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Abstract In this paper we consider the problem of minimizing a nonlinear
function using partial derivative knowledge. Namely, the objective function is such
that its derivatives with respect to a pre-specified block of variables cannot be com-
puted. To solve the problem we propose a block decomposition method that takes
advantage of both derivative-free and derivative-based iterations to account for the
features of the objective function. Under standard assumptions, we manage to prove
global convergence of the method to stationary points of the problem.

Keywords Unconstrained optimization - Block decomposition method -
Derivative-free iteration

1 Introduction

We consider the following unconstrained minimization problem

min f(x) (1)

xefRt

where f is a continuously differentiable function. We suppose that the vector x € %R’
is partitioned into the component vectors y € %" and z € N with £ = n + m, and
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we denote x = (y, z). Furthermore, we assume that first derivatives of f with respect
to the y variables can be neither explicitly computed nor approximated.

Many real world problems in engineering such as parameter estimation of non-
linear models or optimal design of complex physical systems, can be stated as
Problem (1). In particular, we refer to multidisciplinary design optimization (MDO)
problems [1,6], to penalty methods for generalized Nash equilibrium (GNE) prob-
lems [4] and to statistical inference (SI) problems of diffusion processes [12]. MDO
is concerned with systematic approaches to the design optimization of complex, cou-
pled engineering systems, where “multidisciplinary” refers to the different aspects
that must be included in the design problem. The design process is extremely complex
because engineering systems are often governed by the considerations of all the con-
tributing disciplines. It often happens that partial derivatives with respect to variables
related to some particular disciplines are unavailable or untrustworthy. In the context
of GNE problems, let us refer to the specific case in which some of the players par-
ticipating in the game cannot compute partial derivatives of their respective objective
and/or constraint functions. In this case, a penalty function approach would yield to
a problem with an objective function with partial derivative knowledge. Finally, as it
will be further discussed in the following section, SI of stochastic processes based on
the use of a likelihood function leads to problems of the form (1) (see e.g., [11,12]).

As argued in [5], the use of block decomposition techniques for this kind of prob-
lems has some strong motivations. For instance, when some variables are fixed, we
can obtain subproblems of a special structure which can be fruitfully exploited by
means of suitable optimization methods. For a thorough discussion on the relevance
and importance of block decomposition methods we refer the reader to [5] and the
references therein. In the present context, when the z variables are held fixed, one
can take advantage of some derivative-free methods [7,8, 14,15] for minimization of
f with respect to the y variables. Conversely, when we hold fixed the y variables,
the minimization of f with respect to z can be carried out by means of some effi-
cient gradient-based method (see e.g. [2,3,9,13]). More in particular, in the paper we
propose the use of a derivative-free iteration map of the pattern search type [15] for
minimization with respect to the y variables and of a derivative-based Armijo-type
iteration map [2] for minimization with respect to the z variables. The convergence
analysis of the proposed method will thus be developed in this particular setting.

Throughout the paper, we denote by p; € W, i =1, ..., r, the directions used by
the derivative-free minimization algorithm, whereas, d € R™ denotes the direction
used by the Armijo-type linesearch procedure. Given a vector v € R", by diag(v)
we denote the n x n diagonal matrix with the components of vector v on the main
diagonal. Given a sequence of points {x¥} C 9" and an index set H, {x¥} 57 denotes the
subsequence of iterates with indices in H, namely {x*}y = {x* : k € H}. According
to [10], a function o : Mt — N7 that is continuous, non-decreasing and such that
o(t) > 0fort > 0and

lim o(t) =0 implies lim t =0
k— 00 k—00
will be denoted forcing function. In the paper, || - | will denote the Euclidean norm.
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Finally, we require the following assumption to hold true throughout the paper.

Assumption 1 Given an initial point x0 = (yo, zo) € N, the level set
Lo={x:f(x) < fx"}

is compact.

This is a basic assumption that guarantees existence of solutions for Problem (1),
provided that the objective function f is at least continuous.

