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Abstract

We present a modification of the DIRECT (Dlviding RECTangles) algorithm, called
DIRECT-G, to solve a box-constrained global optimization problem arising in the de-
tection of gravitational waves emitted by coalescing binary systems of compact objects.
This is a hard problem, since the objective function is highly nonlinear and expensive
to evaluate, has a huge number of local extrema and unavailable derivatives. DIRECT
performs a sampling of the feasible domain over a set of points, that becomes dense
in the limit, thus ensuring the everywhere dense convergence; however, it becomes in-
effective on significant instances of the problem under consideration, because it tends
to produce a uniform coverage of the feasible domain, by oversampling regions that
are far from the optimal solution. DIRECT has been modified by embodying informa-
tion provided by a suitable discretization of the feasible domain, based on the signal
theory, which takes into account the variability of the objective function. Numerical
experiments show that DIRECT-G largely outperforms DIRECT and the grid search,
the latter being the reference algorithm in the astrophysics community. Furthermore,
DIRECT-G is comparable with a genetic algorithm specifically developed for the prob-
lem. However, DIRECT-G inherits the convergence properties of DIRECT, whereas
the genetic algorithm has no guarantee of convergence.
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1 Introduction

DIRECT (DIviding RECTangles) is a deterministic algorithm for box-constrained global
optimization problems with Lipschitz-continuous objective function [1, 2, 3]. It is a modifi-
cation of standard Lipschitzian approaches, that eliminates the need to specify a Lipschitz
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constant. DIRECT does not exploit any a-priori knowledge on the objective function,
including first derivative information, so that it is suitable for black-box optimization
[4, 5, 6, 7]. The idea is to carry out simultaneous searches using all possible constants
from zero to infinity and to regard the Lipschitz constant as a weighting parameter to
balance global and local search. DIRECT performs a sampling of the feasible domain
on a set of points, that becomes dense in the limit, thus guaranteeing strong theoretical
convergence properties [1]. On the other hand, these strong properties are balanced by a
quite slow convergence. To deal with such drawback, different strategies have been tried.
In [8, 9] some modifications of the original version of DIRECT have been studied, which
try to exploit either a priori information on the objective function or information gathered
during the algorithm. Furthermore, in [10, 11] local searches have been introduced within
the DIRECT framework in an attempt to speed up the convergence.

We investigate the application of DIRECT to a global optimization problem, that
arises in the detection of Gravitational Waves (GWs). The detection of GWs is a very
ambitious goal in modern astrophysics, because it will provide a validation of the General
Relativity Theory of Einstein and a new type of information on the Universe [12]. Net-
works of detectors have been deployed, but GWs have not yet been observed because of
many difficulties in the detection process. Such difficulties are related to the weakness of
the GWs, the rarity of the events that generate them, and the instrumental noise of the
detectors. For these reasons, sophisticated data analysis techniques are required. Further-
more, because of the huge quantity of data acquired by the detectors twenty-four hours a
day, a real-time on-line data analysis is needed.

We focus on the detection of GWs emitted by coalescing binary systems, which are
very promising sources. The technique generally used for this problem is the matched
filter, which exploits the waveform of the gravitational signal and assumes that the instru-
mental noise be a stationary Gaussian stochastic process. The computational kernel of
the matched filter is the solution of a hard box-constrained global optimization problem,
in which the objective function is a stochastic process because of the presence of noise.
In practice, the output data of a detector contain a sample of noise, thus the optimiza-
tion problem corresponding to that sample must be solved. The objective function is
highly nonlinear, with unavailable derivatives and many local maxima; furthermore, its
evaluation has non-negligible computational cost.

The method most widely used by the astrophysicists to solve this global optimization
problem is the grid search, which evaluates the objective function over a suitable discretiza-
tion of the feasible domain [13]. The main motivation for using the grid search is that it
provides information on the accuracy of the solution; on the other hand, it needs a large
number of objective function evaluations and hence has a high computational cost. In
order to reduce this cost, in [14, 15] a real-coded genetic algorithm specifically tailored to
the problem was proposed, which is able to compute reasonably accurate solutions with a
much smaller number of function evaluations. Although this algorithm has demonstrated
its effectiveness on significant test problems, its convergence to the solution is not guaran-
teed. In this work, we present a modified version of DIRECT, which exploits the feasible
domain discretization of the grid search to significantly reduce the number of objective
function evaluations, while retaining the theoretical convergence properties of DIRECT.

