
130 5. VISITING OF TREES AND GRAPHS

5.6. Path Problems in Directed Graphs

In this section we present some techniques for solving path problems in directed
graphs. We will start this section by recalling some algorithms for matrix multipli-
cation because matrix multiplication can be used for solving path problems, if we
assume that directed graphs are represented by adjacency matrices.

In particular, we have that: (i) the adjacency matrix M of a given graph G is a
(0, 1)-matrix and M [i, j] = 1, that is, an element of M in position !i, j" is 1, i! in
the graph G there is an arc from node i to node j, and (ii) there exists in G a path
of length k (# 0) from node i to node j i! the in k-th power of M , denoted Mk, the
element in position !i, j", that is, Mk[i, j] is 1.

Recall that we assume that the length of a path is given by the number of its
edges. Thus, in particular, in any graph G there is a path of length 0 from any node
of G to that same node.

5.6.1. Matrix Multiplication Algorithms. The matrix multiplication prob-

lem can be formalized as follows.

Problem 5.6.1. Matrix Multiplication.

Input : two n$n matrices of integers

A =

!!!!!!

a11 . . . a1n

. . . . . . . . .
an1 . . . ann

!!!!!!
and B =

!!!!!!

b11 . . . b1n

. . . . . . . . .
bn1 . . . bnn

!!!!!!

Output : the n$n matrix C = A$B, that is,
for every i, j = 1, . . . , n, cij =

"
1!k!n aik bkj.

In the sequel we will feel free to write the multiplication of the matrices A and B as
A B, instead of A$B.

The elementary matrix multiplication algorithm is as follows.

Algorithm 5.6.2. Elementary Algorithm for Matrix Multiplication.

Given any two n$n matrices A and B, the matrix C = A$B is obtained by performing
the n multiplications and n % 1 additions for each cij =

"
1!k!n aik bkj, as indicated

in the specification of the Matrix Multiplication Problem (see Problem 5.6.1).

This algorithm takes n2(2n % 1) = 2n3 % n2 arithmetic operations for n # 2. Let
us now consider the following algorithm for matrix multiplication.

Algorithm 5.6.3. Matrix Multiplication by Partition.

Consider the following n$n matrices A, B, and C, and the partitions of each of these
matrices into four (n/2)$(n/2) blocks:

A =

!!!!
A11 A12

A21 A22

!!!!, B =

!!!!
B11 B12

B21 B22

!!!!, and C =

!!!!
C11 C12

C21 C22

!!!!.
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Perform the 8 multiplications of (n/2)$(n/2) matrices and the 4 additions of (n/2)$
(n/2) matrices as indicated by the equalities:

C11 = A11B11 + A12B21, C12 = A11B12 + A12B22,

C21 = A21B11 + A22B21, C22 = A21B12 + A22B22.

This algorithm takes O(n3) arithmetic operations, because their number satisfies
the following recurrence relation for n # 2:

T (n) = 8T (n/2) + 4(n2/4), with A(1) = 1,

whose solution is: T (n) = 2n3 % n2.
We have also the following algorithm.

Algorithm 5.6.4. Strassen Matrix Multiplication.

Consider the following n$n matrices A, B, and C, and the partitions of each of these
matrices into four (n/2)$(n/2) blocks:

A =

!!!!
A11 A12

A21 A22

!!!!, B =

!!!!
B11 B12

B21 B22

!!!!, and C =

!!!!
C11 C12

C21 C22

!!!!.

Perform the 7 multiplications of (n/2)$(n/2) matrices and the 10 additions of (n/2)$
(n/2) matrices as indicated by the equalities:

m1 = (A12 % A22)(B21 + B22), m2 = (A11 + A22)(B11 + B22),

m3 = (A11 % A21)(B11 + B12), m4 = (A11 + A12)B22,

m5 = A11(B12 % B22), m6 = A22(B21 % B11),

C22 = m2 % m3 + m5 % m7

Then , by performing the following 8 additions of (n/2)$(n/2)matrices, we get:

C11 = m1 + m2 % m4 + m6, C12 = m4 + m5,

C21 = m6 + m7, C22 = m2 % m3 + m5 % m7.

This algorithm invented by V. Strassen in 1969 takes O(nlog2 7), which is about
O(n2.81), because their number satisfies the following recurrence relation for n # 2:

A(n) = 7A(n/2) + 18(n2/4), with A(1) = 1.

Indeed, we have that:

A(n) = (18/4)(n2 + (7/4)n2 + (7/4)2n2 + . . . + (7/4)(log2 n)"1n2) + 7log2 nA(1) =

= (18n2/4)[((7/4)log2 n % 1)/((7/4) % 1)] + 7log2 n =

= 6nlog2 7 % 6n2 + nlog2 7 < 7log2 7.

(Recall that xlogyz = zlogyx for all x, y, z > 0 and y &= 1.)
If n is not an exact power of 2 we can pad the given matrix with extra rows (on

the bottom) and columns (to the right) made out of 0’s, so that it becomes an m$m
matrix, where m = 2#log2 n$.

A better method is as follows: if n is even then make a recursive call to n/2, if
n is odd then pad with one row and one column of 0’s (getting a (n + 1)$(n + 1)
matrix) and make a recursive call to (n + 1)/2.



132 5. VISITING OF TREES AND GRAPHS

Following Strassen’s ideas, new algorithms have being discovered which multiply
matrices even faster (about O(n2.55)). However, we cannot hope to multiply two n$n
matrices faster than O(n2), because there are n2 elements to compute.

5.6.2. Comparing the Matrix Multiplication Algorithms.

Let us recall some definitions from Abstract Algebra for clarifying a di!erence among
the above algorithms for matrix multiplication.

Definition 5.6.5. [Semiring] A semiring is an algebra (S, +, ! ) with carrier set
S such that:

(i) + is associative and commutative,
(ii) ! is associative, and
(iii) ! distributes over + on both sides, that is, a ! (b + c) = (a ! b) + (a ! c) and

(b + c) ! a = (b ! a) + (c ! a).

An element u of S is an identity for the operation op i!

'x ( S x op u = u op x = x.

An element z of S is an absorbent element for the operation op i!

'x ( S x op z = z op x = z.

It can be shown that in any semiring:
- if an identity for + exists then it is unique,
- if an identity for ! exists then it is unique, and
- if an absorbent element for ! exists then it is unique.