The paper is organized as follows. In Sect. 2 we present an illustrative example that
is useful to better understand the aim of the paper. In Sect. 3 we present the derivative-
free iteration map and give its main theoretical properties. In Sect. 4 we introduce the
derivative-based iteration map and recall the relevant properties. Section 5 is devoted to
the definition of the algorithmic scheme along with its convergence analysis. Finally,
we report in the appendix some useful technical results.

2 An illustrative example

Let us consider a physical system with state dynamics depending on the unknown
parameters y € R" and defined by the following system of ordinary differential
equations (ODE)

dv(t;y) = h(u(t; y); y)dt, v(0) =g (2)

where A(-; y) : R — R™ is a vector of functions depending on the unknown param-
eters y € N". Assume that the entire state vector v is observable and suppose that we
are given N measurements uy, ..., uy € N of v(¢; y) at time instants 7, ..., ty.
Further, assume that the measures are affected by measurement noise, that is,

ulzv(tl’y)+£lv i=15-~-7N7

with & e W",i = 1,..., N, being N realizations of a vector of random variables
3 € " whose components are identically, independent and normally distributed
with zero mean and unknown standard deviations o;,i =1, ..., m.

Now consider the problem of estimating the unknown parameters o € R and
y € N". Typically, the parameter estimation problem is formulated by using a likeli-
hood function. More precisely, for any y, let v;(y) =v(; y) €W, i=1,..., N, be
the output of system (2) at times ?1, ..., ty. Assuming that the measurement errors
are stochastically independent from each other and that they are independent from the
dynamic process, we can define the following likelihood function [11,12]
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N

1 Wi 0)—uy) T diag(0) =2 (v; (1) —u;)
Liv.o)=]] e ? : 3)
oo

e ~N(0,0)

b = h(v:y) (t;y)@v(t;yHe likelihood | 7,

computation

Computation schema of the likelihood function L(y, o). In the figure, v stands for
dv/dt; e ~ N(0, o) means that the error ¢ is statistically distributed according to a
normal probability density function with zero mean and o standard deviation.

Then, the best values for the vector of unknown parameters y and o are the maxi-
mizers of function L(y, o). We remark that, in practical situations, the system of ODE
(2) cannot be solved analytically but only by means of some numerical integration
method. For this reason, the analytical expression of the functions v; (y) are not known
so that, there is no derivative knowledge of the function L (-, o) with respect to y. On
the contrary, for every fixed y, L(y, -), as a function of o alone, has a perfectly known
expression (which is given by (3) where v; (y) are constant).

Furthermore, we note that instead of maximizing function L(y, o), it is possible to
maximize the function log L(y, o) which is equal to

N
log L(y,0) = —N log 27 ||o|| — Z

i=1

(i (y) — u;) Tdiag(o) 72 (v; (y) — u;)
2

and this amounts to solving the problem

(i (y) — u;) Tdiag(o) =2 (vi (y) — u;)
5 )

N
min_ f(y,0)=Nlog2nllo|+>_

e, oceR” X
Y o&Nty i=1

“)

We note that function f (v, o) is not continuously differentiable on the whole space
MM Thus, f(y,o) does not satisfy the continuous differentiability assumption
stated in the Sect. 1. However, we note that by posing o; = ziz, i=1,...,m,Problem
(4) could be approximated (see, e.g. [4]) by the following smooth problem

min f(y, z) = N log (ZJT(ZTZ + 8)1/2)
y,Z

. i (i (y) — i) (diag(@)~* + 8D (i) — i)

i=1 2

where ¢ > 0 and § > 0 are two small positive numbers.
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3 A derivative-free mapping

In this section we introduce the derivative-free iteration map, used to update the y
variables of Problem (1), and we briefly recall its main theoretical properties. Let

D={p1,...,pr}

be the set of directions that will be used by the derivative-free iteration map. Let us
assume that, fori =1, ..., r, | pi|| =1 and that the set D positively span ", that is,
for any vector v € 0", r non-negative scalars f1, ..., 8, exist such that

v = Zﬂim.

i=1

Given a sequence {xk } C R and the set D, we define, for each k, a derivative-free
iteration map according to a pattern search derivative-free procedure with sufficient
decrease (see, e.g. [7,15]).