The paper is organized as follows. A description of the GWs detection problem is
given in Section 2. The grid search procedure is outlined in Section 3. The modification
of DIRECT is presented in Section 4 and the results of its application to different test
problems are analysed in Section 5. Finally, some conclusions are drawn in Section 6.



2 A Hard Global Optimization Problem in the Detection of
Gravitational Waves

The problem of detecting GWs consists in deciding if the output of a detector contains a
gravitational signal or it is made of noise only. This output is generally modeled as

z(t) :==r(t) + h(t; 0),

where t is the time, 7(t) is the noise, h(t; ) is the gravitational signal, and 0 is a vector of
parameters. We assume that r(t) be strictly white noise, i.e. a wide-sense stationary Gaus-
sian stochastic process with mean 0 and variance 1. We are interested in gravitational
signals emitted by coalescing binary systems of compact objects (neutron stars and/or
black holes), which are one of the most promising sources for ground-based laser interfero-
metric detectors. In this case, a relative large number of events per year is expected (tens
per year within a few hundred Mpc) [16], and a model of the emitted waves is available,
i.e. the so-called chirp signal in which both the frequency and the amplitude increase with
time until the two objects of the system are close enough to merge [17]. The corresponding
vector of parameters is 6 := (A, ¢o, tg, m1, ma), where A is the amplitude, ¢ the initial
phase, and tg the arrival time of the signal, while m; and ms are the masses of the binary
system; all of them are unknown. In practice, the output of the detector is sampled with
a certain time step, thus a segment of data is available, which is an N-dimensional vector
@ := (z[0],...,z[N — 1]); the corresponding sampled gravitational signal, if present, is an
M-dimensional vector h := (h[0],...,h[M — 1]), with M < N (the dependence on 6 has
been neglected for simplicity).

As noted in Section 1, the most widely used detection technique is the matched filter,
which is an optimal linear filter for detecting signals of known shape in stationary Gaussian
noise [13]. It basically consists of three steps:

1. correlating the output of the detector with a family of templates, consisting of chirp
signals h(0), with @ varying in a suitable set;

2. finding the maximum of the correlation with respect to all the parameters;

3. comparing this maximum with a suitable threshold to decide if the output of the
detector contains a gravitational signal (a detection is announced if the maximum
exceeds the threshold).

This procedure is based on the observation that the highest Signal-to-Noise Ratio (SNR)
of the filter output is achieved when the values of the parameters identifying the template
are the same as in the signal, and that this SNR is equal to the maximum of the mean
value of the correlation [18]. The choice of the threshold is related to the probability of
false alarm, i.e. of stating a detection in the absence of a signal, and to the probability of
detection, i.e. of stating a detection when the output contains a gravitational signal [18].

We note that the amplitude and the initial phase corresponding to the maximum in step
2 can be expressed in terms of the optimal values of the remaining parameters; therefore
the maximization of the correlation must be actually performed with respect to the masses
(m1,m2) and the index ng € I ={0,..., N—M} of the sample corresponding to the arrival
time of the signal. Furthermore, given (mj,m2), the maximum with respect to ng can
be easily computed [13]. Thus, step 2 can be formulated as the following box-constrained
global optimization problem:

maximize F'(m1, ms), (1)
(m1,m2)€EN



with
Q= {(m1,mg) €R? : 1 <my,my <u}

and

F(mi,mg) := | /max (C’g(no,ml,mz) + C’T%/Q(no,ml, m2)>,
no€l

where Co(ng,m1,ma) and Cr/9(no, m1, mz) are the correlations between x and the so-

called normalized quadrature components of the template, fbo(ml, mg) and h, s2(m1, ma) [18],
i.e.

no+M—1 ) no+M-—1 )
Co(no) =Y alklholk —no]  Crpp(no) = > @[klhpsalk — nol,
k=ng k=nq

where the dependence on my and ms has been neglected for simplicity of notations. We
note that computing the maximum of F' with accuracy is crucial in the detection process,
because a large error may correspond to a value of F' which is under the threshold, thus
preventing the detection of the signal [19].

