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Abstract Recently a new derivative-free algorithm has been proposed for the
solution of linearly constrained finite minimax problems. This derivative-free algo-
rithm is based on a smoothing technique that allows one to take into account the
non-smoothness of the max function. In this paper, we investigate, both from a theo-
retical and computational point of view, the behavior of the minmax algorithm when
used to solve systems of nonlinear inequalities when derivatives are unavailable. In
particular, we show an interesting property of the algorithm, namely, under some mild
conditions regarding the regularity of the functions defining the system, it is possible
to prove that the algorithm locates a solution of the problem after a finite number of
iterations. Furthermore, under a weaker regularity condition, it is possible to show
that an accumulation point of the sequence generated by the algorithm exists which
is a solution of the system. Moreover, we carried out numerical experimentation and
comparison of the method against a standard pattern search minimization method. The
obtained results confirm that the good theoretical properties of the method correspond
to interesting numerical performance. Moreover, the algorithm compares favorably
with a standard derivative-free method, and this seems to indicate that extending the
smoothing technique to pattern search algorithms can be beneficial.
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1 Introduction

We consider the following system of linear and nonlinear inequalities

0
[g(x) < 0

Ax < b,

where x € R", g : R" — R™, A € RP*" b € RP. We assume that the derivatives
of the functions g;(x), i = 1,...,m, can be neither calculated nor approximated
explicitly. In recent years, many derivative-free algorithms have been proposed to
solve various types of optimization problems. (See, for example, the survey paper [5].)

In particular, a derivative-free algorithm for the solution of linearly constrained
finite minimax problems has been recently proposed in [7]. It has been shown that
such an algorithm is able to produce a sequence of points that admits at least an
accumulation point which is a stationary point of the non-smooth minimax problem.

In this paper, we reformulate the problem of finding a feasible solution for system
(1) into the following minimax problem

min  f(x)
s.t. Ax <b. @)
where f(x) is defined by
f(x) = max{0, g1 (x), ..., gn(x)}. 3)

Given Problem (2), we solve it by using the method proposed in [7].

The main theoretical result of the paper is that, under some mild regularity condi-
tions on the functions defining system (1), it is possible to prove that the algorithm
of [7] locates a solution of system (1) after a finite number of iterations. Further-
more, under a weaker regularity condition, it is possible to show that an accumulation
point of the sequence generated by the algorithm exists which is a solution of system
(1). Moreover, numerical experimentation has been carried out showing the possible
efficiency of the method also in comparison with other approaches.

The paper is organized as follows. In Sect. 2, we briefly comment on some basic
definitions and introduce the working assumptions used in the paper. In Sect. 3, we
recall the approach proposed in [7], which consists of converting problem (2) into a
smooth one by using a suitable smoothing function. In this section, we prove a new
property of this smoothing function (Proposition 2), which plays a fundamental role in
establishing the finite termination of the algorithm. In Sect. 4, we briefly describe the
algorithm proposed in [7] and we prove that, when it is applied to the solution of sys-
tems (1), it shows new theoretical properties (Propositions 4 and 5). Finally, in Sect. 5
some numerical results are reported which confirm the good properties of the method.

Before concluding this section, we introduce some notation and background
material. We denote by D the polyhedral set defined by the linear inequality constraints,
namely
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D={xeR"'": Ax<b}, and F={xeR": g(x) <0}ND

the feasible set defined by system (1). We denote by a}r, j=1,...,p, the rows of
matrix A. We introduce the function go(x) = 0 so that f(x) defined in (3) can be
rewritten as max;—o,... m{gi (x)}.

The following index sets will be used in the remainder of the paper.

Li(x) :={i : gi(x) = 0}, Ly(x):={i:g(x) <O} “

2 Definitions and assumptions

We begin this section by stating the following fundamental assumption regarding
differentiability of the functions defining System (1) and imposing radial unbounded-
ness of the max function f(x).

Assumption 1 The functions g; : R* — R, i = 1, ..., m, are twice continuously
differentiable functions on R”, and the function f (x) is radially unbounded on the set
D; that is, for every sequence {x;} C D satisfying limy_, o || Xk || = +00,

lim f(xg) = 4o00.
k—o00

We require Assumption 1 to hold true throughout the paper and we note that it is
exactly the same assumption used in [7]. It is needed to guarantee boundedness of the
iterates.