Tteration Map DF(z*, A¥)

INPUT: 2F = (yF, 2F) € RrHm, AR > 0.

o,
t

Data: D ={p1,...,pr}, 0 € (0,1), $ > 1 and a forcing function o (¢) such that liI(I)1+
—

STEP 1: If f(y* 4+ AFp;, 2F) < f(y*, 2F) — a(AF) for some p; € D, then
Set whtl = ¥ 4 AFp;, AFFL = pAF,
Otherwise Set wht1 = y# A+l = Ak,

OurpuT: wktl, Ak+L

The Iteration Map DF is a procedure that, given a point x¥ = (y¥, z) and a tentative
step AK = 0, returns

— either w**! # yK and AFt! = pA¥ > AF such that f(wkt!, %) < F(y¥, 25) —
o (Ab);
or wkt! = yK and AFH = gAF < AK,

It is worth noting that the stepsize A is reduced only when it is not able to yield a
sufficient decrease in the objective function along any of the directions in D.

In the next proposition, whose proof can be obtained reasoning as in, e.g., refer-
ences [7,8,15] and is reported in the appendix for the sake of completeness, we recall
the main theoretical properties of the iteration map DF that are of interest to prove
convergence of the overall decomposition method to stationary points of f. Note that
{x¥} is a given sequence that may not depend on the iteration map DF, in the sense
that y**1 is not necessarily equal to w**!.
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Proposition 2 Let {x*} be a given sequence of points in W™ and let {w*} and {A¥}
be the sequences produced by the iteration map DF, i.e., for all k > 0 we have

w*t AR = DFk, AR,

If limg s oo [f(xk) — f(wkt!, Zk)] = 0 and {x*}y converges to x with H = {k :
AL < ARy then,

klim Ak =0, (5)
V, f(%) = 0. (6)

Proof The proof of the proposition is standard and is reported in the appendix for the
sake of completeness. O

4 A derivative-based linesearch mapping

In this section we introduce the derivative-based linesearch mapping used to update
the z variables of Problem (1), and we recall its main theoretical properties. In order
to do this, we will use a search direction d* € %" and assume that the sequence {d*}
satisfies the following assumption [2].

Assumption 3 Given sequences (xK} ¢ ®H and {dF} ¢ W™, two scalars r > 0
and R > 0 exist such that, for all k,

—rlIV, £ ()12 (7a)

I < RIV.f GO (7b)

V. k) Tat

IA

A

It can be easily verified that a sequence of directions {d*} satisfying Assumption 3 is
gradient-related to {x*} as defined in [2]. Note that Assumption 3 can be satisfied, for
instance, by defining d* as

d¥ = —G*v, F(xb. ®)

where {x} is a predefined sequence of points in "+ and {G¥} € R ¥ is a sequence
of positive definite matrices such that, for all k,0 < r < A, (Gk) <A M(Gk) < R,
where 4,, (G¥) and X 37 (G¥) denote, respectively, the smallest and largest eigenvalues
of G¥ and r and R are numbers satisfying 0 < r < R.

In the following we report an Armijo-type linesearch mapping that, given x* and
d* computes a steplength % and point z¥ 4+ g¥d*.

@ Springer



A decomposition algorithm for unconstrained optimization problems 443

Iteration Map LS(z*,d¥)
INPUT: 2F = (yF, 2F) € RH™ ) dk e R
DaTa: v € (0,1), A >0, € (0,1).
StEP 1: Compute ¥ = max{¢’A : j = 0,1,...} such that

e N G BT A G M ©)

OutpuT: 2k + gkdF, gk

In the following proposition, whose proof can be found in reference [2] and in the
appendix for the sake of completeness, we recall some basic properties of the Armijo-
type Iteration Map. Basically, it shows that the line search procedure is well-defined
and that the Iteration Map LS is able to force V f;(x) to zero. Also in this case, we
note that {x¥} is a given sequence that may not depend on the iteration map LS, in the
sense that X+ is not necessarily equal to z¥ + gkd*.

