes only an initial portion ofthe array. Program opy performs the element-wise opy of an entire array toanother array, while opy-partial opies only an initial portion of the array,and the program opy-reverse opies the array in reverse order. The programmax omputes the maximum of an array. The programs sum and di�ereneperform the element-wise sum and di�erene, respetively, of two input arrays.The program �nd looks for a partiular value inside an array and returns theposition of its �rst ourrene, if any, or a negative value otherwise. The programs�nd-�rst-non-null and �rst-not-null are two programs whih return the position15



Program Code Veri�ed Propertyinit for(i=0; i<n; i++)a[i℄=; ∀i. (0≤ i ∧ i<n)
→ a[i]=cinit-partial for(i=0; i<k; i++)a[i℄=0; ∀i. (0≤ i ∧ i<k ∧ k≤n)
→ a[i]=0init-non-onstant for(i=0; i<n; i++)a[i℄=2*i+; ∀i. (0≤ i ∧ i<n)
→ a[i]=2∗i+cinit-sequene a[0℄=7; i=1; while(i<n) {a[i℄=a[i-1℄+1; i++;} ∀i. (1≤ i ∧ i<n)
→ a[i]=a[i−1]+1opy for(i=0; i<n; i++)a[i℄=b[i℄; ∀i. (0≤ i ∧ i<n)
→ a[i]=b[i]opy-partial for(i=0; i<k; i++)a[i℄=b[i℄; ∀i. (0≤ i ∧ i<k ∧ k≤n)
→ a[i] = b[i]opy-reverse for(i=0; i<n; i++) b[i℄=a[i℄;for(i=0; i<n; i++) a[i℄=b[n-i-1℄; ∀i. (0≤ i ∧ i<n)
→ a[i]=b[n−i−1]max m=a[0℄; i=1; while(i<n) {if(a[i℄>m) m=a[i℄; i++; } ∀i. (0≤ i ∧ i<n ∧ n≥1)
→ m≥a[i]sum for(i=0; i<n; i++)[i℄=a[i℄+b[i℄; ∀i. (0≤ i ∧ i<n)
→ c[i]=a[i]+b[i]di�erene for(i=0; i<n; i++)[i℄=a[i℄-b[i℄; ∀i. (0≤ i ∧ i<n)
→ c[i]= a[i]−b[i]�nd p=-1; for(i=0; i<n; i++)if(a[i℄==e) { p=i; break; } (0≤p ∧ p<n)
→ a[p]=e�rst-not-null s=n; for(i=0; i<n; ++i)if(s==n && a[i℄!=0) s=i; (0≤s ∧ s<n) → ( a[s] 6= 0 ∧
(∀i. (0≤ i∧ i<s) → a[i]=0) )�nd-�rst-non-null p=-1; for(i=0; i<n; i++)if(a[i℄!=0) { p=i; break; } (0≤p ∧ p<n)
→ a[p] 6=0partition i=0; j=0; k=0; while(i<n) {if(a[i℄>=0) {b[j℄=a[i℄; j++; }else {[k℄=a[i℄; k++; }++i; } (∀i. (0≤ i ∧ i<j)
→ b[i]≥0) ∧

(∀i. (0≤ i ∧ i<k)
→ c[i]<0)insertionsort-inner x=a[i℄; j=i-1;while(j>=0 && a[j℄>x) {a[j+1℄=a[j℄; --j; } ∀k. (0≤ i∧i<n∧j+1<k∧k≤ i)
→ a[k]>xbubblesort-inner for(j=0; j<n-i-1; j++) {if(a[j℄ > a[j+1℄) { tmp = a[j℄;a[j℄ = a[j+1℄;a[j+1℄ = tmp; } } ∀k. (0≤ i ∧ i< n∧
0≤k ∧ k<j ∧ j=n−i−1)
→ a[k]≤a[j]seletionsort-inner for(j=i+1; j<n; j++) {if(a[i℄>a[j℄) { tmp=a[i℄;a[i℄=a[j℄; a[j℄=tmp; } } ∀k.(0≤ i ∧ i≤k ∧ k<n)
→ a[k]≥a[i]Table 1. Benhmark array programs. Variables a,b, are arrays of integers of size n.16