By exploiting the particular structure of Problem (2), that is, the expression of the
max function f(x), itis possible to state an equivalent characterization of its stationary
points.

Definition 1 A point x € D is a stationary point of Problem (2) if A;, i € B(x), exist
such that

% =0, i€B®, > A=l )
ieB(x)
.
> WiV d=0, foralld € T(%), (6)
ieB(x)

where
B(x) = [i €{0,1,...,m}:g(x) = max {gj(x)}],
j=0,1,....m
T(x)={deR" :ade <0, forall j s.t. aij =bj}.
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T (x), in particular, is the cone of feasible directions with respect to the linear
inequality constraints.

Now we introduce some assumptions which are standard assumptions in a constrai-
ned context.

Assumption 2 At any point x € D, a vector z € T (x) exists such that Vg; (x)z<0,
for all i with g; (x) > 0.

Assumption 3 At any point x € D, a vector z € T (x) exists such that Vg; (x) "z <0,
for all i with g; (x)>0.

Assumptions 2 and 3 will be explicitly recalled when needed.

Provided that D # ¢, Assumptions 2 and 3 both imply that the feasible region
defined by system (1) is not empty, but the second one is stronger in that it implies
that F has a non-empty interior. In the case of convex functions, Assumptions 2 and 3
are minimal requirements for the feasibility and the strict feasibility of system (1).
These connections between Assumptions 2 and 3 and the feasibility of system (1) are
described by the following proposition.

Proposition 1 Assume that D # ¢. Then

(1) if Assumption 2 holds, then the feasible set F is not empty;
(ii) if Assumption 3 holds, then a point x € R" exists such that g(x) < 0 and
AX <b.
Moreover, if functions g1, . . ., gm are convex, then
(iii) the feasible set F is not empty only if Assumption 2 holds;
(iv) a point X € R" exists such that g(x) < 0 and Ax < b, only if Assumption 3
holds.

Proof The proofs of points (i) and (ii) follow from standard arguments and, hence,
we omit them. For completeness’ sake we report the details of these proofs in [6].

Let ¥ € F and x be any given point within D. First we show that (x — x) € T (x).
To this aim, let j be an index such that aij = b. We can write

T, = _ T
aj(x—x)—ajx—bfo,

which, by taking into account that index j was arbitrary, means (X — x) € T (x).
Point (iii). By the convexity assumption we have that, foralli =1, ..., m,

0> g > gx)+ Vgx) & —x).

This implies that, if g; (x) > 0, we must have Vg; (x) T (¥ = x) < 0. Therefore, letting
7z = X — x, we obtain

Vgi (x)Tz <0, forallis.t. gi(x) > 0.
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Point (iv). To this aim, let X € F be suchthat g(x) < 0.By the convexity assumption
we have that, foralli =1, ..., m,

0> g(X) > g+ Vg @) (& —x).

This implies that, if g; (x) > 0, we must have Vg; (x) (X = x) < 0. Therefore, letting
z = X — x, we obtain

Vgi(x)'z <0, forallis.t. g(x) >0,

thus completing the proof. O

We end this section by recalling the following lemma, which is a slight modification
of Theorem 2.2 of Ref. [4] and which will be used in subsequent sections.

Lemma 1 Let X be any given point in D. If Assumption 3 holds, then an open neigh-
borhood B(X; p) of X and a direction d € T (x) exist such that, for all i € I;(X), we
have

Vgi(x)'d < —1, YxeB&;p). (7

3 Smooth approximation and preliminary results

To handle the non differentiability of function f (x), the following twice continuously
differentiable smoothing function (described in [1,12]) is used in [7]:

o0 =i+ B (242 ) < - (1)
i=l i=0

whose gradient is given by

Vs =D kil wVeix), ®)

i=0

gi(x)
eXp ( m )
L+ 3> exp (—g’f‘))

and D70 Ai(x; ) = 1.