Definition 5.6.6. [Semiring with 0 and 1] A semiring with 0 and 1 is a
semiring (S, +, ! ) with the identity for ! , call it 1, and the absorbent element for ! ,
call it 0, which is also the identity for +. We will write (S, +, ! , 0, 1)-semiring to
denote such a semiring.

Definition 5.6.7. [Ring] A ring is a semiring (S, +, ! ) where the algebra (S, +)
is a commutative group, that is, + is associative and commutative, + has an identity,
which we denote by 0, and every element x has an additive inverse, which we denote
by %x, that is, 'x ( S x + (%x) = (%x) + x = 0.

As for any group, we have that in a ring the additive inverse of any element is
unique. One can prove that in any ring the identity for + is the absorbent element
for ! , that is, 'x ( S x ! 0 = 0 ! x = 0. As proved in [6], one can also show that:

'x ( S x ! (%y) = (%x) ! y = %(x ! y) and (%x) ! (%y) = x ! y .

Definition 5.6.8. [Ring with 1] A ring (S, +, ! ) with the identity for ! , call
it 1, is said to be a ring with 1. Such a ring will be denoted by (S, +, ! , 0, 1)-ring.

Definition 5.6.9. [Field] An (S, +, ! , 0, 1)-ring is said to be a field i! ! is
commutative, and every element x di!erent from 0, has a multiplicative inverse,
which we denote by x"1, that is, 'x ( S x ! x"1 = x"1 ! x = 1.

Given any (S, +, ! , 0, 1)-semiring, we may consider the set, denoted Mn, of the
n$n matrices whose elements are taken from the set S. Mn is said to be the set of
n$n matrices over the (S, +, ! , 0, 1)-semiring (or over S, for short).
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Let us denote by 0n is the n$n matrix with all 0’s, and by In the n$n matrix
which is like 0n, except that 'i. 1 ) i ) n. (In)ii = 1, that is, each element of the
main diagonal of In is 1.

One can show that (Mn, +n, ! n, 0n, In) is a semiring with 0 and 1, denoted
(Mn, +n, ! n, 0n, In)-semiring, where:
(i) +n is defined elementwise, that is, for any given n$n matrices A and B, we have
that A +n B is the n$n matrix C such that 'i, j. 1 ) i, j ) n. Cij = Aij + Bij , and
(ii) ! nis defined as follows: for any given n$n matrices A and B, we have that A ! nB
is the n$n matrix C such that

'i, j. 1 ) i, j ) n. Cij = (Ai1 ! B1j) + (Ai2 ! B2j) + . . . + (Ain ! Bnj).

Analogously, we have that, given any (S, +, ! , 0, 1)-ring, instead of any (S, +, ! , 0, 1)-
semiring, we get the ring with 1 of the n$n matrices over S. It will be denoted by
(Mn, +n, ! n, 0n, In)-ring.

Notice that any (Mn, +n, ! n, 0n, In)-ring of matrices is not commutative even if
the corresponding (S, +, ! , 0, 1)-ring of their elements is commutative.

Fact 5.6.10. The Elementary Algorithm and the Partition Algorithm for ma-
trix multiplication work for all n$n matrices whose elements are taken from any
(S, +, ! , 0, 1)-semiring. Strassen Algorithm for matrix multiplication works for all
n$n matrices whose elements are taken from any (S, +, ! , 0, 1)-ring.

5.6.3. Fast Boolean Matrix Multiplication.

If we look for an asymptotically fast method for multiplying boolean matrices, we
cannot use Strassen algorithm because the boolean values 1 and 0 with the additive
operation * (that is, the least upper bound) and the multiplicative operation + (that
is, the greatest lower bound), do not form a ring with 1. Indeed, there is no inverse
w.r.t. the operation *.

However, given two n$n boolean matrices A and B, we can multiply them together
as they were matrices of elements in Zn+1, that is, the integers modulo n + 1, for
n # 2 where we consider * as +, and + as $.

It can be shown that if by doing so, we obtained the matrix #C, then the boolean
matrix C = A +n B can be computed as follows:

'i, j. 1 ) i, j ) n. if #Cij = 0 then Cij = 0 and if 1) #Cij ) n then Cij = 1.

Thus, also boolean matrices can be multiplied within the same time complexity
(counting the number of arithmetic operations) which is required for multiplying
two integer matrices, that is, O(nlog2 7).

If, instead, we count the number of bit operations, as it is reasonable for boolean
matrices, then the time complexity is O(nlog2 7 IM (log2 n)), where IM(n) is the time
complexity for multiplying two integers, each being of n digits in base 2. (Recall that
'i, j. 1 ) i, j ) n. #Cij has at most ,log2(n + 1)- bits, because #Cij is at most n.)

Recalling that by the Schönhage-Strassen method we have that

IM (n) = O(n (log2 n) log2(log2 n)),

we get that the time complexity for multiplying two n$n boolean matrices is:

O(n log2 7 (log2 n) (log2 log2 n) (log2 log2 log2 n)).
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We will see below that fast algorithms for boolean matrix multiplication allow us
to easily construct fast algorithms for computing the transitive closure of binary
relations.

5.6.4. IC-Semirings and Path Problems on Directed Graphs.

For studying path problems in labeled directed graphs it is convenient to consider the
n$n matrices whose elements are taken from particular semirings, called ic-semirings,
which we will now introduce. We also have that the algebra of the n$n matrices over
any ic-semiring, is an ic-semiring as well.

In order to motivate our definitions below, we now list a few basic properties
of the labeled paths of directed graphs whose labels are taken from the semiring
(S, +, ! , 0, 1). We assume that these directed graphs are represented by matrices.

Let a path with label p from node m to node n be represented by the element p
in row m and column n of a matrix M , that is, Mmn = p.

(i) Two paths from node m to node n, the first one with label p and the second one
with label q, are the same as a unique path from m to n with label p + q.

(ii) For any node n1, n2, and n3, a path from n1 to n2 with label p followed by a path
from n2 to n3 with label q, is the same as a path from n1 to n3 with label p ! q.

(iii) No path from node m to node n is the same as a path from node m to node n
with label 0.

(iv) The path of length 0 (that is, a path of no arcs) from a node to itself is the same
as a path from that node to itself with label 1.

(v) For any node n1, n2, and n3, a path from n1 to n2 with label p, followed by a
path from n2 to n3 with label q1 + q2, is the same as a path from n1 to n3 with label
(p ! q1) + (p ! q2) (this property is the distributivity of ! over +).