The solution of problem (1) is a difficult task, because the objective function F is highly
nonlinear, has many local maxima, and its derivatives are not available (see Figure 1).
Furthermore, the evaluation of F' is quite expensive, since it requires the solution of two
ordinary differential equations (ODEs) to generate the quadrature components of each
template [20], and the execution of three FFTs of length N to compute the correlations of
x with them [18]. Common values of N are O(10°); the time for solving the ODEs depends
on the values of the masses, is highly variable and increases as the masses decrease.

3 Grid Search

The reference algorithm for the solution of problem (1) is the grid search, which performs
an exhaustive search on a suitable discretization of the feasible domain 2. This algorithm
provides information on the accuracy of the computed maximum in a probabilistic sense,
as explained next.

For each pair of masses (mj,ms), F(mi,mg) is a random variable, because of the
presence of noise. If we assume that the gravitational signal h(t;@) contained in the
output of the detector has the parameter values 8 = (A, @g, o, m1,mM2), then the mean
value of F(my,ms) is

F(myi,mo;myi,me) := E|[F(mi,mg)] = ma C2+C2,.),

(m1, ma;my, ma) [F(m1,m2)] \/noe{O,...,J)\(fM}( 0 ﬂ/z)

where Cjy and C’W/Q are the discrete correlations between the sampled version of the
gravitational signal, h(t,0), and the normalized quadrature components of the template,
ho(m1,m2) and h/5(m1,m2). As previously noted, from the matched filter technique it
follows that [18]

max f(ml, mo; My, 7712) = .F(ml, mo;my, mz) = S,
m1,mo€N

where S is the maximum SNR. In other words, the maximum of F is achieved when the
masses of the template are equal to the masses of the gravitational signal. We observe
also that S concides with the amplitude A of the gravitational signal in the output of the
detector [18].

Of course, the values of the parameters of the gravitational signal are unknown,
but it is possible to build a finite set G C Q (the grid) such that, for any vector
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Figure 1: 3D plot of the objective function F', corresponding to noise plus gravitational
signal from different pairs of masses (m,m2), or to noise only: (a) m; = mg = 1.4 Mg,
(b) m1 = 1.4 Mg, ma = 10 Mg, (c) m1 =5 Mg, ma = 10 Mg, (d) noise only. Mg is the
solar mass; the SNR is equal to 10.



0 = (A, m1,ma, Po,1y) corresponding to a gravitational signal in the output of the de-
tector, the maximum of F over G is greater than a fixed percentage MM € [0,1] of S
(minimal match) [13, 21], i.e.

max _ F(mq,mg;my,me) > MM - S. (2)

ml,szG
This is achieved by determining each point of the grid in such a way that the corresponding
value of F is representative of a region of the feasible domain, and the set of all such

regions is a covering of this domain. More precisely, by using a second-order Taylor series
expansion of F around the maximum point m = (mq, ms),

1
F(my, ma;my,ma) & F(mq,me;my, ma) + iAmTH}-(m)Am,
where Hzr(m) is the Hessian of F in m and Am := m — m, we can define a positive-

definite metric tensor T'(m) := —Hz(m)/(2S) and express the variability of the function
F as

S — f(ml,mg;ml,ﬁm)
S

We note that T'(m) does not depend on S, since Hx(m) = SH,(m), where H(m) is

the Hessian in 7 of a function £(m1,mz;m1, M) independent of S [19)].

