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Abstract

In this paper we are concerned with continuously differentiable exact merit
functions as a mean to solve constrained optimization problems even of consid-
erable dimension. In order to give a complete understanding of the fundamental
properties of exact merit functions, we first review the development of smooth
and exact merit functions. A recently proposed shifted barrier augmented La-
grangian function is then presented as a potentially powerful tool to solve large
scale constrained optimization problems. This latter merit function, rather
than directly minimized, can be more fruitfully used to globalize efficient local
algorithms, thus obtaining methods suitable for large scale problems. More-
over, by carefully choosing the search directions and the linesearch strategy,
it is possible to define algorithms which are superlinearly convergent towards
points satisfying first and second order necessary optimality conditions. We
propose a general scheme for an algorithm employing such a merit function.

Keywords: constrained optimization, continously differentiable merit func-
tions, primal-dual algorithms.
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1 Problem statement and notation
We consider the following minimization problem:
min f(x)
g(z) <0, (1)

where f: R® — R, and g : R — R™ are twice continuously differentiable functions.
We denote the feasible set of Problem (1) by

F={reR":g(z) <0},
and the Lagrangian function by
Lz, A) = f(x) + Ng(=),
where A € R™ is the KKT multiplier. A KKT pair (Z,\) € R" x R™ satisfies:

=1,

Assumption Al (LICQ) For every x € F the gradients of the active constraints
are linearly independent.

Under LICQ conditions (2) are first order necessary optimality conditions. In the
following we assume that Assumption Al holds.
Given a feasible point # we denote the index set of the active constraints by

Ao(z) ={j: g;(z) =0}

moreover given a KKT pair (Z,A) we denote the index set of the strictly active
constraints by
Az, N) ={j € A(z): ;> 0},
A KKT pair (z, ) satisfies the strict complementarity condition if A\; > 0 for all
J € Ao(T). )
A KKT pair (7, \) satisfies the second order necessary optimality conditions (SONC)
for Problem (1), if (%, \) is a KKT pair and

ZVIL(Z,N)z >0, Vz: Vgi(2)2=0 j€ Ay(z). (3)

A KKT pair (7, ) which satisfies SONC will be called in the sequel a second order
stationary point of Problem (1).

The paper is organized as follows. In Section 2 we review the development of
smooth exact merit functions. The emphasis on smoothness steams from the fact that
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it makes possibile to devise methods for the solution of smooth costrained problems
that behave like unconstrained minimization methods for smooth objective functions,
as concerns the convergence and rate of convergence properties, and in particular avoid
the Maratos’ effect [25]. In Section 3 we describe a shifted barrier augmented La-
grangian function L recently proposed in [11], that can be used as a powerful mean
to solve large scale constrained optimization problems. In Section 4 we describe a
general primal-dual algorithmic scheme PDALA, based on the merit function Lg. By
carefully choosing the search direction and the linesearch strategy, it is possible to de-
fine algorithms which are superlinearly convergent towards points satisfying not only
first but also second order necessary optimality conditions, as described in Sections
4.2 and 4.3. Furthermore, in Section 5 an “ad hoc” local and superlinearly convergent
algorithm is described that is based on the satisfaction of the KKT conditions and
that uses the merit function Ls within a general stabilization scheme.

We introduce the following notation. Given two vectors u, v, max{u, v} denotes
the vector with components max{u;, v;}. ||v||, denotes the ¢, norm of the vector;
when p is not specified, we mean p = 2.

2 Brief review on smooth exact merit functions

Much research work in Nonlinear Programming has been devoted to the transforma-
tion of the constrained problem (1) into the unconstrained minimization of a merit
function depending on a penalty parameter ¢.

We say that a merit function enjoys exactness properties if it is possible to establish
some correspondence between its unconstrained minimizers and the solutions of the
constrained Problem (1) for strictly positive values of the penalty parameter. See [7]
for different definitions of ”exactness” and [6] for an extended review of exact merit
functions.

The constrained problem (1) is determined by the interaction of two distinct
subproblems:

- the feasibility subproblem;

- the subproblem of minimizing the objective function.

A merit function should properly balance these two subproblems.

The initial idea for constructing merit functions consists in adding a weighted
term p(z), penalizing the violation of feasibility, to the original objective function.
Such a term is of the form p(z) = || max{g(x),0}||¢ for some finite s > 1. Depending
on the choice of the norm we obtain different merit functions that enjoy different
properties. We are interested in continuously differentiable functions. Among these,
the most popular is the quadratic penalty function:

P(r;2) = f(a) + -l max{g(x), O}
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However Ps is not “exact”, since the sequence {z*} of unconstrained minimizers of
Ps(z; %) converges to a minimizer 2* of the constrained problem only in the limit,
for % — 0 [18].

Another merit function penalizing only the violation of feasibility is:

Py(r;2) = f(x) + < | max{g(r), 0}

In this case we gain exactness, however we loose differentiability.

The subsequent step is that of introducing merit functions which better charac-
terize the connections between the feasibility subproblem and the minimizing sub-
problem. This means that further characteristics of the constrained minimum points,
rather than just the feasibility, have to be taken into account.

A viable approach is to define terms which perform a penalization of the KKT
conditions. To this aim an estimate of the KKT multiplier \ is required. A key role
in the definition of such terms is played by the non differentiable function

Az, eA) = max{g(z), —cA}, (4)
where ¢ is a positive constant. Indeed, it is easy to verify that:

Proposition 2.1 Let (x,\) € R" x R™. Then max{g(x), —cA} = 0 if and only if
g(x) <0, A >0, G(x)A =0.