Proposition 4 Let {x*} = {(y*, ZX)} be a sequence of points in W' and let {d*} be
a sequence of directions satisfying Assumption 3. Let 8% be computed by means of the
Iteration Map LS when V. f (x*) # 0 and set B* = 0 whenever V. f (x*) = 0. Then:

(i) there exists a finite integer j such that B* = 8/ A* satisfies the acceptability
condition at Step 1.

(1) iflimg— oo [f(xk) — fOR 4+ ,Bkdk)] = 0 and {x*} converges to X, then we
have

lim g*|ld*|| =0, and V.f(%) = 0.
k— 00

Proof The proof of the proposition is standard and is reported in the appendix for the
sake of completeness. O

5 A two-block decomposition algorithm

In this section we propose a block decomposition algorithm for the solution of Problem
(1) in case of partial derivative knowledge. The algorithm is based on the use of the
Iteration Maps DF and LS for the inexact minimization with respect to the y and z
variables, respectively.

Algorithm 1  Data: x* = (y°,7%) e W A2 > 0,y € (0, 1), ¢ > 1, a forcing
function o (1) such that lim,_, o+ o (¢)/t =0 and a sequence of directions {d*}
satisfying Assumption 3.

Step 0: Setk = 0.
Step 1: Derivative-free line search w.r.t. y
(a) Compute 71, AK*1 by means of DF (x, AX).
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(b) Choose y**! such that

f(ykﬂ,zk) < f(ykJrl,Zk);

Iy — 34 < emax {AF, FOF, 22 — FORT 0

Step 2: Derivative-based line search w.r.t. z
(a) Compute Bk by means of LS((yk+l,zk),dk) (with g¥ = 0 if
V. f(y**1 z5) = 0) and set 2! = & + gka*.
(b) Choose z¥*! such that

FOML D < oML

Step 3: Set x*1 = (y**+1 7K1y k=k + 1 and go to Step 1.

Remark 5 We note that the conditions at Steps 1(b) and 2(b) can be trivially satisfied
by choosing

k+1 sk+1
y =Yy
Zk+1 — Zk+1,

and by considering that || 7¥*1 — y*|| < A¥and ¢ > 1.

It is worth noting that Steps 1(b) and 2(b) allow the user to choose any point that
yields as much decrease in the objective function as that obtained by the derivative-
free and, respectively, the derivative-based iterations. Hence, the points produced by
the two iteration maps can be regarded as reference points that impose minimal descent
conditions which are necessary to guarantee convergence of the overall method.

However, particular care must be taken when choosing the new point y**! so has
to guarantee that the distance ||y**t! — y*| converges to zero and that the choice
yk+1 = k41 s acceptable. In this respect, the second condition at Step 1(b) has
a twofold significance. On the one hand it implies that the distance ||yk+1 — yk || is
bounded to the maximum between the previous stepsize and the difference f (y¥, z)—
F (¥ Z5), which allows to prove that ||y¥*! — y¥|| — 0 and, ultimately, that {y**1}
and {y*} have the same limit point y. On the other hand, it guarantees that the choice
yk+1 = $5+1 s acceptable. Finally, we stress that the second condition at Step 1(b)
of the algorithm is not particularly strong both for the presence of the max function
and of the multiplicative constant ¢ which can be chosen so that ¢ > 1.

Now we state the main convergence theorem of the paper.

Theorem 6 Let {x*} be the sequence generated by Algorithm 1. Then,

(i) (¥} C Lo
(i) {x*} admits limit points and one of these is a stationary point of f.
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Proof By the instructions of Algorithm 1 and by the definitions of the mappings DF
and LS, it follows that {x*} is such that

SR < FOMTL ) < rOML R < rGMTL < ref) a0)

so that point (i) is proved. By virtue of point (i) and relation (10), we can conclude
that the non-increasing sequence {f(x*)} is bounded from below and has a limit.
Therefore, recalling (10), we have that

Jim FOR 25— ML 5 =, (11a)
Jim FO5 25— oMb =o, (11b)
Jim FOMLR — poM Y = 0. (11c)

By (11a) and Proposition 2, where we identify w ! with %!, we know that

lim A% = 0. (12)

k—o00

Let us define
H = {k : AM1 < ARy,

and note that, in order for (12) to hold true, H must have infinitely many elements. In
fact, if this was not the case, a constant M > 0 and an index k would exist such that
A* > M, for all k > k, thus contradicting (12).