By using Lemma 1, it is possible to show that the minimization of the smoothing
function f(x; @) can have a strong connection with the problem of finding a point
which satisfies the system of inequalities (1). In particular, the following proposition
shows that, in every point x € D which does not satisfy the system g(x) < 0,
the smoothing function, with sufficiently small values of the parameter p, has the

where

2 W) = e 1), i=01,....,m, )
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directional derivative along a suitable feasible direction which is smaller than a negative
fixed constant. This property will be exploited in the next section for showing the finite
termination of the algorithm proposed in [7] when it is used for solving system (1).

Proposition 2 Let x be any given point in D. If Assumption 3 holds, then a direction
d € T(X), a scalar o(x) > 0 and a scalar u(x) > 0 exist such that for all x €
B(x;0(x)) NDand g(x) £0, u € (0, n(¥)],

1

CoNT
Vil d= T
Proof By Assumption 3, we have that the hypotheses of Lemma 1 are satisfied at x
for I = I;(x). Let B(x; p) and d be the neighborhood and the direction considered in
Lemma 1. By continuity, we can find a neighborhood B(x; o (x)) € B(X; p) such that
fori € I;(x) and x € B(X; o (x)), we have g;(x) < 0; it follows that I; (x) C I;(X)
and I,(x) C I,(x), for x € B(X; o (x)).

Let now x € B(X; o(x)) N D be an infeasible point with respect to the nonlinear
inequality constraints; then, there must exists at least an index i € I;(x) such that
gi(x) > 0 which implies I; (x) # ¢. By recalling expression (8), we can write

Vi mwd= D e mVea@Td+ D xils mVek)d.

iel,(X) i€l (X)

By Lemma 1 we have that Vg; (x)'d < —1,i € I; (%), so that we can write

Vi wTd< D xilts Ve Td— > i ). (10)

iel, (%) iely (%)
Let7 € I (%) be an index such that g;(x) = max;¢_(z){gi(x)}. Since

exp(gi(x)/ 1) -

<1, foralli e{l,...,m},
exp(gi(x)/ 1)

then
1

D ki) = hix ) = — > .oan

p(gi (x)/1)

iely (%) IT+1+ Z?;l»i#? exp(gr (x)/ 1) tm
By considering (10) and (11), we get

1

Vi w'd< D rilsVei)'d— —— (12)

iel,(X) L+m
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Now, since I, (x) C I,(x), for x € B(x; 6(%)), by expression (9), it follows that,
for any given x € B(x; o(x)) N D not feasible,

lim A0 p) =0, iely().
n—0t

Hence, by the boundedness of Vg;(x) " d over B(X; o (%)), a (%) > 0 exists such
that for all u € (0, u(x)] we have

. . T —
.Z b Vi)' < 5o, (13)
iel,)(x)
The result follows from (13) and (12). O

4 DF Algorithm and convergence properties

In this section we briefly recall the method proposed in [7] and prove its convergence
properties in relation to the system of nonlinear inequalities (1). Following [7], we
employ the smooth approximating problem

min f(x; p), (14)

which, as @ — 0, approximates the non-smooth Problem (2). The approximating
parameter u is adaptively reduced by the algorithm during the optimization process.

At this point, we briefly recall the main idea which is behind the derivative-free
method. Specifically, the lack of first-order information can be overcome by sampling
the smoothing function along a suitable set of search directions. By this we mean that,
at each iteration, the set of search directions must satisfy the following assumption
[8,9,11].

Assumption 4 Let {x;} be asequence of points belonging to D and { Dy } be a sequence
of sets of search directions. Then, for all k, Dy = {d; : |d;|| = 1,i = 1,..., 71},
and, for some constant v > 0,

cone{Dp NT (xx; v)} = T(xg;v) Vv e [0, v], (15)

where T'(x;v) = {d € R" : ade <0,Vj s.t. a;.rx > bj — v}. Moreover, U/fi() Dy is
a finite set and ry is bounded.

Assumption 4 guarantees that every set Dj contains a sufficiently rich set of
directions to overcome the lack of first order derivatives. In particular, condition (15)
implies that, at every iteration k, the set of directions Dj must contain the positive
generators of the cones T (xx; v) for all v € [0, V]. Roughly speaking, if the point xj
is near the boundary of D, then a subset of directions of Dy must conform to the local
geometry of the boundary of D near xi. On the contrary, if the point xy is suitably in
the interior of D then the set Dy must contain a positive spanning set for R".
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An example on how to compute sets of directions satisfying the above assumption
along with a discussion on its meaning can be found in [9, 11].