The mismatch function M represents the SNR fractional loss when the function F is
evaluated at the point m = (mj, mg) and the masses of the gravitational signal in the
output of the detector are m = (m1,m2). In terms of the mismatch function, inequality
(2) can be written as

M(ml,mg;fnl,mg) = = AmTT(m)Am.

max M (my,ma;mi,me) <1 — MM, (3)
m1,mo€G
i.e. the relative error in the computed SNR is lower than a given percentage 1 — M M.
Then, for any point m = (m1,ms) € 2, we can define

By i={mc Q| AmTT(m)Am <1 - MM, Am =m —m},

which is a ball of radius R = v/1 — MM in the manifold (2,7, and we can cover the
feasible domain 2 with a fixed number of B,,’s in such a way that their centers satisfy
(3). These centers are taken as the points of the grid G.

We note that covering a manifold with balls is generally a difficult problem, but in this
case it can be simplified by using a nonlinear map that transforms the space of masses
(mq, mg) into the so-called space of chirp times (79,73). In the latter space, the centers
form a rectangular lattice which is easier to build [13]. We note also that in the space of
chirp times the feasible domain is a nonconvex set and the unfeasible points may have no
physical meaning, therefore in this work we consider the feasible domain in the space of
masses. Examples of grids corresponding to the two spaces are shown in Figure 2; since
the objective function is symmetric with respect to m; and ms, the grids have been built
only in the subdomain where m; > mo and in the corresponding subdomain of the space
of chirp times. We note that in the space of masses the grid is highly nonuniform, with
more points in the regions where the objective function may have greater variability.

4 A Modified DIRECT Algorithm

DIRECT is a global optimization algorithm for box-constrained problems with Lipschitz-
continuous objective function. It is based on a space-partitioning scheme, designed to
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Figure 2: A grid in the space of the masses (left) and in the space of the chirp times
(right).

automatically balance local and global search at each iteration. We give a brief description
of DIRECT, to better explain our modification of it. We refer to the problem

minimize f(z), (4)
zeD
where D = {x € R": 0 < x; < 1,i=1,...,n}, to which every box-constrained problem
can be reduced. For a detailed presentation of the algorithm and for thorough convergence
analysis, the reader is referred to [1, 2, 10].

At the first step of DIRECT, f(x) is evaluated at the center of D; the hypercube
is then partitioned into a set of smaller hyperrectangles and f(z) is evaluated at their
centers. At the generic k—th iteration, a partition Hy of D into hyperrectangles is built,
by subdividing a set of potentially optimal hyperrectangles of the previous partition Hy_1.
The identification of a potentially optimal hyperectangle is based on some measure of the
hyperrectangle itself and on the value of f at its center. The refinement of the partition
continues until a prescribed number of function evaluations has been performed, or another
stopping criterion is satisfied. The minimum of f over all the centers of the final partition,
and the corresponding centers, provide an approximate solution to the problem. The
structure of DIRECT is outlined in Figure 3.

The DIRECT algorithm is specified once the following issues are defined:

e the way to measure the hyperrectangles (size);
e the way to select the potentially optimal hyperrectangles (selection strategy);
e the way to divide the hyperrectangles (partitioning strategy).

In the original version of the algorithm, the size of a hyperrectangle is set as the
distance d from its center to a vertex, i.e. half the diameter of the hyperrectangle [1].
Different choices have been also considered, see, e.g., [8, 9] and the references therein.

Concerning the partition strategy, DIRECT divides a potentially optimal interval by
trisection along the directions of the longest edges, as shown in Figure 4. A rule based on
the objective function value is proposed in [1] to choose among multiple longest sides; this
rule ensures that smaller function values are in larger hyperectangles, which, according to
the selection strategy described below, are more likely to be divided at the next iterations.



H1={D}, c¢=center of D, frin = f(¢), Xmin=1{c}, k=1
repeat
identify the potentially optimal hyperrectangles in Hy,
subdivide the potentially optimal hyperrectangles to build a new partition Hyy1

evaluate f in the centers of the new hyperrectangles

fmin =min{f(c) : c € Cr}, Xpin ={c € Cy : f(¢) = fmin}, k=k+1
(Cy, = {centers of the hyperrectangles in Hy})

until (stopping criterion satisfied)

return fmina Xmin

Figure 3: Structure of DIRECT.
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Figure 4: Partitioning of the hyperrectangles in DIRECT.