(vi) Two paths both with label p, between the same two nodes, are the same as one
path only with label p (this property is the idempotency of +).

(vii) A path from a node to itself with label p is the same as a path from that node
to itself with label p%, that is, 1 + p + p ! p + p ! p ! p + . . . (this property motivates
the need for countably infinite sums).

Definition 5.6.11. [ic-semiring] An (S, +, ! , 0, 1)-semiring, that is, a semiring
with 0 and 1, is said to be idempotent-complete semiring (or ic-semiring, for short)
i!
(i) + is idempotent, that is, 'x ( S x + x = x, and
(ii) there are countably infinite sums, that is, there exists the value of

"
i&0 ai, that

is, a0 + a1 + . . . for any infinite sequence a0, a1, . . ., of elements of S, and
(iii) distributes on both sides over countably infinite sums, that is,

(a0 + a1 + a2 + . . .) ! (b0 + b1 + b2 + . . .) = (a0 ! b0) + (a0 ! b1) + (a0 ! b2) + . . .
+ (a1 ! b0) + (a1 ! b1) + (a1 ! b2) + . . .
+ (a2 ! b0) + (a2 ! b1) + (a2 ! b2) + . . .
+ . . .

These semirings are called closed semirings in [1]. We prefer the name idempotent-
complete semirings to recall that the operation the idempotency of + and the exis-
tence of countably infinite sums.
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For ic-semirings we will use the unary postfixed operation % to denote the infinite
sum of all powers, that is, 's ( S s% =

"
i&0 si, that is, s% = 1+s+s ! s+s ! s ! s+. . .

(recall that there is no need for parentheses within every summand, because is !

associative). Thus, 0% = 1. (One can informally state this property by saying that a
loop of no path from a node m to itself is the same as the path of length 0 from m
to itself.)

Here are three examples of ic-semirings with 0 and 1.

(i) ({0, 1},*,+, 0, 1)-semiring, called the boolean ic-semiring, where:
x + y =def if x = 0 and y = 0 then 0 else 1, and
x * y =def if x = 1 or y = 1 then 1 else 0.

This ic-semiring is used for testing whether or not in a given directed graph there is
a path from node i to node j.

(ii) (R&0.{+/}, min, +, +/, 0)-semiring, called the non-negative ic-semiring, where

R&0 is the set of the non-negative reals, and for all x in R&0 . {+/} we have that
min(x, +/) = min(+/, x) = x.

This ic-semiring is used for computing given directed graph whose arcs are labelled
by non-negative reals, there minimum distance from any node to any node.

(iii) (REG(!%),., ! , 0, {!})-semiring, called the Regular Expression ic-semiring,
where ! is any given finite alphabet, !% is the set of words over !, that is, the
set of sequences of symbols in !, and REG(!%) is the set of all regular languages
over !.

In what follows we will denote a regular language also by its corresponding regular
expression (hence the name of this ic-semiring).

Recall that, given two languages L1 and L2, then

L1 ! L2 = {w1 ! w2 |w1 ( L1 and w2 ( L2}.

This ic-semiring can be used for computing, for any given directed graph whose arcs
are labelled by non-negative reals, the minimum distance from any node to any node
of the graph.

Given any ic-semiring (S, +, ! , 0, 1) we may get, as specified in Section 5.6.2 on
page 132, the (Mn, +n, ! n, 0n, In)-semiring of the n$n matrices whose elements are
taken from the given ic-semiring. It can be shown that the (Mn, +n, ! n, 0n, In)-semi-
ring is an ic-semiring.

Let us now look at some problems for which matrices over ic-semirings are par-
ticularly useful.

5.6.5. Transitivity Closure in Directed Graphs and the Reachability
Problem.

Given a directed graph G with n nodes, the reachability problem in G consists in
deciding for each pair of nodes i and j whether or not there exists a path of non-
negative length from i to j. We can solve this problem by considering the ic-semiring
of the n$n matrices over the boolean ic-semiring as follows.

We associate with G the n$n boolean matrix A(G) (see, for instance, [14, Chap-
ter 1]) such that for all i and j with 1 ) i, j ) n,

A(G)ij = if there is an arc from node i to node j then 1 else 0.
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In particular, A(G)ii = 0 if there is no arc from node i to itself.
From now on the matrix A(G) will also be simply called A when the graph to which
it refers, is understood from the context.

We assume that A0 = In, A1 = A, and An+1 = An +n A. We have that: An+1 =
A +n An.

Recall that, as usual, (A +n B)ij = (Ai1 + B1j) * (Ai2 + B2j) * . . . * (Ain + Bnj).
Below we will feel free to omit writing the operators +n and +, and we will use

juxtaposition, instead. Often, for simplicity, we will also write +, instead of +n.
The definition of the identity matrix In (= A0) is based on the fact that for all

i and j with 1 ) i, j ) n, if there is no path of one or more arcs from a node i to
a node j then it is the case that if i = j then node j is reachable from node i (and
this is encoded by the values 1 in the main diagonal of In), otherwise node j is not
reachable from node i (and this is encoded by the values 0 outside the main diagonal
of In).

One can easily show by induction on r # 0 that Ar
ij = 1 i! in the graph G there

exists a path of length r from node i to node j. Thus, let us consider the matrix

A% =def In * A * A2 * A3 * . . . * An * . . ..

We have that given any two nodes i and j, the node j is reachable from node i i!
A%

ij = 1. One can show that:

A% = In * A * A2 * A3 * . . . * An"1

This result follows from the fact that any path which touches more than n nodes of
the graph G, should touch at least twice a node of G. We also have that

A% = (In * A)n"1. (†)

This result follows from the fact that A% = In * A * A2 * A3 * . . . * An"1 and
In * A * A2 * A3 * . . . * An"1 = (In * A)n"1 because any path p of length k, with
0 ) k ) n%1, can be viewed as a path of length n%1 which is the concatenation of
the given path p of length k and a path of length (n%1)%k from the final node of p
to that same final node.

As a consequence of Equation (†), the matrix A% can be computed by successive
squaring of (In * A) for ,log2(n%1)- times. This takes T (n) ) M(n) ,log2 n- steps,
where by M(n) we denoted the time complexity for boolean matrix multiplication.
We will see below that the log2 n factor is actually redundant, that is, T (n) ) M(n).