Unfortunately, max{g(z), —cA\} = 0 cannot be used directly to penalize the KKT
conditions because it is not continuously differentiable. A possibility is to use the
function

1
B X ) = N7, e) + 5, e
which is continuously differentiable, with gradient given by
1
V.o(r, ) = Vg()A+ - Vg(a)y(z, ),
V)\d)(l', )‘) = C’Y(l‘a C)‘)

Moreover, if Z € F then ¢(z, A; ¢) = 0 if and only if (Z, \) satisfies conditions (2b) [10].
The first merit function based on the use of function ¢ was independently proposed
by Hestenes-Powell-Rockafellar [23, 26, 28] and it is defined on the product space of
the problem variables and of the KK'T multipliers. Its expression is:

1
Lupr(z,\;e) = f(x) + gd)(x, A;€).
Lyupr is continuously differentiable, in particular it is an SC' function, that is a con-
tinuous function with semismooth gradient [27]. Moreover it possesses some exactness

properties. In particular, it is possible to prove that VLypr(z, \;¢) = 0 if and only if
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(z,\) is a KKT pair of Problem (1). Moreover if \* is the KKT multiplier associated
to a global minimum point z* of Problem (1), then Lypgr(zr, A\*;¢) admits z* as a
global minimizer. However, the multiplier A\* is not available and Lgpgr(z, \;¢) is
not bounded from below with respect to A. This may cause unconstrained minimiza-
tion methods to produce unbounded sequences (see [10] for a review on augmented
Lagrangian functions).

To overcome this problem, it is necessary to define merit functions which convey
more information about the KK'T multipliers. Indeed, we have to penalize the dis-
tance ||A — M|/, and this can be obtained by including a sort of penalty term on the
condition V,L(x, A) = 0. Different terms, which can be used to this aim, have been
proposed (see [10, 11]). A possible example is the function

n(z,A) = [Vg(2)'VoL(z,A) + G(2)"Al* = [ M (2)A + Vg(2) V£, (5)

where

M(z) = Vg(z)'Vg(z) + G*(z). (6)

Under Assumption Al it is possible to prove that n(Z, A) = 0 if and only if A = A,
where(Z, A) is a KKT pair of Problem (1). In particular, under Assumption A1, the
matrix M (z) is a positive definite matrix in a neighborhood of the feasible set [19].

However there are at least two ways to include this kind of information, that lead
to two classes of continuously differentiable merit functions:

e czact penalty functions - in this case the KK'T multipliers are obtained as a function
of the variable x using a multiplier function \(x); exact penalty functions are
defined on an open set P, with F C P C R";

e cxact augmented Lagrangian functions - in this case the KK'T multipliers are vari-
ables on their own; exact augmented Lagrangian functions are defined on an
open set P x R™, again with F C P C R™.

Continuously differentiable exact penalty functions. In this case the infor-
mation on the KKT multiplier is conveyed in the merit function through the use of a
multiplier function \(x) which yields an estimate of the KKT multiplier as function
of the variable z, in the sense that A = \(z) when (z,)\) is a KKT pair. A typical
form of exact penalty functions is:

Pg(x;e) = Lgpr(z, A(x);€).

Expressions for A(z) can be obtained as the minimizer of a suitable term which
penalizes the KKT conditions. A possible example of A(x) consists in obtaining it as
the minimizer with respect to A of the function n(z, \) defined by (5). In this case,
whenever M(z) is non singular, we get

Mz) = —M(2)~'Vg(2)'V f(2).
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The function \(x) is continuously differentiable and, if (#,\) is a KKT pair, then
NP

Unfortunately the computation of A(x) is quite expensive when the number of
constraints is large, because it requires the exact solution of a linear system at each
merit function evaluation. This limits the applicability of continuously differentiable
exact penalty functions when the number of constraints is large.

We do not enter into more details on exact penalty functions.

Exact augmented Lagrangian functions. In this case the multiplier A is a vari-
able on its own, and we must add terms penalizing the distance from the KKT
multiplier A to the augmented Lagrangian Lypr. The typical form of functions in
this class is

Lg(z,\;e) = Lgpr(z, Ae) +n(x, A),

where the term n(z, A) can also be seen as a term that performs a “convexification”
of the augmented Lagrangian function with respect to the variable .

For large problems exact augmented Lagrangian functions are preferable with
respect to exact penalty functions, because they do not require the solution of a linear
system at each merit function evaluation. However Lg(x, \;¢) may have unbounded
level sets. Hence the last step is to define an augmented Lagrangian function with
compact level sets. We describe a merit function with this property in the following
section.

3 An exact augmented Lagrangian function with
improved exactness properties

Following the ideas of barrier methods, in [11] a shifted barrier term has been in-
troduced in the augmented Lagrangian Lg(z, ;). To be more precise, let P be
a suitable open perturbation of the feasible set F (that is P D F) and consider a
function p(z, \) such that:

p(z,\) >0 vV (x,\) € P x R™,
. . (7)
1 A)=0 1 A) =0.
Jimp(z,A) =0, lim p(z, A)
It appears that 1/p(x,\) penalizes the fact that the variable z is too close to the
boundary of P and the fact that the norm of the vector A is growing too much.
Indeed 1/p(x, A) tends to oo whenever  — 9P or ||A|| — oo.