of the �rst non-zero element. For these programs, di�erently from [12, 21℄, weprove that when the searh sueeds, the returned position ontains a non-zeroelement and we also proved that all the preeding elements are zero elements.The program partition opies non-negative and negative elements of the arrayinto two distint arrays. The programs insertionsort-inner, bubblesort-inner, andseletionsort-inner are based on textbook implementations of sorting algorithms.The soure ode of all the veri�ation problems we have onsidered is availableat http://map.uniroma2.it/sm/.For verifying the above programs we have applied the Transform strategyusing di�erent generalization operators, whih are based on the widening andonvex hull operators. In partiular the GenW and GenS operators use theWidenand CHWidenSum operators between onstraints [14℄. We have also ombinedthese operators with a delay mehanism whih, before starting the atual gen-eralization proess, introdues a de�nition whih is omputed by using onvexhull alone, without widening. We denote by GenWD and GenSD the operators ob-tained by ombining delayed generalization with the Widen and CHWidenSumoperators, respetively.In Table 2 we report the results obtained by applying Transform with the fourgeneralization operators mentioned above. The �rst olumn ontains referenesto papers where the program veri�ation example has been onsidered.The last four olumns are labeled with the name of the generalization oper-ator. For eah program proved orret we report the time in seonds taken toverify the property of interest. By unknown we indiate that Transform derivesa CLP(Array) program ontaining onstrained fats di�erent from `inorret',and hene the satis�ability (or the unsatis�ability) of the orresponding veri�-ation onditions annot be heked.We also report, for eah generalization operator, the number of suessfullyveri�ed programs (whih measures the preision of the operator), the total timetaken to run the whole benhmark and the average time per suessful answer,respetively.All experiments have been performed on an Intel Core Duo E7300 2.66Ghzproessor with 4GB of memory under the GNU Linux operating system.The data presented in Table 2 show that by using the GenW operator, whihapplies the widening operator alone, our method is only able to prove 7 programsout of 17. However, preision an be reovered by applying the onvex hulloperator when introduing new de�nitions, possibly ombined with widening.The best trade-o� between preision and performane is provided by theGenWD operator whih is able to prove all 17 programs with an average time of
0.92 s. In this ase the use of the delay mehanism, whih uses onvex hull, su�esto ompensate the weakness demonstrated by the use of widening alone. Notealso that one program, init-sequene, an only be proved by applying operatorswhih use delayed generalization. This on�rms the e�etiveness of the onvexhull operator whih may help inferring relations among program variables, andmay ease the disovery of useful program invariants, while determining (in ourset of examples) only a slight inrease of veri�ation times.17