5.6.6. Reducing Boolean Transitive Closure to Boolean Matrix Multi-
plication.

Fact 5.6.12. Given a directed graph G with n nodes, let us consider the corre-
sponding n$n adjacency, boolean matrix A, and its partition into four (n/2)$ (n/2)

blocks (assume that n is even): A =

!!!!
A11 A12

A21 A22

!!!!. We have that:

A% =

!!!!
A%

11 * (A%
11 + A12 + E% + A21 + A%

11) A%
11 + A12 + E%

E% + A21 + A%
11 E%

!!!! (#1)

where E = (A21 + A%
11 + A12) * A22.
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G1 G2 G2

$

Figure 5.6.1. The paths from the subgraph G2 back to the same
subgraph G2. They provide an interpretation of the matrix E = (A21+
A%

11+A12) . A22.

G1 G2

G1 G2

G1 G2

Path from G1 to G2:

A%
11+A12+E%

Path from G2 to G1:

E%+A21+A%
11

Path from G1 back to G1:

A%
11+A12+E%+A21+A%

11

Figure 5.6.2. Three paths that provide an interpretation of the three
matrices A%

11+A12+E%, E%+A21+A%
11, and A%

11+A12+E%+A21+A%
11,

respectively.

Proof. It can be done by interpreting the matrix E and the four submatrices in
the block partition of A% via the diagrams of Figures 5.6.1 and 5.6.2. "

Proof. Let A11 denote a subgraph G1 of G with n/2 nodes, and A22 denote the
subgraph G2 of G with the remaining n/2 nodes. In Figures 5.6.1 and 5.6.2
(i) a solid arrow denotes an arc of the graph G,
(ii) a solid double arrow in the graph G1 or G2 denotes a path of any length (# 0)
within the subgraph G1 or G2, respectively, and
(iii) a dashed double arrow denotes a path of any length (# 0) going anywhere through
the graph G.

Thus, for instance, the left upper corner of A%, that is, A%
11*(A%

11+A12+E%+A21+
A%

11), can be interpreted as a path going from a node in G1 to a node in G1 (see also
Figure 5.6.2). It is either entirely inside G1 (see A%

11) or it is inside G1 (see A%
11) and

then it goes to G2 (see A12), it returns zero or more times to G2 (see E%), it returns
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to G1 (see A21), and finally, it continues entirely inside G1 (see A%
11). Analogous

interpretation can be done for the other blocks of the matrix A% (see Figure 5.6.2 on
the previous page). "

Fact 5.6.13. Let M(n) denote the time complexity for boolean matrix multipli-
cation. If M(n) = O(n!) with " > 2 then the time for computing the transitive
closure of a boolean matrix is T (n) = O(n!).

Proof. From Fact 5.6.12 on page 136 we get that:

T (n) ) 2T (n/2) + 6M(n) + O(n2).

Thus, T (n) = O(n!) if " > 2. The factor 6 comes from the following six matrix
multiplications which are necessary for obtaining the elements of the matrix A%:

M1 = A%
11 + A12 M2 = A21 + A%

11 M3 = M1 + E%

M4 = M3 + M2 M5 = E% + M2 M6 = A21 + M1.
If n is not a power of 2 then we can embed a given n$n boolean matrix, say A, into
an m$m boolean matrix, say D, of the form:

D =

!!!!
A 0
0 I

!!!!

such that m is a power of 2 and I is the identity matrix of (m%n)$ (m%n) elements.
Since m is not larger than 2n the time complexity will increase of at most 23 times,
which is a constant factor. "

Remark 5.6.14. The matrix A% in Equation (#1) of the above Fact 5.6.12 is not
symmetric with respect to the partition of the given graph G into the two subgraphs
G1 and G2 in the sense that the second row cannot be derived from the first row
by interchanging the subscripts 1 and 2 and interchanging the two columns. On the
contrary, the following expression of the matrix A% is symmetric with respect to that
partition (and thus, in this expression the second row cannot be derived from the first
row by interchanging the subscripts 1 and 2 and interchanging the two columns):

A% =

!!!!
D% D% + A12 + A%

22

E% + A21 + A%
11 E%

!!!! (#2)

where D = (A12 + A%
22 + A21) * A11 and E = (A21 + A%

11 + A12) * A22.
Note that the value of E can be derived from the value of D by interchanging

the subscripts 1 and 2. Using the symmetric expression (#2), the evaluation of A%

requires T (n) time units where T (n) satisfies the following inequation:

T (n) ) 4T (n/2) + 6M(n) + O(n2).

Thus, again, we have that T (n) = O(n!) if " > 2. The factor 4 comes from the four
transitive closures we have to compute: E%, D%, A%

11, and A%
22. The factor 6 comes

from the following six matrix multiplications we have to perform:

M1 = A12 + A%
22 M2 = M1 + A21 M3 = D% + M1

M4 = A21 + A%
11 M5 = M4 + A12 M6 = E% + M4. "

Therefore, in order to obtain a fast algorithm for computing the transitive closure
of a graph we simply need a fast algorithm for boolean matrix multiplication (see
above).
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The proof of Fact 5.6.12 on page 136 is based only on the property that the
boolean ic-semiring is indeed an ic-semiring.

Thus, if we consider directed graphs with labels which are elements of a non-
negative ic-semiring or a regular expressions ic-semiring, we have that the statements
analogous to Fact 5.6.12 on page 136 and Fact 5.6.13 on the preceding page hold also
for the matrices whose elements are non-negative reals or regular expressions.

The following fact shows that we can reduce the multiplication of two boolean
matrices to the computation of the transitive closure of a boolean matrix.

Fact 5.6.15. If the time for computing the transitive closure of a boolean matrix is
T (n) = O(n!) with " > 2 then the time complexity for boolean matrix multiplication
M(n) = O(n!).

Proof. It is easy to verify that
!!!!!!

0 A 0
0 0 B
0 0 0

!!!!!!

%

=

!!!!!!

I 0 A + B
0 I 0
0 0 I

!!!!!!

Thus, in order to multiply two given n$n boolean matrices A and B, it is enough to

compute the transitive closure of the (3n)$(3n) boolean matrix T =

!!!!!!

0 A 0
0 0 B
0 0 0

!!!!!!
. It

takes O((3n)!) time. Now O((3n)!) is equal to O(n!), and this time complexity is
the time complexity required for computing the transitive closure of an n$n boolean
matrix. Having computed that transitive closure T % of the matrix T , we then consider
the top right corner of T % (which is equal to A + B). "

5.6.7. Transitive Closure in Other IC-Semirings: the Shortest Path
Problem.

Given a labeled (or weighted) directed graph G of n nodes, the problem of finding the
shortest paths in G consists in finding for each pair of nodes i and j the path with
least sum of the labels of its arcs. If the labels of G form a non-negative ic-semiring
we can solve this problem by considering the n$n matrices over that semiring as
follows.