Here, for the sake of clarity, we report the algorithm proposed in [7] for the solution
of linearly constrained finite minimax problems. For a detailed description and analysis
of the method we refer the interested reader to [7].

DF Algorithm

Data. xo € D, uo > 0, init_stepg > 0,y > 0,0 € (0,1),v >0,k :=0.
While ( g(xx) £ 0) then

Choose a set of directions Dy = {d 1, ey d;"} satisfying Assumption 4;
i=1; y]i = Xk &,i 1= init_stepg;
Repeat

Compute the maximum steplength & such that A(y} + &id}) < b;
& = min{al, a};

L . o . 2
It (& > 0and £y +&idis ) < fks ) — 7(@)7)

~i+l i
W= e ,
Else of :=0; @, := 0@} ; End If

y,i+1 = y,i +(x,’;d,’;; i=i+1
Until (i > ry)

Choose xy41 € D such that f (xpr1; k) < f(Vh: 1i);

.....

k:=k+1;
End While

Expansion Step (&,’;, &,’;, y,i, d,’;; a,i).
Data. Y > 0,5 € (0,1).
o= a;;
Repeat a,i =) o= min{&};, (a/8)};

Until (o) < &} and f(y} + ad); ) < fFOL; we) — ya?)

As shown in [7], a significant role in carrying out the convergence analysis of
Algorithm DF is played by the index set K defined as follows:

K =1{k: pr+1 < pr). (16)

Recalling the results described in [7] we can report the following proposition des-
cribing some asymptotic properties of the Algorithm DF.
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Proposition 3 Suppose that Algorithm DF does not stop after finitely many iterations
on a point x satisfying system (1). Let {xi} be the sequence produced by the algorithm
and let {xy}x be the subsequence corresponding to the subset of indices K. Then,

(1) the sequence {xy} is bounded,

(i) limg— oo puk = 0;
(iii)  every accumulation point x of {xi}k is a stationary point of Problem (2);
(iv) forevery set K C K such that limk_wo’kelg X = x and for everyd € T (x)

lim V. f(o;m)'d = 0.

k—00,keK

Proof Point (i) follows from point (iii) of Proposition 5 of [7]. Point (i) of Proposition
6 of [7] and the updating rule of the parameter p; in Algorithm DF imply point (ii) of
the proposition. Point (iii) directly follows from Corollary 1 of [7].

The proof of (iv) follows with minor modifications from the proofs of Theorem 1
and Proposition 4 of Ref. [7]. In fact, in Theorem 1, it is shown that the sequences
produced by the algorithm satisfy the hypothesis of Proposition 4. Then, the proof of
Proposition 4 is done by showing that

lim V. f(usm)'d >0
k—o00,keK

holds for every d € T (x). See, for instance, relations (21) and (29) of Ref. [7]. O

As said before, the previous proposition follows from the analysis performed in [7]
concerning the behaviour of Algorithm DF in solving a general minimax problem. In
what follows, we study the case where Algorithm DF is used for finding a point which
satisfies system (1), in other words the case where Algorithm DF is used for solving
Problem (2), which is a particular minimax problem deriving from system (1).

A first result can be obtained by combining point (iii) of Proposition 3 and
Assumption 2. In fact, this assumption guarantees that the accumulation points of
the sequence {x;} g produced by Algorithm DF are solutions of system (1).

Proposition 4 Under Assumption 2, Algorithm DF either
(1) stops after finitely many iterations on a point x satisfying system (1) or
(ii) it produces an infinite sequence of points {xy} such that every limit point x of
the subsequence {xi} g, where K is defined by (16), satisfies system (1).

Proof If an index k exists such that g(xp) < 0 then Algorithm DF returns the feasible
point X = x;. If this is not the case, then an infinite sequence {xx} is produced and
we can apply point (iii) of Proposition 3 to conclude that every limit point of the
subsequence {xi}g is stationary for Problem (2). Therefore, from Proposition 1 we
know that A;, i € B(X), exist such that (5) and (6) hold.