Program Referenes GenW GenWD GenS GenSDinit [3, 12, 37℄ unknown 0.06 0.10 0.08init-partial [3, 12℄ unknown 0.06 0.07 0.08init-non-onstant [3, 12, 27, 37℄ unknown 0.06 0.22 0.22init-sequene [21, 27℄ unknown 0.80 unknown 1.20opy [3, 12, 21, 27, 37℄ unknown 0.27 0.33 0.29opy-partial [3, 12℄ unknown 0.29 0.34 0.34opy-reverse [3, 12℄ unknown 0.27 0.46 0.45max [21, 27℄ unknown 0.31 0.24 0.33sum unknown 0.68 1.14 1.12di�erene [3℄ unknown 0.66 1.15 1.11�nd [3, 12℄ 0.25 0.43 0.46 0.45�rst-not-null [21℄ 0.38 0.41 0.42 0.42�nd-�rst-non-null [3, 12℄ 1.24 1.87 1.94 1.93partition [12, 27, 37℄ 0.06 0.11 0.14 0.12insertionsort-inner [21, 27, 37℄ 0.21 0.26 0.45 0.43bubblesort-inner 2.46 2.71 2.45 2.75seletionsort-inner [37℄ 7.20 6.40 7.23 7.16preision 7 17 16 17total time 11.80 15.65 17.14 18.48average time 1.69 0.92 1.07 1.09Table 2. Veri�ation results using the MAP system with di�erent generalization op-erators. Times are in seonds.A detailed omparison of the performane of our system with respet to theother veri�ation systems referred to in Table 1 is di�ult to make at this timebeause the systems are not all readily available and also the results reported inthe literature do not refer to the same ode for the input C programs.7 Related Work and ConlusionsThe veri�ation method presented in this paper is an extension of the one in-trodued in [8℄, where programs manipulating arrays were not onsidered. Someexamples suggesting how arrays and reursively de�ned properties an be dealtwith in our transformational approah were presented in [9℄, where, however, noautomati strategy was presented. In this paper we have shown that by applyinga quite simple and general automated transformation strategy it is possible toprove most of the examples found in the literature, with reasonable performane.We are urrently extending our strategy to deal with reursive programs, suhas quiksort.The idea of enoding imperative programs into CLP programs for reasoningabout their properties was presented in various papers [15, 23, 34℄, whih showthat through CLP programs one an express in a simple manner both (i) thesymboli exeutions of imperative programs, and (ii) the invariants that holdduring their exeutions. The peuliarity of our work with respet to [15, 23, 34℄18



is that we use CLP program transformations to prove properties, instead of(symboli) exeution or stati analysis.The veri�ation method presented in this paper is also related to severalother methods that use abstrat interpretation and theorem proving tehniques.Now we brie�y report on related papers whih use abstrat interpretationsfor �nding invariants of programs that manipulate arrays. In [21℄, whih buildsupon [18℄, invariants are disovered by partitioning the arrays into symbolislies and assoiating an abstrat variable with eah slie. A similar approahis followed in [6℄ where a salable, parameterized abstrat interpretation frame-work for the automati analysis of array programs is introdued. In [16, 26℄ aprediate abstration for inferring universally quanti�ed properties of array el-ements is presented, and in [20℄ the authors present a similar tehnique whihuses template-based quanti�ed abstrat domains.Methods based on abstrat interpretation onstrut overapproximations, thatis, invariants implied by the program exeutions. This approah has the advan-tage of being quite e�ient beause it �xes in advane a �nite set of assertionswhere the invariants are searhed for, but for the same reason it may lak �exi-bility as the abstration should be re-designed when the veri�ation fails.Also theorem provers have been used for disovering invariants in programswhih manipulate arrays and prove veri�ation onditions generated from theprograms. In partiular, in [4℄ a satis�ability deision proedure for a deid-able fragment of a theory of arrays is presented. That fragment is expressiveenough to prove properties suh as sortedness of arrays. In [24, 25, 31℄ the au-thors present some tehniques based on theorem proving whih may generatearray invariants. In [37℄ a bakward reahability analysis based on prediate ab-stration and abstration re�nement is used for verifying assertions whih areuniversally quanti�ed over array indexes. Finally, we would like to mention thattehniques based on Satis�ability Modulo Theory (SMT) have been applied forgenerating and verifying universally quanti�ed properties over array variables(see, for instane, [1, 27℄).The approahes based on theorem proving and SMT are more �exible withrespet to those based on abstrat interpretation beause no �nite set of ab-strations is �xed in advane, but the suitable assertions needed by the proofare generated on the �y.Although the approah based on CLP program transformation shares manyideas and tehniques with abstrat interpretation and automated theorem prov-ing, we believe that it has some distintive features that make it quite appealing.Indeed, this paper and previous work (suh as [8, 14, 34℄) show that one an on-strut a framework where the generation of veri�ation onditions and theirveri�ation an both be viewed as program transformations. The approah isparametri with respet to the program syntax and semantis, beause inter-preters and proof systems an easily be written in CLP, and veri�ation on-ditions an automatially be generated by speialization. Moreover, optimizingtransformations an be applied to improve the e�ieny of veri�ation. Finally,transformations an easily be omposed together to derive very sophistiated19
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