Given a labeled directed graph G with n nodes, we associate with G the n$n
matrix M(G) such that for all i and j, with 1 ) i, j ) n, M(G)ij = #(i, j), where
#(i, j) is the label of the arc from node i to node j. We have that: for all i and j,
with 1) i, j)n, #(i, j) = +/ if there is no arc from node i to node j (even if i = j).

From now on the matrix M(G) will also be called M when the graph to which it
refers, is understood from the context.

Then, for any two nodes i and j of G, we can find the path from i to j with the
minimum sum of the labels of its arcs by applying the analogous of Fact 5.6.12 on
page 136 for matrices over a non-negative ic-semiring.

Notice that in the identity matrix over the non-negative ic-semiring each element
of the main diagonal is 0 (which is the identity for +), while every other element is
+/ (which is the identity for min). This definition of the identity matrix for the
non-negative ic-semiring (R&0 . {+/}, min, +, +/, 0) is based on the fact that for
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all i and j, with 1) i, j)n, if i = j then the shortest path from node i to node j is
a path of length 0 whose sum of the labels is 0, otherwise, if i &= j and there is no
path from node i to node j then the shortest path from i to j is assumed to have the
sum of the labels equal to +/ (denoting the fact that from node i it is not possible
to reach node j).

It can be shown that one can compute the shortest paths between every pair of
nodes of a labeled directed graph G by computing the transitive closure of the matrix
M over the non-negative ic-semiring of the labels of G.

We have the following fact which is analogous to Fact 5.6.13.

Fact 5.6.16. Let M(n) denote the time complexity for matrix multiplication. If
M(n) = O(n!) with "> 2, then the time for computing the shortest paths between
any two nodes in direct graph labeled by non-negative reals is T (n) = O(n!).

Example 5.6.17. Let us consider the labeled directed graph with three nodes
depicted in Figure 5.6.3. We have that:

min(I, M) =

!!!!!!

0 8 5
3 0 /
/ 2 0

!!!!!!
and (min(I, M))% = (min(I, M))2 =

!!!!!!

0 7 5
3 0 8
5 2 0

!!!!!!
. "

1

2

3

2

5

2

8

3

Figure 5.6.3. A directed graph with non-negative labels on the arcs.

We leave to the reader to show that if the labels of the edges of the given directed
graph G are not taken from a non-negative ic-semiring, as for instance in the case of
labels which are negative values, the technique of computing (min(I, M))% for finding
the shortest paths between every pair of nodes of G , is still correct, provided that
there are no negative cycles, that is, cycles whose sum of the labels of the edges is a
negative value.

If there are negative cycles in the given graph, Dijkstra’s algorithm is not correct,
and we have to apply other algorithms, like the Floyd-Warshall’s algorithm or a
variant of Dijkstra’s algorithm. If there are negative cycles, the time complexity of
those algorithms goes up to O(n3) [11, Chapter 6, page 133].

Let us now consider the problem of finding the shortest paths in a labeled directed
graph, starting from a given initial node, the so called Single Source Shortest Path
problem. In this case there exists a faster algorithm than the one based on the
computation of the transitive closure.
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This algorithm is based on the Dynamic Programming idea. It is due to E. W. Di-
jkstra and it takes O(n2) time for graphs of n nodes, in the case in which labels form
a non-negative ic-semiring.

Dijkstra’s algorithm is correct also for any labeled directed graph provided that
there are not negative cycles, that is, cycles with negative sum of the labels of its
arcs. For simplicity, we will present Dijkstra’s algorithm in the case where labels of
the arcs are non-negative reals.

5.6.8. Single Source Shortest Path of a Directed Graph.

In this section we present an algorithm for computing the shortest path from a given
initial node (also called source) to any other node of a directed graph. We will
call this algorithm the Single Source Shortest Path algorithm, or SSSP algorithm,
for short. Also this algorithm, as the one in Section 5.5 for computing a minimal
spanning tree of an undirected graph (see page 121), is due to Prof. E.W.Dijkstra.
This algorithm can be viewed as an application of the so called Primal-Dual algorithm
(see [11, Capter 5]) and thus, its correctness can be derived from that of the Primal-
Dual algorithm. Now, for reasons of simplicity we asssume that the edges have
non-negative lengths.

Algorithm 5.6.18.
Computation of a Single Source Shortest Path in a Directed Graph. (SSSP algorithm)

Input : A directed, connected graph G with labels on the edges. A node n0, called
source, of G. No assumptions are made on the arcs which depart from n0 or arrive
at n0.
- For each edge !n, m", its label #(n, m), also called the length of the edge, is a
non-negative real number.
- For each node n, we assume that there exists the edge !n, n" whose label #(n, n)
is 0.

Output : for each node m in G, we compute a shortest path from node n0 to node m,
that is, a path from n0 to m with minimal length, that is, minimal sum of the labels
of its edges. The minimum is taken over all paths from n0 to m.
With each node n, we associate a label "(n) which is the length of a shortest path
from n0 to n.

A. With each node n we associate a label "(n) which is the length of a shortest path
from n0 to n.

1. "(n0) := 0; Reach := {n0};
2. for each edge from n0 to n, "(n) := #(n0, n);
3. Repeat among all nodes not in Reach, take a node, say p,

with minimal label "(p);
3.1 Reach := Reach . {p};
3.2 for each edge !p, m" with m not in Reach,

if m has already a label
then (3.2.1) "(m) := min{"(p)+#(p, m), "(m)}
else (3.2.2) "(m) := "(p)+#(p, m);
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B. We find by backtracking a shortest path from node n0 to a node m in G.

4. Choose any node p, di!erent from m, such that "(p) = %#(p, m) + "(m), and
5. Recursively, find a shortest path from n0 to p.

The following remarks illustrate a few important points of the above SSSP algorithm.

(i) The source node n0 can be any node of the given graph G. In particular, there
may be edges going into the source node.

(ii) At Point 4 if there exists more than one node p, di!erent from m, such that
"(p) = %#(p, m) + "(m), then we may choose any one of them.
If this is the case, then there exists more than one path from n0 to m with minimal
length.