Since, {x*} 5 belongs to Lo which, by Assumption 1, is compact, it follows that
{(x*} ;7 admits limit points. Let X be any limit point of {x*}, that is

lim xf =%,
k—00,keK

with K C H. Thus, by (11a) and Proposition 2, where we identify w**! with %+,
we can conclude that

Vy f(x) =0. (13)
Now, we show that

lim [y* -y =o0. (14)
k—o00

By the instructions at Step 1(b) of the algorithm, we know that, for all k, the following
condition is satisfied

Iy*T! — 3 < emax (A, FOF, 25 = FOFT D).
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Taking the limit for k — oo in the above relation and considering (11b) and (12), we
obtain that (14) holds. Thus, lim_, yk‘H = y and, in particular, for the subset of
indices K, we can write

lim Yl =3, (15)

k—o00,keK

Hence, sequences {x*}x and {(y**!, zX)} x have the same limit x.
Finally, by (11c), Proposition 4 (where we identify {xk } with {(ykJrl , zk)} x) and
(15), we have

V.f(x) =0 (16)

which, along with (13), concludes the proof. O

6 Concluding remarks

In the paper we considered the problem of minimizing a continuously differentiable
function f(x) where x = (y, z) is such that the derivative of f with respect to y
cannot be neither computed nor approximated explicitly. For this kind of problem,
we presented a block-decomposition method that takes advantage of both derivative-
free and derivative-based minimization methods. The proposed method updates the
current iterate by first changing the y variables according to a derivative-free pattern
search iteration map (see Sect. 3), and then updates the z variables according to a
derivative-based Armijo-type iteration map (see Sect. 4).

The order in which the two block of variables are considered in Algorithm 1 is not
important to prove convergence of the method. However, if we were to change the
order of Steps 1 and 2, we would have to guarantee that the new point z¥*! is chosen
in such a way that

FOr 2 < Fok 2,
15T — 2K < ¢ max {ﬂk”dkll, FO5 25— ok, ZkH)}v 17

whereas, y¥*! is such that

FOML D < fHL D,

We note that condition (17), which would replace condition at Step 1(b) of Algo-
rithm 1, is basically needed to guarantee that |z¥+! — z¥|| — 0, which can be shown
by analogous reasoning as in the proof of Theorem 6 and by considering that, by
Proposition 4, ¥||d*| — 0.

Moreover, we remark that there is no conceptual difficulty in substituting the
two iteration maps with any other derivative-free and, respectively, derivative-based
mappings, as long as they are able to satisfy analogous properties to those stated in
Propositions 2 and 4. These results are essential to prove convergence of the overall
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method to stationary points of Problem 1. For instance, in place of the derivative-free
iteration map proposed in the paper, a derivative-free linesearch mapping (see [8])
to update the y variables could be used. Actually, what is really important to prove
convergence is that a subsequence of iterates exists where the stepsize of the iteration
map DF converges to zero. Finally, as concerns the derivative-based mapping, it could
be substituted by any safe-guarded linesearch procedure that also allows extrapolation
steps (see for instance [5]).

Acknowledgments The authors are indebted and wish to thank Prof. Marco Sciandrone for stimulating
discussions on the topic of the paper and for reading earlier versions of the paper. We are also thankful to
two anonymous Referees whose many useful suggestions and comments helped us to significantly improve
the paper.