By including this barrier term in the augmented Lagrangian we get

La(z,N\;e) = Lygpr(z, N ep(x, N)) + n(z, A),
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that can be written explicitly as follows:

La(x,Ne) = f(x) + N max{g(z), —ep(z, A} +
+IVg(z)'ViL(z, \) + G(z)?\||*.

1 2
2oty | male(@), —ep(z NAY

The exactness properties of Lg can be established under suitable assumptions
that depend on the particular choice of p(x, \).
A possible choice is to define

_a(z)
p(x,\) = W’

where
a(x) = a — || max{g(z), 0}[|3, (8)
and o > 0, s > 2 are user-selected scalars. Correspondingly, the set P is defined by:
P={xeR": a(x) > 0}.

With this choice of P, we can state exactness properties of Lg under the following
assumption.

Assumption A2 One of the two following conditions is satisfied:

- a point & € F is known and f(z) is coercive on P (that is for any {x;} C P such
that ||xg|| — oo we have f(zr) — o0);

- P is a bounded set and at every point x € P the following constraint qualification

holds:
Z ¢i(x)Vgi(z) =0 =3 r e F, 9)
i:g9i(z)>0
where ol (s-2)

Assumption A2 has been widely discuss in [11]. In the sequel we assume that As-
sumption A2 holds.
We can show that:

Proposition 3.1 (Exactness properties of Lg) [11]
(i) Ve > 0, the level set
Q% 2% e) = {(z,\) € P x R™: Lg(z,A;¢) < La(a®,)\% )}

is compact, and hence Lg(x, \;¢) admits a global minimizer;
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(ii) Ve > 0, if (¥, \) is a KKT pair of Problem (1) then (z,)) is a stationary point
of La;

iii) Ve > 0, if (z,\) is a stationary point of Le such that v(Z,ep(z, \)A) = 0 then

iii) Ve > 0, 4 A L h th AMA) =0 th
(%, \) is a KKT pair of Problem (1);

(iv) a threshold value € > 0 emists, such that for all ¢ € (0,2], if (z,)) is a stationary
point (local/global minimizer) of Lg then (Z,\) is a KKT pair (local/global
minimizer) of Problem (1).

Proposition 3.1 states that suitable values of £ can be found such that

min f(x)
g(x) <0

min Lg(z, A;€)

= (z,\) € P x R™,

Hence the merit function Lg can be used to define algorithms converging to a
solution of the constrained problem. We discuss this topic in the next sections.

Under the assumption that f and ¢ are three times continuously differentiable,
and that s > 2 in (8), it is possible to perform a second order analysis of L. Since it
is a SC! function in P x IR™, the generalized Hessian 0*Lq(z, \; <), in Clarke’s sense
[3], can be defined. In particular we have 0*Lg(x, \;e) = co{0%Lg(x, \;¢)} where
the set 9% Lg(x, \; €) can be explicitly characterized in a neighborhood of a KK T pair
(Z, ) of Problem (1).

Given a partition {A, N} of the index set {1,...,m}, and by partitioning the
vectors g and A accordingly: ¢ = (¢4 gv)', A = (N, Ny)', we introduce the (n+m) X
(n 4+ m) symmetric matrix H (z, A;e, A) given block-wise by:

1 !
Hyo(z, N2, A) = V2L(z,\) + (e ) Vga(x)Vga(r)
+2V; L(z, \)Vg(2)Vg(2) Vi L(w, ),

Hpx(z, \;e,A) = {VgA(x) 0]+2V§L(x,)\)Vg(x)MN(x), (11)

HulwXied) = —ep(on)|) | +20(o)y(a),
where ) , 0 0
My(x) = V@) Va@) + (g, (2) (12)

and Iy is the identity matrix of dimension |N| and 0 is a zero matrix of proper
dimensions.

Proposition 3.2 [11] For every KKT pair (z,\) of Problem (1) and every given ¢,
a neighbourhood B of (z, \) exists such that, for all (xz,\) in B, we have:

OLLa(w, Nje) = {H (v, \;e, A) + K(x,\;e,A) . Ac A},
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where A = {A : A (z,)) C A C Ay(2)}, H
K(z,\e, A) is a matriz such that [|K(z,)\;e, A)|
negative continuous function such that ((Z, \) = 0.

(z,\;e, A) is given by (11), and
| < ((x,N), with {(z,)\) a non-

We note that at every KKT pair where the strict complementarity holds, A, (z,\) =
Ao(), hence 0?Lg(7, \; ) reduces to a singleton. Therefore for every KKT pair (z, \)
of Problem (1) where the strict complementarity holds, a neighbourhood B of (Z, \)
exists such that Lg is twice continuously differentiable in B and its Hessian matrix is
given by:
V2La(w, N\ e) = H(w, N\ e, Ag(T)) + K (z, \; e, Ag(T)).
We can state relationships among points satisfying the SONC for Problem (1) and

some elements of the generalized Hessian of Lg.

Proposition 3.3 [15] Let (&, \) be a KKT pair of Problem (1) and let ¢ > 0 be given.
If a positive semidefinite matriz H € 0%Lq(T, \;€) exists, then the pair (T, )\) satisfies
the second order necessary optimality conditions SONC.

Under stronger second order assumptions, we can state additional second order
results. In particular, we need the following condition.