(iii) If !n0, n1, . . . , nk"1, nk" is a shortest path from n0 to nk,

then "(nk) =
"k"1

i&0 #(ni, ni+1).

(iv) This SSSP algorithm is similar to Dijkstra’s MST algorithm [5] for computing
a minimal spanning tree of undirected graphs with labels on the edges (see Algo-
rithm 5.5.1 on page 121). Analogously to Dijkstra’s MST algorithm:
- the SSSP algorithm is a greedy algorithm, that is, the local optimum is a global
optimum (recall what has been said for the MST algorithm at page 118),
- the nodes in Reach may be viewed as red nodes and the nodes not in Reach may
be viewed as blue nodes, and
- the SSSP algorithm, after transforming a blue node p into a red node (see Point 3.1),
readjusts (see Point 3.2.1) or generates (see Point 3.2.2) the label of each blue node
m such that there exists an edge !p, m".

Now we present the various invariants of the loops of the above Dijkstra’s SSSP
Algorithm 5.6.18. Those invariants clarifies the way that algorithm works.

The invariant of the Repeat statement (see Point 3) is:

“the label of any node n in the set Reach is the length of the shortest path
from the source node n0 to n”.

The invariant at Point 3.2 is:
“each node m not in Reach such that there is an arc !p, m" with p ( Reach,
has a label which is the length of a shortest path !n0, . . . , p, m" from the
source node n0 to m such that the nodes n0, . . . , p are all in Reach”.

The invariant at Point 5 is:
“in a shortest path from the source node n0 to the node m, the last edge is
from node p to node m”.

The correctness of Dijkstra’s algorithm, which we will not prove here, is based on the
following fact. Let us assume that we have computed the shortest path from node
n0 to every node in a subset W of the nodes such that n0 ( W . Let us consider the
shortest path, say p, from node n0 to any node y not in W such that for every node
x if there is an arc from x to y in G then x ( W . Then the path p has the property
that it goes through the nodes of W (except for y itself).
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Note that if at Point 3 we take a node p which has no minimal label "(p), the
algorithm is not correct.

Example 5.6.19. Given the graph of Figure 5.6.4 and the node n0, after Point 3
of Dijkstra’a algorithm we get the ‘boxed labels’ for each node. Then, having labeled
all nodes with the boxed labels, we may find by backtracking every edge whose label
is exactly the di!erence of the labels of its nodes. By doing so (see Points 4 and 5 of
Dijkstra’s algorithm), we get the following two sequences of values:

(i) 12
6

1% 6
1

1% 5
2

1% 3
3

1% 0 and

(ii) 12
3

1% 9
4

1% 5
2

1% 3
3

1% 0

which correspond to the following two shortest paths from node n0 to node n6 (see
the thicker edges of the graph of Figure 5.6.4):

(i) n0 %2 n2 %2 n3 %2 n5 %2 n6 and

(ii) n0 %2 n2 %2 n3 %2 n4 %2 n6, respectively.

The total length of those shortest paths is 12, that is, the boxed label of the final
node n6. Note that by backtracking, from node n6 we do not go back to node n3

(because 12%9 &=5). We go back either to node n4 (because 12%6=6) or to node n5

(because 12%3=9). "

n0

n1

n2

n3

n4

n5

n6

0

5

3

5

6

9

12
5

8

7

9

8

3 2 1

4

3

6

Figure 5.6.4. A directed graph with non-negative labels on the edges.
The thicker edges are those belonging to the two shortest paths from
node n0 to node n6. Those paths have both length 12.

For a graph of n nodes the time complexity of Dijkstra’s SSSP algorithm is O(n2),
and this is due to the fact that: (i) the body of the Repeat statement (see Point 3)
is performed at most n times because there are at most n nodes not in Reach, and
(ii) for each node p not in Reach there exist at most n edges of the form !p, m" with
m not in Reach (see Point 3.2).

Dijkstra’s algorithm shows that if we fix the initial node and the labels of the
given graph form a non-negative ic-semiring, we may solve the shortest path problem
in O(n2) time. This is an improvement over the time complexity for solving the
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path: worst case time complexity:

from any node to any node O(n2.81) (the complexity is that
matrix multiplication)

from a fixed node to any node O(n2)

from a fixed node to a fixed node O(n2) (it is an open problem whether
or not one can do better)

Figure 5.6.5. Complexity of the computation of a shortest path in a
directed graph with n nodes.

shortest path problem between any two nodes. Indeed, we have shown that this
problem requires the same amount of time which is needed for matrix multiplication,
say O(n2.81) time (see also Figure 5.6.5).

One may wonder whether or not it is possible to derive an even faster algorithm
for the shortest path problem when we fix both the initial node and the target node.
This is the so called single source single target shortest path problem. The answer, to
our knowledge, is still open, in the sense that no algorithm has been found for this
last problem which has a better time performance, in the worst case, than the best
algorithm known for the single source shortest path problem.

A final point is worth noticing. Let us consider an undirected graph with weights
on its edges as a particular case of directed graph where for each edge from node x
to node y with label w, there exists a symmetric edge from node y to node x with
the same label w. In an undirected graph any pair of directed edges from node x to
node y and vice versa will be denoted by x—y. Now, given an undirected graph G
with non-negative weights on its edges, the shortest path from one node to another
node may be made out of edges none of which belongs to the minimal spanning tree
of G. This fact is illustrated in the graph of Figure 5.6.6. In that figure we use the
convention of drawing every pair of directed edges of an undirected graph by one edge
only (without arrowhead). In Figure 5.6.6 the shortest path from node b to node c
is the edge b—c with weight 3, while the minimal spanning tree of the graph G has
total weight 4 and it is made out of the edges a—b and a—c.

1

2

3

3

2

2

Figure 5.6.6. An undirected graph with non-negative labels on the
edges. The thicker edges are those of the minimal spanning tree.
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In what follows we present a Java program which implements Dijkstra’s Sin-
gle Source Shortest Path algorithm. It is made out of two files: SSSP.java and
Graph.java, located in the same folder.