A simpler rule is described in [2]. However, a discussion on the partitioning strategies
and of their impact on the algorithm is beyond the scope of this paper, and the reader is
referred to [9] for details on this issue. In the selection strategy, a hyperrectangle H e H,
is defined potentially optimal if there exists « > 0 such that

f@)
f(@)

where f,in is the smallest value of f found so far, and ¢ is a parameter whose value is set at
the beginning of the algorithm. A graphical interpretation of the selection criteria (5)-(6)
can be given, as shown in Figure 5. Each hyperrectangle H € H}, is represented as a black
dot with coordinates (d, f); criteria (5)-(6) select hyperrectangles on the lower-right convex
hull of the points in the graph. In other words, the hyperrectangles are grouped according
to their sizes, and the best ones (i.e. with smallest function values) in some of these groups
are selected. This partitioning strategy allows a balance between local and global search,
since it selects both small and large hyperectangles, by weighting their function values with
respect to the center-vertex distance. The parameter ¢ is a safeguard against excessive
local search [8]; the larger it is, the higher the probability to exclude hyperrectangles with
very good function values, but rather small sizes. Conversely, a small value of € biases the
algorithm to select small hyperrectangles as potentially optimal, thus forcing local search.
In that sense, € can be interpreted as a tuning parameter, to further control the balance
between local and global search [8].

At each iteration DIRECT samples a set of points of D, i.e. the centers of the hy-
perrectangles of the domain partition; its convergence is based on the fact that, as the

A~

d < flc)—ad ¥V H € Hy, (5)
CZ S fmin_5|fmin’7 (6)

—
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Figure 5: Potentially optimal hyperrectangles.

number of iterations goes to infinity, the set of sampled points becomes everywhere dense
in D [1].

In this work we consider the original version of DIRECT, as described in [1]. When
applied to problem (4), it produces a sampling of the feasible domain © which is highly
uniform, because of the presence of a huge number of local solutions. This may result in a
very slow convergence. On the other hand, the grid described in Section 3 contains signif-
icant information about the behaviour of the objective function, which could be exploited
to drive the partitioning strategy of DIRECT. Therefore, we propose a modification to
DIRECT aimed to embody the information of the grid.

We start from the observation that when DIRECT is applied to our problem, if, at
some iteration, two hyperrectangles H; and H; have the same diameter, they are grouped
together and discriminated against each other just on the basis of their representative
function values. Nevertheless, given the highly nonuniform distribution of the points of G
in Q (see Figure 2), it may happen that

|G'N H;| >> |G N Hjl,

where |A| denotes the cardinality of a set A. In this case, if the representative function
values f(c;) and f(c;) are close, it seems reasonable giving higher priority to H; for fur-
ther investigation, and hence subdivision, in the next iterations. This simple observation
suggests that, in selecting the potentially optimal hyperrectangles, the algorithm should
consider also the number of grid points that fall into them. Since the selection criteria
are based on the representative function values and the sizes of the hyperrectangles, the
most straightforward way to embody grid-driven information in the selection process is to
modify the definition of hyperrectangle size. Specifically, in the selection criteria (5)-(6)
we substitute the center-vertex distance d with

d*:_{ |GNH| if|GNH|>1, 7)

d otherwise.
We note that, for every hyperractangle, d* > d and, in particular, for those hyperractangles
having d* = d, it results d* < 1 (since n = 2).

With this choice, the hyperrectangles are grouped according to the number of grid
points they contain, if this number is greater than one, otherwise according to the di-
ameter length. By using the graphical interpretation in Figure 5, the dots representing
hyperrectangles that contain at most one grid point are on the left side.
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Figure 6: Points of the feasible domain generated by DIRECT (left) and DIRECT-G
(right) after 3000 objective function evaluations, for a problem with solution (mi,m;) =
(1.4,1.4).

It is possible to prove that the proposed modification of DIRECT, henceforth called
DIRECT-G, still retains the everywhere dense convergence of the original algorithm. To
this aim, we show that an iteration index k exists such that for every k& > k DIRECT-G
acts as DIRECT.