Let us suppose by contradiction, that x is not feasible, that is, at least one index
i €{l,...,m} exists such that g;(x) > 0. By Assumption 2, we know that z € T (x)
exists such that

Vgi(x) 'z <0, forallis.t gj(x)>0.
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Now, by considering that B(x) € {i : gi(x) > 0}, the above relation along with
the non-negativity of the multipliers A; yields

T

> MVeE(® | z<0, (a7

ieB(X)
which contradicts (6). O

A quite stronger result can be stated under Assumption 3. In fact, this assumption
allows us to recall Proposition 2 and to state the following proposition.

Proposition 5 Under Assumption 3, Algorithm DF stops after finitely many iterations
at a point X which satisfies system (1).

Proof Reasoning by contradiction, let us suppose that an infinite sequence {xj} is
produced such that
g(xx) £0, (18)

for all integers k.

First, Point (i) of Proposition 3 ensures that the sequence {x;} is bounded. Then, let
¥ be an accumulation point of the subsequence {x;} x . Therefore an index set K € K
exists such that

lim  x; = X. (19)
k—00,keK

If o (%) and (X) are the scalars introduced in Proposition 2, then (18), (19) and
point (ii) of Proposition 3 imply that there exists an index k € K such that, for all
k zlz,k € K, we have

gx) 20, xp € B(x;0()ND, u € (0, u(®)].
Hence, by Proposition 2, we have that a direction d € T (%) exist such that

1

v ) d < ——
Qs pe) d < D

(20)

for all k > lg,k c K.
Now, relation (20) contradicts point (iv) of Proposition 3 thus completing the proof.
O

Assumption 2 of Proposition 4 and Assumption 3 of Proposition 5 can be replaced
by the convexity of the functions g;(x), i = 1,...,m. In particular, point (iii) of
Propositions 1 and 4 imply the following corollary.

Corollary 1 Assume that functions g1, . . ., gm are convex. Then, Algorithm DF either
stops after finitely many iterations at a solution for system (1), or it produces an infinite
sequence of points {xy} such that every limit point of the subsequence {xy}x,where K
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is defined by (16), is a solution for system (1) if and only if the feasible set F is not
emptry.

Then, point (iv) of Propositions 1 and 5 yield the following corollary.

Corollary 2 Assume that functions g1, ..., gn are convex and that a point x € R"
exists such that g(X) < 0 and Ax < b. Then, Algorithm DF stops after finitely many
iterations on a point X which solves system (1).

5 Numerical experience

In this section we report some preliminary numerical results obtained by Algorithm
DF. Far from being an extensive testing, the computational experience is principally
intended to show that, besides the interesting theoretical properties, Algorithm DF is
reliable. Algorithm DF is implemented in double precision Fortran 90 and run on a
computer with an Intel 3.2 GHz Pentium IV processor with 1GB RAM.

The test problems were all selected from the well-known CUTEr [3] (Constrained
and unconstrained testing environment, revisited) test set. Among all the CUTETr test
problems, we selected 83 problems according to the following criteria.

— The provided initial point is (obviously) infeasible but it must satisfy the linear
constraints (if any). This because Algorithm DF handles directly the linear
constraints by explicitly forcing feasibility of all iterates with respect to them.
To this end, the initial point x is required to belong to the set D.

— The problem should have at least one nonlinear inequality constraint. Indeed, many
problems of the CUTEr collection have only nonlinear equality constraints, so that
finding a feasible point amounts to solving a system of nonlinear equalities. This
latter problems have long been studied in the literature, and some very efficient
and reliable methods exist for their solution.

— The number of variables should not exceed 200 for fixed dimension problems
and, more or less, 50 for variably dimensioned problems. The rationale for this
particular choice has been that of selecting a consistent number of problems but,
at the same time, of guaranteeing that many of them have a dimension suitable for
a derivative-free code.

In the actual implementation of the code, we slightly modified the version used in
the paper [7] by introducing the stopping condition on the feasibility of the current
iterate g(xx) < 0 and tightening the tolerance on the step length. In particular, we use
as an alternate stopping condition inir_step; < 107> in the linearly constrained case,
and max;—i, . n &,’; < 1073 in the unconstrained case. We also impose a limit on the
required number of function evaluations which must not exceed 2 x 10°.

