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Abstract

In this work we define a block decomposition Jacobi-type method for nonlinear
optimization problems with one linear constraint and bound constraints on the
variables. We prove convergence of the method to stationary points of the problem
under quite general assumptions.
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1 Introduction

Let us consider the problem
min f(x)
reF (1)

where
F={zecR": a’z=0b, | <z <u}

and a,l,u € R", with —oo <[ < u < 400, b € IR. We allow the possibility that some
of the variables are unbounded by permitting both [; = —oc and u; = oo for some
ie{l,...n}.

There are many problems that can be formulated as special cases of problem (1).
In particular, training a Support Vector Machine (SVM) (see e.g. [19]) leads to a
problem of type (1) where f(x) is a convex quadratic function, b = 0 and a; € {—1,1},
0=l <u;=CwithC >0fori=1,...,n.

Another problem of type (1) is the so called Standard Quadratic Programming problem
(StQP) where f(z) is an indefinite quadratic form, b =1 and a; = 1, [; = 0, u; = o
for all i = 1,...,n. StQP problems arises, for example, as formulations of maximum
clique problems (see e.g.[16, 2]).

In this paper, for the solution of Problem (1), we are interested in decomposition
methods, which involve the solution of subproblems of smaller dimensions in place of
the original one. In literature, decomposition methods for unconstrained problems can
be roughly classified into two main classes: Gauss-Seidel methods (see e.g. [1, 6, 7, 3])
and Jacobi methods (see e.g. [6, 1, 5]). Gauss-Seidel methods define the new iterate
2F*t1 by sequentially updating the variables. On the other hand, Jacobi methods define
the new iterate 2*! by simultaneously updating all the variables.

Convergence results for these two classes of methods have been proved for unconstrained
problems in e.g. [6, 1, 5]. For constrained problems, the block Gauss-Seidel method has
been proved to be convergent when the feasible set is the Cartesian product of closed
convex sets [7]. The presence of the linear constraint in problem (1) does not allow to
use such results for defining decomposition methods. However, in the context of SVM
training, much effort has been devoted to the definition of convergent decomposition
schemes that fit in the class of block Gauss-Seidel-type methods. In this decomposition
framework, starting from a feasible point, at each iteration k a subset W* c {1,...,n}
of indices of variables is chosen and the new iterate z**! is defined by updating only
the variables with indices belonging to W*. The choice of set W* at each iteration
plays a crucial role in proving convergence of the sequence {z*}. In particular, in most
decomposition methods for SVM problem, the indices in W* are selected on the basis
of the violation of the optimality conditions at z* (see e.g. [8, 9, 10, 11, 12, 13, 15, 17]).
In [14] a decomposition algorithm for Problem (1) has been defined that differs from
the other ones in that the selection rule does not require neither to apply any specific
ordering procedure nor to exploit information about the current iterate 2*. Convergence
of the scheme has been proved under either the convexity assumption of the objective
function or by using a proximal point modification.



In this paper, we define a block Jacobi-type convergent decomposition method for
problem (1) which makes use of a cyclic selection rule for W that falls in the rule
proposed in [14]. Up to our knowledge, this is the first attempt to extend a block
Jacobi-type iteration to the solution of constrained problems of type (1).

The paper is organized as follows. In Section 2, we introduce some notations and
definitions. In Section 3 we define the block Jacobi-type decomposition method for
Problem (1) which we call CoJac. The convergence properties of Algorithm CoJac
are studied in Section 4 under some general conditions on the search directions used.
Section 5 is devoted to the choice of directions that fulfill the conditions used in the
convergence analysis.

2 Notation and definitions

In this section we introduce some useful definitions and the basic notation that will be

used throughout the paper.

Given an index set W C {1,...,n}, we denote by W its complement with respect to

{1,...,n}, that is, W = {1,...,n} \ W. Given a vector v € IR" and an index set W,

we denote by vy € R the subvector of v made up of the component v; with ¢ € W.

Further, for the sake of simplicity we use the notation Vyy f for (Vf)w.

We denote by W = {W! ... WM} C oL} g family of index sets of cardinality
1 M

q', ..., q".