/**
* ========================================================================
* Single Source Shortest Path: Main Program
*
* This program computes the shortest path from a node to any other node
* of a weighted, directed graph. The weight of an arc is the length of the
* arc.
* ========================================================================
*/

import java.util.ArrayList;
import java.util.Iterator;

public class SSSP { // SSSP : Single Source Shortest Path

public static int min (int a, int b) {
if (a>b) {return b;} else {return a;}

}

public static void main(String[] args) {
int N = 0; // - to be read from the input: args[0]
int initNode = 0; // - to be read from the input: args[1]
int finalNode = 0; // - to be read from the input: args[2]

// ---------------------------------- N: number of Nodes of the graph.
// N >= 1.

try {N = Integer.parseInt(args[0]);
if ( N < 1) { throw new RuntimeException (); };

} catch (Exception e)
{System.out.print("*** Wrong number of nodes!\n");}

// ---------------------------------- initNode: initial node.
// 0 <= initNode <= N-1.

try {initNode = Integer.parseInt(args[1]);
if ( ( 0 > initNode ) || ( initNode > N-1 ) ) {

throw new RuntimeException ();
};

} catch (Exception e)
{System.out.print("*** Wrong initial node!\n");}

// ---------------------------------- finalNode: final node.
// 0 <= finalNode <= N-1.

try {finalNode = Integer.parseInt(args[2]);
if ( ( 0 > finalNode ) || ( finalNode > N-1 ) ) {

throw new RuntimeException ();
};

} catch (Exception e) {System.out.print("*** Wrong final node!\n");}

// ------------------------------------------------------------------------
// MAXLENGTH: maximum length of the arcs. 1 <= length <= MAXLENGTH.

final int MAXLENGTH = 9;

// ------------------------------------------------------------------------
// PerCentPROB: probability of connectivity. 0 < PerCentPROB <= 100.
// If PerCentPROB = k, every node is connected with probability k/100 to
// the other N-1 nodes.

final int PerCentPROB = 40;
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// ------------------------------------------------------------------------
// Generation of a random graph with N nodes.
// The length of each arc belongs to the set {1,..., MAXLENGTH}.
// Every node has (N-1) x PerCentPROB / 100 successor nodes (in average).

Graph g =
new Graph(N, initNode, finalNode, MAXLENGTH, PerCentPROB);

g.graphPrint();
System.out.println("Every node is connected to the other nodes with " +

"probability " + PerCentPROB + " percent.");
System.out.println("The length of each arc belongs to the set {1,..., "

+ MAXLENGTH + "}.");
System.out.println("The initial node is: " + initNode);
System.out.println("The final node is: " + finalNode);

// ----------------------------------------------

int p = g.nearestOutsideNode();
while (p >= 0) { // <==

g.reach[p] = true; // Reach = Reach U {p}
for (int m=0; m<N; m++) {

if (!g.reach[m] && g.graph[p][m] >= 0) {
if (g.shortestDistances[m] >= 0)

{g.shortestDistances[m] =
min (g.shortestDistances[p] + g.graph[p][m],

g.shortestDistances[m]);}
else {g.shortestDistances[m] =

g.shortestDistances[p] + g.graph[p][m];};
};

};
p = g.nearestOutsideNode();

} // end of while <==

// ----------------------------------------------
// add(0,e) inserts the element e at position 0, and shifts
// the element at position 0 and all subsequent elements to the right
// (adds 1 to their indices).

g.itinerary.add(0, new Integer(finalNode));
int m = finalNode;
while (m != initNode) { // <--

int j=0;
while ( j == m || g.shortestDistances[j] !=

-g.graph[j][m]+g.shortestDistances[m] ) { j++;};
g.itinerary.add(0, new Integer(j));
m=j;
}; // end of while <--

g.shortestDistancesPrint();
g.itineraryPrint();

}
}
// ------------------------------------------------------------------------

/**
* input:
* ------------------------------------------------------------------------
* java5c SSSP.java
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* java5 SSSP 5 0 3
*
* output:
* -------
* The random graph has 5 node(s) (from node 0 to node 4).
* The matrix of the arc lengths is:
* 0 : 0 - 9 - -
* 1 : - 0 - - 7
* 2 : - - 0 4 -
* 3 : - - 6 0 -
* 4 : - - 6 - 0
*
* Every node is connected to the other nodes with probability 40 percent.
* The length of each arc belongs to the set {1, ..., 9}.
* The initial node is: 0
* The final node is: 3
*
* The shortest distances from the initial node 0 to every node of
* the graph are (’-’ means ’unreachable node’):
* 0 - 9 13 -
*
* The nodes of the shortest path from node 0 to node 3 are:
* 0 2 3
*
* The cumulative distances of the shortest path from node 0 to node 3 are:
* 0 9 13
*
* ------------------------------------------------------------------------
*/

/**
* =========================================================================
* The Graph class
*
* This class Graph is not a monitor, because not all fields are "private".
* However, the non-private fields are read, but never assigned to.
* All methods are "synchronized".
* Thus, this class Graph is "almost" a monitor.
* =========================================================================
*/

import java.util.Random;
import java.util.ArrayList;
import java.util.Iterator;

public class Graph {
final int N; // N = number of nodes of the graph
final int initNode; // 0 <= initNode <= N-1
final int finalNode; // 0 <= finalNode <= N-1
static int [][] graph; // an N x N array

// shortestDistances is an array of N integers belonging to the object
// of the class Graph

static int [] shortestDistances;
static boolean [] reach;
static ArrayList itinerary = new ArrayList();

// --------------- beginning of constructor --------------------------------
public Graph(int N, int initNode, int finalNode, int MAXLENGTH,
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int PerCentPROB) {
/** Generation of a random, directed graph with N nodes.
* The random variable randomConnect controls the connectivity:
* node i is connected with node j, for i != j, with percent
* probability PerCentPROB: 0 <= PerCentPROB <= 100
* The random variable randomLength controls the length of the arcs:
* 1 <= length of an arc <= MAXLENGTH
*/

this.N = N;
this.initNode = initNode;
this.finalNode = finalNode;
this.graph = new int [N][N];
this.shortestDistances = new int [N]; // \Lambda(n) for each node n
this.reach = new boolean [N];// the Reach set
Random randomConnect = new Random(); // random graph connectivity
Random randomLength = new Random(); // random arc length

// initializing the graph: -1 (printed as "-") means "unconnected node"
// graph[i][j] = m with m >= 0
// iff m is the length of the arc from node i to node j
for(int i=0;i<N;i++) {

for(int j=0;j<N;j++) {
if ((i != j) && (randomConnect.nextInt(100) < PerCentPROB))

{ graph[i][j] = 1 + randomLength.nextInt(MAXLENGTH); }
else if (i == j ) { graph[i][j] = 0; }
else { graph[i][j] = -1; };