Proposition 4.1 Let {’Hk}_be the sequence of domain partitions generated by DIRECT-
G. Then an iteration index k exists such that, for every k > k and H € Hy, d* = d.

Proof. Since the grid G contains a finite number of points, a constant b > 0 exists such
that the Euclidean distance between any two points of G is bounded below by b.
Assume by contradiction that for all £ a hyperrectangle H € Hj, exists such that its
size is
d"=|GNH|>1 (8)
(we recall that, for every hyperractangle having d* = d, it results d* < 1). At a generic
iteration k, let H be a hyperrectangle having the largest value of d* among all the hyper-
rectangles in Hjy; the selection strategy implies that H is chosen for further subdivision
at some iteration k > k. By repeating this argument, we can conclude that an iteration
index k exists such that every H € Hj has diameter strictly smaller than b. Hence, none
of the hyperrectangles can contain more than one grid point, thus contradicting (8) and
concluding the proof. N

From the above proposition it follows that Algorithm DIRECT-G inherits the every-
where dense convergence of the original DIRECT method whose proof can be found, e.g.,
in [1, 10].

In order to show the different behaviour of DIRECT and DIRECT-G, we show in
Figure 6 the set of points generated, after 3000 function evaluations, by the two algorithms
applied to an instance of problem (1) with optimal solution (my,me) = (1.4,1.4). We
see that DIRECT tends to uniformly cover the feasible domain, by oversampling regions
where G has very few points (see Figure 2), and therefore F'(x) has very little variability.
Conversely, DIRECT-G forces the partitioning strategy to follow the spatial distribution
of the points of G, thus speeding up the progress toward the optimal point.

10



5 Numerical Experiments

We performed numerical esperiments to evaluate the effectiveness of DIRECT-G versus
DIRECT and the grid search, in solving problem (1). We also compared DIRECT-G with
the Genetic Algorithm in [14], specifically developed for this problem.

We generated three sets of test problems where the data to be analysed contain white
noise plus a gravitational signal with SNR & = 10. Each set corresponds to a specific
configuration of the binary system, i.e. to a pair of masses:

e my = mg = 1.4Mg (two neutron stars);
e my = 1.4Mg, my = 10Mg (a neutron star and a black hole);
e my = 5Mg, ma = 10Mgs (two black holes).

The three configurations are representative of coalescing binary systems of compact ob-
jects. For each pair of masses we considered 30 instances of noise, thus obtaining 30 data
streams to be analysed. We note that the smaller the masses, the more difficult is the set
of test problems, according to the spatial distribution of the grid points in the space of
masses (see Figure 2). Furthermore, the test set corresponding to m; = my = 1.4 is the
most significant, since binary systems of neutron stars are known to exist and, for some
of them, general relativistic effects in the binary orbits have been accurately measured
[22]. The length of the data streams to be analysed is N = 131072, whereas the length of
the signal depends on the masses: it is M = 51207 for m; = mo = 1.4, M = 10823 for
m1 = 1.4 and mo = 10, and M = 3216 for m1 = 5 and m9 = 10. The feasible domain is
1 =[1,30] x [1,30]. The grid G used in the experiments corresponds to a minimal match
of 97%, i.e. allows a relative error of at most 3% in the maximum of the mean value of F’;
it consists of 27379 points and is independent of the gravitational signal parameters. All
the data were generated by using the LAL package [23], which is considered a reference
tool for GWs data analysis.