The set of feasible directions at a point x € F is the cone

D(x)={d€R"|a’d=0,d; >0, Vi: x;=1;, andd; <0, Vi: z; =u}.
Next we define a stationary point for Problem (1).
Definition 2.1 (Stationary point) A point z* € F, is stationary for Problem (1) if
Vi@*)Td>0  forall d € D(z").

Given a feasible point &, and a subset W C {1,...,n}, let us define the subproblem
Py (2) as
min  f(zw, Z37) @)
xw € Fw ()
where
Fw (#) = {zw e RV ooy =b— aTW:EW, lw <zw <uw}
At any feasible point x € F, let us denote with Dy (zy) the set of feasible directions

at zy with respect to Fyy (), that is
Dy (zw)={de R™I: f.d=0,d;>0,VieW: z;=1;, andd; <0, Vie W : z; = u;}.
We introduce the definition of stationary points for Problem (2).

Definition 2.2 (Stationary point of Py (x)) Given x € F and the corresponding
problem Py (x), a point 3y, € Fyw(x) is stationary for Py (x) if

VWf(x’{,V,xW)Td >0 for all d € Dy (xjy).



3 A constrained Jacobi-type algorithm

In this section we introduce a block Jacobi-type decomposition algorithm for Problem
(1). The iterate z¥*! is generated by using information on the simultaneous (approxi-
mated) minimizations with respect to the components of the vector. To be more precise,
let W= {W! ..., WM} be a family of index sets which does not define necessarily a
partition of {1,...,n}, so that, differently from the block Jacobi-type method defined
in [6], W' N W7, with i # j, may be nonempty.

We require that the sequence be generated in such a way to satisfy

k+1 i gk
f(CC " ) < H‘;Pfrefwi

where ffe fopi A€ reference values for subproblems Py i (z*), i = 1,..., M. The reference
values could be obtained by performing exact minimizations with respect to each x4,
namely setting

k . k
= min Tyyi, =),
frefwl Ty €Fw, (&) f( w W )
but this could be a strict requirement, particularly when |W?¢ > 2 or the objective
function is not convex. Hence, following the idea in [14, 13] we relax this requirement
by asking only for a “sufficient reduction”, and the values ffe fopi Q1€ obtained by means

of an Armijo-type LineSearch (LS) procedure along a feasible direction dy: at xﬁ/l for
i=1,..., M.

Now, we describe the Armijo-type linesearch scheme.

Given a feasible point z € F, a set W € W, and a direction dw € Dw (zw), let
BF be the maximum feasible steplength along direction dy with respect to the bound
constraints. Namely, Gz is such that

lw < aw + Bdw <uw  forall g€ [0,87],

and (since —oo <1 < u < 00) we have that either fr = +oo or at least an index i € W
exists such that
v + Brd; = 1; or  x;+ Brd; = u;.

Further, let 5, > 0 be a positive scalar.
We report below the Armijo-type procedure Step_length that returns the stepsize aypy
along the direction dyy .



Procedure Step_length(z, W, dy)

Parameter. v € (0,1/2), 6 € (0,1).

Data. x € F, W € W, dw € Dy (xzw) and = min{Sr, 0, }.

Inizialization. If dy satisfies Vyy f(2)”dy > 0, Return ay = 0;

otherwise set a = 3.
While (f(zw + adw,z57) > f(x) +7aVw f(z)Tdw)
Set a = da
End While

Return oy = a.

The stepsize ayp is zero if and only if dy does not satisfy the descent condition
Vw f(x)Tdw <0 at .
The following proposition shows that Procedure Step_length is well-defined.

Proposition 3.1 Let W € W. Assume x € F and dw € Dy (zw). Then Procedure
Step_length determines, in a finite number of iterations, a scalar oy such that

flx+ awd) < f(x) +yow Vw f(x) dw. (3)

Proof. The proof is quite standard and can be found e.g. in [1]. For the sake of
completeness, we report it in the appendix..d

Now we are ready to define the decomposition algorithm CoJac.



Constrained Jacobi-type (CoJac) Algorithm

Data. A point 2 € F, and W = {W! ... WM},
For £=0,1,2,...