Appendix A: Technical results

Proof of Proposition 2 First we prove (5). To this aim we can split the iteration
sequence {k} into two parts, H and H, namely,

H = {k: A" = gAFy,
H = {k: A = Ak

In particular, if k € H, we have
F@L ) < 1G5 — oAb (18)
if k € H, we have
FOF+ A, 25 > F(*) — o (aF), forall p; € D. (19)

If A is an infinite subset, by (18), recalling that limy_, oo [f(xk) — fwkt, zk)] =0,
the properties of the forcing function o (¢), we obtain

lim AfF=0. (20)

k—>o00,ke H

Now, for each k € H let my be the biggest index such that m; < k and my € H (we
assume my = 0 if H is empty). Then, we have

Ak+1 — ek*mk A (21)

As k_ — oo and k € H, either m; — oo (if H is an infinite subset) or k — my — 00
(if H is finite). Therefore, (21) together with (20) or the fact that 6 € (0, 1) yields

lim Af=o0. (22)
k—o00,ke H
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Thus, by using (20) and (22), we can write

lim A% =0. (23)

k— 00

Now we prove (6). Note that, in order for (5) to hold true, H must have infinitely
many elements. In fact, if this was not the case, a constant M > 0 and an index k
would exist such that A¥ > M, for all k > k, thus contradicting (5). For every index
k € H, it results

FOF+ Ak p, 5 > fo5, 5 —aab), VpieD,
which, in turn, implies that

FOX+ Afpi 25 — FOK, 2 o (AF)
AF T T TAR

Vpl'GD.

Taking the limit for k — 00, k € H, in the above formula, recalling (5), the property
of the forcing function o (¢) and that lim,;_, o+ o (¢)/t = 0, we obtain

Vyf(®) pi >0, VpieD,

which, recalling that, by definition, the set D positively spans 9", implies that
Vy f(x) =0. O

Proof of Proposition 4 In order to prove point (i), let us assume, by contradiction, that
V. f (x¥) # 0 and that condition (9) is violated for every j > 0, so that

FOK, 2K+ 87 Akaky — f£(xk)

AT > y V. f () Tdk

Then, taking the limit for j — oo, we would obtain
y =1
thus contradicting the assumption y € (0, 1).
Now we prove point (ii). Since B¥ satisfies condition (9) and d, by definition, is

such that

V. f xRy Td¥|

> a4, (24)
1d~]| R2

we can write
.
FeR = O F 4 prahy = v, R Tak > yﬁﬂ"ndknz.
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Now, by assumption we know that limy_, o f(xk) — f(yk, *+ ,Bkdk) = 0 so that

lim B4V, f(x*)Ta*| =0, lim pX|a¥|* = o. (25)
k— 00 k—o00

Let us first show that limy—, BXld* || = 0. We proceed by contradiction and assume
that a subset K C {1, 2, ...} exists such that

lim  BYd¥| =7 >o0. (26)
k—o00,keK
This and (25) imply that
lim ||d*|| =0, (27)
k—o00,keK

which, again by (26), would imply thatlim;_, ;. B% = 400, contradicting the fact
that, by the definition of Iteration Map LS, ﬂk < A. Now we prove that

lim |V, f(x*Tdk =o.
k—00

We proceed again by contradiction and assume that a subset K C {1, 2, ...} exists
such that

lim |V.fG5Tdb =n>o0. (28)
k—00,keK
This and (25) imply that
lim gk=o. (29)
k—00,keK

Hence, for k € K and sufficiently large, it results ,Bk < A. Thus, by the instruction of
the iteration map LS, we can write

k _k B* k k B* T gk
fly.z +?d —f(X)>)/7sz(x) d. (30)
By the mean value theorem, we have that

k k
f (y’% F+ %d’() = feh + %%f(y’% by Tak,

k
where £F = 7k + Qk’%dk and 6% € (0, 1). Substituting the above equation into (30),
we obtain

V.5 E9TdE > yv. R Tk,
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Taking the limit for k — oo and k € K and considering that limy_, o 8¥||d*| = 0 so
that lim,_, . .. ¢ V%, £%) = %, we get

n=yn

which yields y > 1 thus contradicting the assumption y € (0, 1). Hence we have
proved that

lim |V, f (5 Tak| =o. (31)
k—o00

Now, by Assumption 3 on the search direction d*, we know that, for all k,
Vo f )b = 7|V £ ).

Taking the limit in the above relation, considering (31) and recalling that {x*} con-
verges to X, we obtain

Vo f(x)=0
thus concluding the proof. O
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