Fortran 90, double precision implementations of DIRECT-G and DIRECT were used
in the experiments; both codes do not exploit the symmetry of the objective function. A
maximum number of function evaluations equal to the number of grid points, i.e. to the
number of function evaluations of the grid search, was considered as stopping criterion.
The experiments were carried out using e = 107%,107%,1078. We observed that both
DIRECT-G and DIRECT were rather insensitive to the choice of € when applied to the
problems corresponding to m; = 1.4 and my = 10 and to m; = 5 and me = 10. On
the test problems with m; = ms = 1.4 DIRECT continued to be insensitive to & (at
least within the maximum number of iterations), while DIRECT-G resulted faster with
e = 1078, according to the high density of the grid around the optimal point (1.4,1.4).
Therefore, we show only the results obtained with ¢ = 1078,

In Figure 7, for each set of test problems, we plot the number of function evaluations
performed by DIRECT-G and DIRECT against the best function value obtained with this
number of function evaluations. Actually, the best function value is the mean of the best
function values computed for each problem in the test set. We also report, in Table 1, the
number of function evaluations needed by DIRECT-G to achieve the reference value S.
The results show that DIRECT-G largely outperforms DIRECT for m; = me = 1.4 and
for m1 = 1.4 and mo = 10. For the former set of problems, DIRECT is not able to achieve
S within the maximum number of iterations; furthermore, the best function value is far
below S. Conversely, DIRECT-G achieves S with 5191 function evaluations. For m; = 1.4
and mo = 10 both the algorithms are able to compute accurate solutions, but DIRECT-
G is more efficient, since it achieves S with 23% of the function evaluations required by
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Figure 7: Comparison of DIRECT-G and DIRECT.
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my1 mg | DIRECT-G | DIRECT
14 14 5191 —
1.4 10 1845 7907

5 10 155 975

Table 1: Comparison of DIRECT-G and DIRECT: number of function evaluations to
achieve the reference value S.

mi Mo GA DIRECT-G | evals
1.4 14| 9.8617 9.9215 4202
1.4 10 | 10.2529 10.2588 3992

5 10 | 10.2669 10.2545 3638

Table 2: Comparison of DIRECT-G and GA: mean of best objective function values
obtained with the same number of function evaluations.

DIRECT. For m1 = 5 and my = 10 DIRECT and DIRECT-G show very close behaviours.
The reference value S is achieved by DIRECT-G with few function evaluations, which
amount to 27% of those required by DIRECT; on the other hand, if we consider the best
function value achieved within the maximum number of function evaluations, we see that
DIRECT gets it faster than DIRECT-G. The latter result agrees with the fact that the
partitioning strategy of DIRECT-G is biased to favour hyperrectangles containing many
grid points. We note also that, for all the test sets, the number of function evaluations
performed by DIRECT-G to achieve S is much smaller than the number of function
evaluations required by the grid search.

Finally, we compare DIRECT-G with the Genetic Algorithm (GA) in [14], applied
to the same set of test problems considered here. GA was run with a population of 100
individuals randomly taken from G and a number of generations (iterations) equal to 50.
For each problem in a test set, GA was executed 30 times, choosing different seeds to
initialize the pseudo-random number generator used in the algorithm. We note that GA
was designed to exploit the symmetry of F. To make a comparison with the best results
reported in [14], we consider the best function values obtained by DIRECT-G with the
same number of function evaluations performed by GA to achieve its best value (see Table
2). We see that the two algorithms show about the same performance. However, GA has
no guarantee of convergence and requires a suitable setting of several parameters, whereas
DIRECT-G inherits the convergence properties of DIRECT and requires only the setting
of e.

6 Conclusions

We proposed a modified version of the DIRECT algorithm, called DIRECT-G, for solving
a box-constrained global optimization problem arising in the detection of GWs emitted
by coalescing binary systems. DIRECT-G embodies the information given by the grid,
a discretization of the feasible domain that provides an approximation of the optimal
solution with a fixed accuracy in a probabilistic sense. Numerical experiments on different
test problems showed that DIRECT-G largely outperforms DIRECT and the grid search,
the latter being the reference algorithm for the astrophysics community; in particular,
DIRECT-G resulted very efficient on the hardest test problems. DIRECT-G resulted also
comparable with a genetic algorithm specifically developed for the optimization problem
under consideration. However, DIRECT-G has strong theoretical convergence properties,
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while the convergence of the genetic algorithm is not guaranteed. Finally, we expect that
a modification of DIRECT-G, to consider only the hyperrectangles included in a half of
the feasible domain (m; < mg), will further improve its performance.
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