}
}

// initializing the array shortestDistances:
// -1 (printed as "-") means "unreached node".
// shortestDistances[i] = d with d >= 0
// iff d is the shortest distance from the initial node to node i
// computed so far.
for(int j=0;j<N;j++) shortestDistances[j] = graph[initNode][j];

// initializing the array reach
// -1 (printed as "-") means "node not in the array reach".
// initially
for(int j=0;j<N;j++) reach[j] = false; reach[initNode] = true;

// initializing the shortest path, called ‘itinerary’,
// from initNode to finalNode
ArrayList itinerary = new ArrayList();

}
// --------------- end of constructor --------------------------------------

// --------------- updating the array shortestDistances --------------------
public synchronized void shortestDistancesUpdate (int i, int distance) {

shortestDistances[i] = distance;
}

// --------------- accessing the array shortestDistances -------------------
public synchronized int shortestDistancesAt (int i) {

return shortestDistances[i];
}

// --------------- finding a p node ----------------------------------------
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// if node == -1 there is no such nearest node outside the array reach.
public synchronized int nearestOutsideNode () {

int min = -1; int node = -1;
for(int j=0; j<N; j++)

{ if (reach[j] == false && shortestDistances[j] >= 0
&& min == -1)

{ node = j; min = shortestDistances[j]; }
else
if (reach[j] == false && shortestDistances[j] >= 0

&& shortestDistances[j] < min)
{ node = j; min = shortestDistances[j]; };

};
return node;

}

// --------------------- printing the graph --------------------------------
public synchronized void graphPrint () {

System.out.println("The random graph has "+ N +" node(s) " +
"(from node 0 to node " + (N-1) + ").\n" +
"The matrix of the arc lengths is:");

for(int i=0;i<N;i++) {
System.out.print(i + " : ");
for(int j=0;j<N;j++) {

if (graph[i][j] < 0) { System.out.print("- "); }
else System.out.print( graph[i][j] + " ");

}; System.out.println();
}; System.out.println();

}

// --------------- printing the array shortest Distances ------------------
public synchronized void shortestDistancesPrint () {

System.out.println("\nThe shortest distances from the initial node "
+ initNode + " to every node of\nthe graph " +
"are (’-’ means ’unreachable node’):");

for(int i=0;i<N;i++) {
if (shortestDistances[i] < 0) { System.out.print("- "); }
else System.out.print( shortestDistances[i] + " "); }

System.out.println();
}

// --------------- printing the array reach -------------------------------
// This method is NOT needed. This method is useful for debugging.

public synchronized void reachPrint () {
System.out.print("\nThe reach array is: \n");
for(int i=0;i<N;i++) {

if (!reach[i]) { System.out.print("- "); }
else System.out.print("1 "); };

System.out.println();
}

// --------------- printing the shortest path from initNode to finalNode ---
// the shortest path from initNode to finalNode is called ‘itinerary’
//

public synchronized void itineraryPrint () {
if ( shortestDistances[finalNode] >= 0 ) {
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System.out.println("\nThe nodes of the shortest path from node "
+ initNode + " to node "+finalNode + " are:");

for (Iterator iter = itinerary.iterator(); iter.hasNext(); ) {
System.out.print((iter.next()).toString() + " ");

};
System.out.println();

// --------------------
System.out.println("\nThe cumulative distances of the shortest "

+ "path from node "
+ initNode + " to node "+finalNode + " are:");

int d = 0; int i = initNode; int j = 0;
for (Iterator iter1 = itinerary.iterator(); iter1.hasNext(); ) {

j = ((Integer)iter1.next()).intValue();
d = d + graph[i][j]; i = j;
System.out.print(d + " ");

};
System.out.println();

// --------------------
}

else { System.out.println("There is no path from node " + initNode +
" to node " + finalNode + ".");

};
}

}
// -------------------------------------------------------------------------

5.6.9. From NonDeterministic Finite Automata to Regular Expres-
sions.

Given a directed graph G of n nodes with every arc labeled by a regular expression
over an alphabet ! (in particular, a single symbol of !), let us consider the problem
of finding the regular expression corresponding to the language (that is, the set of
words) which takes from node i to node j, for each pair of nodes i and j in G. This
problem can be solved by applying the analogous of Fact 5.6.12 on page 136 for
matrices over the Regular Expressions ic-semiring.

Given a directed graph G with n nodes with regular expressions as labels of
the arcs, let us associate with G the n$n matrix R(G) such that for all i, j, with
1 ) i, j ) n, R(G)ij = expr(i, j), where expr(i, j) is the regular expression which
labels the arc from node i to node j.

For all i, j, with 1 ) i, j ) n, we have that expr(i, j) = 0 if there is no arc from
node i to node j, even if i = j.

Then for any two nodes i and j of G, we can find the language which takes from
i to j by computing the transitive closure of the matrix R(G).

Notice that in the identity matrix over the regular expressions ic-semiring each
element of the main diagonal is {!} (which is the identity for ! ), while every other
element is 0 (which is the identity for .). This definition of the identity matrix is
based on the fact that for all i, j, with 1 ) i, j ) n, if there is no path of one or more
arcs from a node i to a node j then it is the case that if i = j then the language which
takes from i to j is {!}, otherwise it is 0 (denoting the fact that j is not reachable
from i).

It can be shown that, given any pair !i, j" of nodes of the graph G, one may
compute the language made out of the words which take from i to j by computing
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the transitive closure of the matrix R over the Regular Expressions ic-semiring of the
labels of G.

For the case of matrices over the regular expression ic-semiring it is not natural
to establish a fact analogous to Fact 5.6.13 on page 138, because the operations .
and ! cannot be reasonably considered as an atomic computation step. However,
via the analogous of Fact 5.6.13 we can prove Kleene’s Theorem which states that for
every finite automaton there exists an equivalent regular expression, that is, a regular
expression which denotes the language accepted by the finite automaton. Indeed, if
we assume that each element of A11, A12, A21, and A22 is a symbol in !, the graph
is a (deterministic or nondeterministic) finite automaton. Let that automaton be

called A. The transitive closure of

!!!!
A11 A12

A21 A22

!!!! computes the language from a node

to any other node by using the operations ! , +, and %. Thus, in particular, we get a
regular expression from the initial state to any final state of the finite automaton A.
The regular expression denoting the language accepted by A is the sum of all regular
expressions from the initial state to a final state of A.