Assumption A3 (SSOSC) A KKT pair (z,)\) satisfies the Strong Second Order
Sufficient Conditions (SSOSC) for T to be an isolated local solution of Problem (1),
that s

ZVEL(Z, Nz >0, 2z#0, z€ Z(7),

where Z(z) = {z: Vyg;(Z)'2=0, j€ A (7)}.

Proposition 3.4 [11] If a KKT pair (x, \) satisfies the Assumptions A1 and A3 then
a value € > 0 exists such that for all e € (0,&] we have:

(i) (z, ) is an isolated local minimum point for Le;

(ii) all the matrices in 0°Lq(Z, \;€) are positive definite.

Finally, we want to mention that recently a new class of augmented Lagrangian
function has been proposed for the case of two-sided constraints of the type [ <
g(x) < u [8]. The definition of this function is based on a different way to write the
KKT conditions that uses only m multipliers not constrained in sign (see [1]). In
particular, it is possible to define a new function v(x, cA):

Ynew (T, €A) = min{g — [, —cA} + max{g — u, —cA} + cA

with ¢ > 0, that possess similar properties of (4). Moreover in [8] also a general
framework that includes different type of barrier terms has been proposed.
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4 A shifted barrier primal-dual algorithm

4.1 The basic algorithm model

Exact merit functions can be used in different ways to define globally convergent
algorithms [16, 6]. However in order to obtain a true implementable algorithm, we
must provide rules to determine the threshold value & or a lower bound on it. Since
we are interested in the use of the augmented Lagrangian function L, we consider
primal-dual algorithm models, that is algorithms defined in the space of the variables
(x, A).

We give the description of a general primal-dual algorithm model (PDALA.,) based
on the augmented Lagrangian function Lg. PDALA, incorporates an automatic
adjustment of the penalty parameter and, under suitable assumptions, can be proved
to be globally convergent to a KKT pair of the original constrained problem.

In the algorithm model we make use of an iteration map LSA, : P x R"™ —
P x IR™ and we denote by LSA,[(z*, \F)], the new point produced by it. Here, we
only assume that the iteration map LSA, satisfies the following assumption:

Assumption A4 For every fired value € and every starting point (2%, \°) € P x R™,
the sequence {(z*, \¥)} obtained as (zF+1, \¥+1) =LSA, [(z*, \F)] belongs to the level
set Q(z°, N\ ¢), and all its limit points are stationary points of Lg(x, \;€).

These requirements on the map LS A, can be easily satisfied by any globally conver-
gent algorithm for the unconstrained minimization of Lg(x, A;e) for fixed values of
. In fact we can always ensure, by simple devices, that the trial points produced by
the iteration map remain in Q(z°, A% ¢).

Different choices of the iteration map LSA, determine different features of the
overall algorithm, such as convergence towards points satisfying first or first and
second order necessary optimality conditions, rate of convergence, heaviness of the
computation, and so on.

Later in this section, we describe possible choices of the iteration map LSA, in
the class of linesearch methods.

Algorithm PDALA, performs an outer iteration and an inner iteration. The outer
iteration, indexed by j, monitors the decrease of the penalty parameter and provides a
proper starting point (z°, A\°) for the inner iteration. In particular, the outer iteration
produces the sequences {¢/} C R* and {(y/,/)} € P x IR™. The inner iteration,
indexed by k, produces, for a fixed 7, a sequence {(z*, A\F)}; C Q(z°, A% &7) using
LS A, until some convergence criterion is satisfied.
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Algorithm model PDALA,

Primal-Dual Augmented Lagrangian Algorithm (general scheme)

Data. (y°, %) € R* x R™ and £° > 0, # € (0,1).

Choose the scalars @ > 0 and s > 3 appearing in (8) so that y° € P.
Step 0. Set 7 =0 and (2%, \°) = (y°, u°) (outer iteration).
Step 1. Set £ =0 (inner iteration).

Repeat

If |[VLg(a*, A &%) || > [| max{g(a¥), —e7p(a*, A*) A"} then
compute (T A1) = LSA, [(zF, AF)]
set k=k+1;

else (update ¢ and restart the inner iteration)
Set £+1 = i, (yi*1, i) = (2h, XF), j = j + 1.
If Lo(y’, 15 €?) < La(y®, 1% e7) set (2%, A°) = (7, 1),
else set (2%, \%) = (y°, u?),
go to Step 1.

End If

Until (convergence)

The general scheme above can be refined by specifying both the stopping criterion
for convergence and the iteration map LSA,. In particular, we can enforce conver-
gence to points satisfying only the KKT conditions or also the second order necessary
optimality conditions for optimality.

4.2 Convergence to first order stationary points: PDALA,

We consider a version of the algorithm model PDALA, converging to points satisfying
the KKT conditions (2). In this case the convergence criterion used in the last line
of PDALA, corresponds to the satisfaction of the KKT conditions (2) that, due to
(iii) of Proposition 3.1, can be written as:

IV La (2", A% %) || + [ max{g(z*), —e’p(a", AF) AT} = 0.
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The iteration map can be an Armijo linesearch procedure for the unconstrained min-
imization of Lg, and we refer to it as LSA;. The resulting algorithm PDALA; was
described in [11] with the name ALFA.

We assume that the direction d* = (d¥, d%)" € R" x IR™ used in LSA; satisfies:

Assumption A5 For all k, the direction d* € IR" x R™ is bounded and satisfies
(a) VLg(x®, \F;e)'dd < 0 if VLg(xk, \F; ) # 0;
(b) d* =0 if VLg(zF, \F;e) = 0;

VLg(z*, M) =0

VLg%, \F;e)'dd — 0 impli
(¢) VLig(z £) implies {d’“ o

Iteration map LSA,[(zF, \F)]
Data: v € (0,3), o € (0,1).
Step 1. Calculate a d* € IR™*™ satisfying Assumption A5.