Let P be the set of selected test problems. For every p € P, let nj,, m, denote,
respectively, the number of variables and the number of nonlinear constraints. We
define

Di(t) =[{p e P:1, <1},
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Fig. 1 Test set composition

with 7, = n,,mp, €,. Functions D, (t) and Dy, (7), plotted in Fig. 1, tells us, for
every choice of ¢ > 0, how many problems have n, < t variables and m, < t
nonlinear constraints, respectively, thus giving us cumulative information about the
composition of the test set.

As regards the initial feasibility violation €, we point out that all the problems
have €9 > 8 x 1072, Moreover, 10 problems have 8 x 10~2¢% < 1 and almost half of
the test problems have €Y > 10.

Since many of the selected problems have also equality constraints, we briefly des-
cribe how the proposed approach can be adapted to handle these constraints. Consider
the following system of equalities and inequalities.

0

{ g(x) <0, h(x)=0
Q1)

Ax <b, Ax=b,

where, againzx € R",B IS Rﬁ,g € RP, = Rﬁx”, A € RP*" and g R"— R’ﬂ,
h : R" — R™. The function f(x) becomes

S ) =max{0, g1(x), ..., &n(xX), h1(x), —=h1(x), ..., by (x), —hj (x)}.

The results obtained by applying Algorithm DF to the solution of the selected
problems show a good overall behavior of the method and seem to point out that
the algorithm can have also a practical interest beside the theoretical one. Indeed,
Algorithm DF produces a point x* with a feasibility violation less than 107> on 79
problems. Further, 69 problems are solved in less than 1,000 function evaluations and
51 in less than 100 function evaluations.

Furthermore, we compared Algorithm DF with another freely available derivative-
free algorithm. In particular, we downloaded a general purpose minimization pattern
search method from [10]. To solve Problem (1) using this pattern search method,we
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employed two reformulations of the problem by means of the following two objective
functions,

Fax ) = max{0, g1(x), ..., gm(x),a] x — by, ...,a;x — by},

m p
Smax2 (X)) = Zmax{O, gi ) + Zmax{O, a;rx — bj}z.
i=1 j=1

We will refer to the pattern search method using finax as Algorithm Ppax and to the
pattern search method using f,,c> as Algorithm P,.>.

Moreover, since both Algorithms Ppax and Pp,,.> do not handle explicitly the linear
constraints, we also consider a modified version of Algorithm DF, which simply makes
no distinction between linear and nonlinear constraints, thus considering the linear
constraints implicitly. We will refer to this latter algorithm as Algorithm DFjpyp.

Now, let S be the set of competing algorithms and denote by #, ; a performance
measure of solver s when applied to the solution of problem p. Then, define [2]

Di(ty=|{pe P :tys <1}l

As performance measures, we use the feasibility violation €* on the solution point x*
(see Fig. 2a) and the number of function evaluations ¢* required to get convergence
(see Fig. 2b).

Figure 2 shows that Algorithm DFj,, performs better than algorithms Ppax and
P,.x2 both in terms of attained feasibility and required number of function evaluations.
This can be partly due to the fact that the two methods Ppax and P> are based on an
off-the-shelf pattern search algorithm which has been used without any tuning of the
parameters. However, this can also indicate that it could be advantageous to extend the
considered smoothing strategy in the context of pattern search methods. Furthermore,
Fig. 2 shows that algorithm DFjy,;, is outperformed by DF, and this clearly points out
the beneficial effects of an explicit handling of the linear constraints.

1

10

Fig. 2 Comparison between DF, DFjmp, Pmax and P,

max2
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6 Conclusions

We have proved that the algorithm proposed in [7] for finite minimax problems
has some additional properties when applied to the solution of systems of nonlinear
inequalities when derivatives are not available. In particular, under suitable assump-
tions we have shown that Algorithm DF is able to locate a solution of system (1) after
a finite number of iterations. The reported numerical results seem to show on the one
hand that the use of a smoothing technique is an effective tool for the solution of sys-
tem on nonlinear inequalities. On the other hand, the results also indicate the positive
contribution deriving from an explicit handling of the linear constraints, when present.
In conclusion, Algorithm DF can be considered a promising tool for the solution of
systems of nonlinear inequalities.
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