Step 2. Set n € (0,1], 7= 0.

Repeat
n=o',
= + 77( i ) e P xR™,
( pLan AF d%
1 =1+ 1.

Until (Lg($k+l, Nt g) < L (a, Aoy 2) + ynV La (2%, AF; g)'dk)

Return (zF+1 \Ft1),

Proposition 4.1 (Global convergence of PDALA ) [11] Assume that the direc-
tion d* satisfies Assumption A5. Then, either the algorithm terminates at a KKT
pair (zP, \P) of Problem (1) or, after having updated the penalty parameter € at most

a finite number of times, it produces an infinite sequence {(z*, \¥)} such that every
limit point (x*, \*) of {(z*, \¥)} is a KKT pair of Problem (1).

The convergence properties of Algorithm PDALA; depend on the satisfaction of
Assumptions A1, A2. However, weaker convergence results can be established also in
the case that the assumptions are not fulfilled (for details, see [11]).

As regards the choice of d* we indicate some possibilities in Section 5.
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4.3 Convergence to second order stationary points: PDALA,

We describe now a primal-dual augmented Lagrangian algorithm model, proposed in
[15] with the name SOLA, converging to points satisfying the second order necessary
optimality conditions (3). The possibility of defining such an algorithm is tied to the
result of Proposition 3.3. Indeed, the “curvature” of Ls can be put in correspondence
with the “curvature information” of the constrained Problem (1). This correspon-
dence can be exploited to define algorithms converging towards points which satisfy
the second order necessary optimality conditions SONC.

The algorithm model PDALA, is obtained by PDALA, with the use of a curvi-
linear line search algorithm LSA,. The curvilinear line search algorithm LSA, draw
its inspirations from unconstrained minimization and makes use of an additional di-
rection s* and of a square matrix Q¥. We assume that s*, Q¥ satisfy:

Assumption A6
(i) For all k, the direction s* and the matriz QF are bounded and satisfy:
(a) VLg(z®, \F;e)'s <0,
(b) (s*)'Q*s" <0,
(c) (s¥)'QFsk — 0  implies s* — 0;

(ii) let {z%, \*} and {2*, %} be sequences converging to a stationary point (Z,\)
of the function Lg. Then, for every sequence of matrices {W*}, with W* €
O?Lg (2%, vk €), we have:

(5 (W — @h)s* < "
where {5’“} s a sequence of numbers converging to 0;

(iii) let {z*, \*} be a sequence converging to a KKT pair (2, ) of Problem (1). Then
the directions s* and the matrices Q* are such that if (s*)'Q¥s* — 0 then (z, )
satisfies the second order necessary optimality conditions for Problem (1).

There are different possible choices for s*, Q* satisfying Assumption A6. One of
them is described in Section 5.3.

In the case of PDALA,, the convergence criterion in the last line of the algorithm
model is given by the satisfaction of first and second order necessary optimality con-
ditions. Due to Proposition 3.3 and Assumption A6 we can write

(IVLa(z®, AF; e9)|| + || max{g(z*), —eip(z*, AF)AF}|| = 0) .and. (Q* > 0),
where QF > 0 stands for Q* positive semidefinite.
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Any gradient related direction d* and any pair s*, Q¥ satisfying Assumption A6 can
be used to define a curvilinear linesearch LSA, to be employed in the second order
convergent algorithm model PDALA,.

Iteration map LSA,[(zF, \F)]
Data. v € (0,3), o € (0,1).
Step 1. Calculate d* € IR™*™ satisfying Assumption Ab5.
Calculate s* € R™, and Q¥ € RM™™*(+m) gatisfying
Assumption A6.

Step 2. Set n € (0,1],4 = 0 and t*¥ = 1 + min{0.5, ||V Lg(z*, X¥; £)]|}.

Repeat .
n= o',
oktl zk o dt .
(AHI):(M)*"(d’;)” <s’;>
1 =1+ 1.

Until (Lo(a", A4 ) < La (@, X eV La (2, X o) d+ S (55 Q")

Return (zF+! \FH1),

We note that the previous curvilinear search differs from similar unconstrained curvi-
linear search algorithms for the matrix Q¥ and the term t*. The matrix Q¥ plays
a role similar to the role played by the Hessian matrix in unconstrained algorithms
and it must be chosen so as to provide, roughly speaking, some kind of second order
information on the original constrained problem to the algorithm (see [15]). As re-
gards the term ¥, in the unconstrained curvilinear search algorithms it is possible to
set t* = 1 since the Hessian matrix of the objective function is available; in our case
t* =14+ min{0.5, ||V Lg(z*, A\F; €)||} since Lg is only SC'.

We observe that, if we take s* = 0, LSA, reduces to LSA; thus satisfying at least
the properties of LSA;.

The following result holds.

Proposition 4.2 (Global convergence of PDALA, ) [15] Assume that d* satis-
fies Assumption A5 and s*, QF satisfy Assumption A6. Then, either the algorithm
terminates at a second order stationary pair (xP, \P) of Problem (1) or, after having
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updated the penalty parameter € at most a finite number of times, it produces an infi-
nite sequence {(x*, \¥)} such that every limit point (x*, \*) of {(z*, \¥)} is a second
order stationary pair of Problem (1).

4.4 Superlinear rate of convergence

In the algorithm model PDALA, we make use of iteration maps LSA; or LSA, that
use a direction d* to approach either a first or a second order stationary point of the
function L.

Assumption A5 requires only some gradient related properties of the direction
d*. The simplest choice is to consider the steepest descent direction d*¥ = —V L.
Although this choice is quite simple and not expensive, it may result in a very slow
algorithm, in the presence of narrow valley of the level sets of Lg.

It is well known that a proper choice for the search direction d* guarantees a
superlinear convergence rate in the unconstrained minimization of Ls. However, the
use of the Newton direction is not suitable for the function Lg due to the fact that it
is not twice continuously differentiable everywhere in P x IR™, and to the fact that
the evaluation of the Hessian matrix V2L, where it exists, requires the evaluation
of the third order derivatives of the problem functions f and g.

A possible way to overcome these drawbacks is to change the point of view. Rather
than minimizing directly the augmented Lagrangian function L, we can use it as a
merit function to measure the progress towards a solution of the iterates produced
by an “ad hoc” local algorithm for Problem (1).

The basic idea is to define an efficient local algorithm, where “efficient” stands both
for superlinearly convergent and for not computationally heavy. Indeed, it is possible
to define directions d* which can be used in LSA, to produce sequences {(z*, \*)}
which are locally convergent with a superlinear rate of convergence without requiring
the evaluation of third order derivatives, so that the computation of d* may be not
very expensive.

However the sequence {(z*, \¥)} produced by the local algorithm may be not
globally convergent. Hence a stabilization scheme must be used to force global con-
vergence. The merit function Lg can play different roles in the stabilization scheme.
It can be used as a merit function to measure the progress of the iterates in a sta-
bilization scheme for globalizing the local algorithm. In this way it ensures also the
boundedness of {z*, \¥}, since the iterates remains in the level sets that are com-
pact (see Proposition 3.1). Moreover the merit function provides low-cost alternative
directions, such as d* = —V Lg(2*, \F), when required, and incorporates enough in-
formation on the “curvature” of Problem (1).

In order to define an efficient algorithm we make use, in the sequel, of the following
assumption.
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Assumption A7 For all k, the direction d* € R™*™ satisfies a system of the kind:
H(a* X¥;e)d = =V L (2, NF: ¢), (13)

where the matriz ﬁ(xk,)\’i; €) has the property that, if the sequence {(z*, \¥)} con-
verges to a KKT pair (:E, )\) for Problem (1), then

lim dist [ﬁ[(xk, )\k;e)‘c?%LG(xk, Mie)] =0, (14)

k—o0

where dist[|-] denotes the distance function.

Search directions which satisfy Assumption A7 play a fundamental role in defining
efficient local algorithm.

Indeed we can prove superlinear convergence in a neighborhood of a KKT pair
satisfying some sufficient optimality conditions. Making use of the Strong Second
order Sufficient Condition (Assumption A3) a strict connection between directions
satisfying Assumption A7, and the merit function Lg can be proved. In particular,
the following result holds.

Proposition 4.3 (Superlinear convergence rate) [11] Let (Z,)) be a KKT pair
where Assumption A8 holds. If {d*} satisfy Assumption A7, then an & exists such
that for all € € (0, £]:

(a) a neighborhood B(Z,\) of (T, ) exists such that, for all (z*, \F) € B(Z, \):
- the search direction d* satisfies the conditions:

VL (2% \F:e)db < —c||VLg(2%, \F; ) ||%,
cld|| < [VLa(a", A e)]],

where ¢ is a positive constant;

- an Armijo-type linesearch accepts the unit stepsize;

(b) if the sequence {(x*, \¥)} obtained by LSA. with n =1 converges to (Z,)), then
the rate of convergence is superlinear.

In [11, 15] directions d* satisfying Assumption A7 have been proposed. In section
5.2 we describe in some detail one of these choices.
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4.5 A nonmonotone stabilization scheme

The use of nonmonotone stabilization techniques is suitable to minimize ill-conditioned
functions [20, 21]. This is even more the case for the minimization of exact merit
functions, that can easily have narrow curved valleys. The advantage of the use of a
nonmonotone stabilization scheme to control the convergence of the local algorithm
consists in the fact that it resorts to the merit function and its gradient only when
the local algorithm does not satisfy some easily tested convergence criterion. In this
way, the merit function and its gradient are not calculated at each iteration.

A very simple nonmonotone stabilization scheme can be obtained from PDALA,
by using the nonmonotone linesearch algorithm LSA y, described below.

Tteration map LSA y/[(z*, \*)]
Data: v € (0,3), o € (0,1), R* € RR.
Step 1. Calculate a d* € IR"*™ satisfying Assumption A5.

Step 2. Set n =1, =0.

Repeat .
n=oa'n,
()= () el ) ep e
=1+ 1.

Until ( Lg(z8+ N e)) < R + ynV Lg (2%, \F; ) d*)

Return (zFF1 \FFL),

The main difference with LSA; consists in the presence of a reference value R* that in
general is such that RF > Lg (2%, A\¥; €), so that the condition of sufficient reduction is
not enforced at each iteration. The updating rule for the reference value must satisfy

Le (2,0 e) < RF < max Lo (o™, M),
0<i<m

where m is a prefixed number of iterations to be taken into account.

Drawing inspiration from unconstrained minimization, it is also possible to define
nonmonotone linesearch algorithm converging to second order stationary points [24].
More refined nonmonotone strategies, that do not even require the evaluation of the
merit function at each step have been proposed [22, 24]. We do not enter into details
here.
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5 “Ad hoc” algorithm models

5.1 Preliminaries

In this section we propose a particular choice of the directions d* and s* and of
the matrix Q¥ that can be used in the definition of a globally and superlinearly
convergent algorithm to second order stationary points of Problem (1). Of course
different possibilities exist, and we refer to [11, 15] and references therein for more
detailed discussions. In the preceding sections we have described a superlinearly
convergent algorithm to second order stationary points without requiring the strict
complementarity condition. Our aim in this section is to exploit the structure of the
problem in order to reduce the computational effort in the calculation of d* and s*.
In principle, no relationships among the two directions is needed. However, we will
show that if the strict complementarity condition holds, we can define a direction s*
which can be computed as a by product of the computation of the direction d*.

To be more precise, we define a direction d* which is tied to the structure of
Problem (1) rather than to the function L. To this aim, we make use of the following
estimates of the index sets of active and non active constraints:

A@(IL’,)\) :{Z gl(fL’) 2 _H;)‘i}a N@(.’L’,)\) :{17"'7m}\AEB(‘T7)‘)7 (15)
with k > 0. These sets have interesting properties, as the following proposition states.

Proposition 5.1 [17] Let (z,\) be a KKT pair for Problem (1). Then there exists
a neighborhood B(x, \) of (T, \) such that for all (z,)\) € B(Z, \) we have A, (Z,\) C
Ag(z,\) C Ag(Z). Moreover if the strict complementarity holds at (T, )), then, for
all (z,)\) € B(7,\) it results Ag(z,\) = Ag(T).

Therefeore, under strict complementarity condition, the estimate is exact in a neigh-
borhood of a KKT pair. Actually, exactness of the estimate is what we need for
proving convergence to second order stationary points, so that any other estimate
such that
Ag(z, X)) = Ay(T) for all (z,\) € B(Z, \)

can be used to this aim. Whereas to prove the superlinear rate of convergence, we can
get rid of the strict complementarity condition by using Assumption A3 (SSOSC).

For sake of simplicity we will assume in the following sections that the strict
complementarity condition holds.

5.2 A particular choice of d*

In this section we describe a particular direction that satisfies Assumptions A5 and
A7 and is tied to the structure of Problem (1) rather than to the function L.
The basic idea is to define a system of nonlinear equations F'(x, A) = 0 such that

F(z,\) =0 <= (z,)) is KKT pair,
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and to compute the direction d = (d., d})" as an approzimate Newton-type direction
for the system F'(x,\) = 0. Making use of the index sets (15), we define the system

F as follows:
Vf(r)+Vg(x) A

F(z,\) = 9(%) Ag (2) = 0. (16)
ANg (z,\)

The next proposition states that system (16) enjoys the required property.
Proposition 5.2 [14] It results F(z,\) = 0 if and only if (¥, \) is a KKT pair.

The direction d* is obtained as an approximated Newton direction of system (16)
evaluated at (z*, \¥). In particular, by partitioning the vectors g,  according to the
partition Ag, Ng, the direction d € R"*™ can be evaluated as follows.

k
The direction d* = < Zﬁ )
2

Solve the system:

V2L(k, b VgA@(xk)] [ d, ] o [Vf(xk) —i—VgA@(x’“))\’j‘@}
Vga, (%) 0 dr, | G (z") (17)
dry, =~ Ny

where Ag and Ng are given by (15) evaluated at (z*, \¥).

If Ay and Ng were constant in a neighbourhood of (%, \¥), the direction d* would
be exactly the Newton direction for system (16). The following properties of the
direction can be proved.

Proposition 5.3 [12] Let {(z*, \*)} be a bounded sequence.

(a) Suppose that d* exists for all k. If
lim |d*|| =0,
k—o00
then every accumulation point (Z,)\) of {(z*, \¥)} is a KKT pair.

(b) If every accumulation point (z,)\) of {(z*,\)} is a KKT pair, then eventually
the matriz Vg’j‘a) is full rank, the direction d* is defined and it satisfies

lim ||d¥|| = 0.
k—o0
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The previous direction can produce a sequence {(z*, \¥)} which is locally convergent
with a quadratic convergence rate towards a KKT pair where LICQ and SSOSC are
satisfied [17].

Moreover, it is possible to prove that a “connection” between the merit function
L¢ and the direction d can be established. Indeed, in order to define an algorithm
which reconciles the global convergence property with a local superlinear convergence
rate, the merit function Ls; must have some relationships with the local algorithm.
In particular, the search direction of the local algorithm must be eventually a “good”
descent direction for Lg. This connection can be established by further specifying
the estimates Ag and Ng. In particular, in the expression (15) we set

k =ep(z, \),

where ¢ and p(z, \) are respectively the parameter and the function which appear in
the expression of Lg. Then we have the following main result.

Proposition 5.4 [9] Let (z,)) be a KKT pair where Assumption A3 holds. Then
a neighbourhood B(z, ), a value ¢ > 0 and a constant ¢ > 0 ewist such that for all
(zF, \¥) € B(z, \) and for all £ € (0,€], d* satisfies the angle condition:

VLg(z", \F;e)'db < —c||d¥|?.

Proposition 5.4 togheter with Proposition 5.3 and the exactness properties of L,
ensure that the direction d* satisfies (c) of Assumption A5, for small values of .
However the threshold value ¢ is usually different from the value £ that ensures the
exactness properties of Lg. So that the different schemes LSA, must be slightly
modified to check if the direction d* calculated at Step 1 can be used as the search
direction, or to decide whether an alternative gradient-related direction for Lg must
be used, or the penalty parameter € must be decreased. We do not enter into further
details, and we refer the interest reader to [9].

5.3 A particular choice of s*, Q*

We introduce a possible choice for the direction s* and the matrix Q¥ used in LSA,.
The interest in this choice lies in the fact that, as shown in the next section, s* can

be obtained as a by product of the calculation of the direction d* described before.

Convergence to second order stationary points is enforced by investigating the
curvature information on the Lagrangian L in the tangent space of the estimated
active constraints.
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The pair s*, Q¥
The matriz QF is given by:

_(V2L(zF, AF) 0
o= ()

k
The vector s* = < z",’; ) is such that:
)
sk e N* (18)
(55) VaL(=", A")si <0 (19)
in{0, Amin (P*V2L(z*, \F) Pk 0
(s5)'V2L(z%, Ab)sk = 0 {?:ni . (PEVRL( ADPRY = 09
My, (xk)sl)c\ == (Vg(xk)lvi[f(xka /\k)Sli) ) (21)

where:

N* denotes the null space of Vgy (2")
P* denotes the projection matriz on N*
My (x) is defined in (12)

Ag and Ng are given by (15) evaluated at (2%, \F).

We point out that Assumption Al guarantees that MNé is nonsingular in a neigh-

borhood of the feasible set and hence that s5 can be evaluated by (21).

The underlying idea of this choice of s*, Q¥ is that the second order necessary
optimality conditions require that V2L is positive semidefinite on the tangent space
of the active constraints g4,(Z). By Proposition 5.1, under the strict complementarity
condition, a neighborhood of (7, \) exists where A% = Ay(z), so that by continuity
we have that condition (20) ensures in the limit the satisfaction of the second order
necessary optimality conditions (3).

Under the strict complementarity condition, the pair s*, Q* satisfies Assump-
tion A6 [15].

5.4 Combined calculation of d*, s*

The interest in using the direction d* and s*, introduced in the preceding sections, is
due to the fact that their calculation can be obtained simultaneously.
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Indeed, algorithms superlinearly convergent to KKT pairs have been recently pro-
posed that are based on the decomposition of the search direction d¥ into a horizontal
step dt € N* and a vertical step d¥ € R¥ (R* denotes the range space of Var (z%))
so that d* = d¥ + d¥, with d¥'d* = 0 (see [2, 13]).

By substituting in system (17) we get that the vertical step d* satisfies the linearized
systems of the (estimated) active constraints, namely

Vg, () 'dy = =g, (z%),

where Ag and Ng are given by (15) evaluated at (z¥, \¥).

The horizontal step d¥ lies in the tangent space of the estimated active constraints;
by using the projection matrix P* on the null space of Vg’AEB (z*), we can write from
the first equation of system (17)

P*V2L(z%, \¥)(d¥ + d¥) = —PFV f(2%).

Since any d, € AN* can be written as d, = P*y, with y € IR", the horizontal step
d® can be obtained by computing a solution y* of the following system:

P*V2L(z* \FYPry = —P* (V2L(a", \F)dl + V £ (2F)) . (22)

The direction d/\Ak is then obtained by solving the system
52

Vgag @)y, = — (VaL(x", N)dy + V f(2%) + Vgag (+")N,) -

A solution of system (22) can be obtained by applying iterative schemes of con-
jugate gradient type [2, 13]. The use of iterative methods is particularly efficient in
large scale setting where a truncated solution of the linear system (22) can be em-
ployed. By using standard results in inexact Newton methods [4, 5] it is possible to
prove that the superlinear convergence rate is retained.

As a by product of the iterative solution of system (22) it is possible to obtain
a vector ¥ such that the direction s¥ = P*r* satisfies (18)-(20) (see [24] for similar
approach in unconstrained methods).

6 Conclusion and final remarks

We have described a possible use of a smooth exact augmented Lagrangian function
L¢ in defining algorithms for constrained optimization which are globally convergent
to KKT pairs, with superlinear convergence rate. Moreover, also convergence to
second order stationary pairs can be attained.

We focused on one of the main advantages in the use of the augmented Lagrangian
function, namely the possibility of defining locally convergent algorithms that exploit
the structure of the constrained problem, and of using Lg as merit function in a
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stabilization scheme. The local algorithm requires only the solution of linear systems
that can be also performed inexactly, with increasing accuracy when approaching the
solution, so that it is well-suited for large scale problems.

Moreover, thanks to the “indirect” use of Lg only to measure the progress of
the iterate to the solution, the conditioning of the linear systems to be solved is
independent on the value of the penalty parameter . Indeed, although ¢ is bounded
away from zero, its threshold value can be small enough to cause numerical instability
when minimizing “directly” L.

Since L is defined on an open set strictly containing the feasible set, we can also
manage a certain degree of infeasibility, that can be prefixed by the user by a proper
selection of the parameter « in (8). This can be helpful when a feasible point is not
known in advance and/or the problem is highly nonlinear in the constraint functions,
so that to retain feasibility at each iteration may be an heavy task and may slow
down the rate of convergence.
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