1. For:=1,.... M
choose dléw € Dyyi(z%);
compute O‘];Vi by means of procedure Step_length(z*, W7, d];w);
set y{fw = xﬁ/l + aﬁ/idﬁ/i.

2. End For

3. Choose z"*! such that

RHLY < o koo k
F™) < min fyw, 235)-

End For

We point out the degree of freedom on the choice for the next iterate 2*+1 in Algorithm
CoJac.

Convergence properties of the algorithm CoJac will be analyzed in the next section,
under quite standard assumptions on the feasible directions used in the procedure
Step_length and on the rule for the selection of the family of index sets W.

4 Convergence results

In order to simplify the exposition, we first introduce an assumption on the behavior in
the limit of the directions used by the algorithm. This is a basic assumption that can

be satisfied by employing suitable methods for the computation of the search directions
k.
w

Assumption 1 For a given working set W € W, let {x*} be a sequence of feasible
points such that, for K C {0,1,2,...},

lim a2f = 2.
k—o0,ke K

Given a sequence {d},} such that dfy, € Dy (z%,,) we have:
(1) @y + diy € Fyw (2fy);

(ii) a constant M > 0 exists such that ||d5, || < M for all k € K;



(iii) if & is not a stationary point for Py (&), then

limsup Vi f(z*)"d}y, < 0.
k—oo,ke K

Possible choices of directions satisfying Assumption 1 are reported and discussed in
Section 5.

From the definition of procedure Step_length, when the set W € W is held fixed, we
can state the following preliminary convergence result.

Proposition 4.1 Let {z*} C F be a sequence of feasible points converging to a given
point &. For a fited W € W, and every k, let d¥, € Dy (xf,) satisfy Assumption (1)
and

vy = zly + alydiy, (4)

where aﬁ/ is computed by means of the Step_length Procedure. Then the sequence

{y{}/}, is such that:
() f(yly,25) < f(2¥), for all k =0,1,2,...

(i) if
lim (%)~ f (ol 2f) = 0 (5)

k—oo

then & is a stationary point for Py (&).

Proof. The proof is quite technical and is therefore reported in the appendix. OJ

We stress the fact that {z*} is a given sequence that may not depend on Procedure
Step_length in the sense that z#+t!
Now we report the main result regarding convergence of the CoJac Algorithm. As
standard in decomposition algorithms, we must require that the family of index sets
W satisfies a suitable rule. In particular we require that the family W satisfies the
following condition:

is not necessarily defined on the basis of y{‘}v

Pairwise Inclusion Property (PIP)!

For each pair {i,7} C {1,...,n}, there exists at least an £ € {1,..., M} such that,
{ij} c W

We observe that the definition of a family of index sets W satisfying Condition PIP
does not require any information about the current iterate and can thus be defined a
priori.

L As an example, for n = 6 a possible family of index sets W with ¢* = 4 for all i satisfying condition
(PIP) is W = {W',... W3} with W' = {1,2,3,4}, W? = {1,2,5,6}, W* = {3,4,5,6}.



Proposition 4.2 Let the family of index sets W = {W, ..., WM} satisfy condition
PIP. Let {2*} and {dF,;} for each i =1,...,M be the sequences defined by Algorithm
CoJac. Assume that, for eachi=1,..., M, sequences {dF,;} satisfy Assumption 1.
Then, every limit point of {x*} is a stationary point for Problem (1).

Proof. The proof of the proposition depends on a number of technical results and is
therefore reported in the appendix. OJ

5 Search directions

In this section, for any fixed W h = 1,..., M, we report two well-known methods
for calculating a feasible direction df,vh over a convex set satisfying Assumption 1. In
particular, we consider the Frank-Wolfe direction and the Projected Gradient direction.
First we report a useful theoretical result (whose proof can be found in, e.g., [14]) that
will be used in the section.

Proposition 5.1 Let {zF} C F be a sequence of feasible points converging to a point
T € F. Then, for sufficiently large values of k,

D(&) C D(z").

5.1 Frank-Wolfe direction.
For a given W € W and a feasible point z*, the Frank-Wolfe (F-W) direction is

k _k k
dyy = Ty — 2y,

where fﬁ, is the optimal solution of the following linear programming problem
min V£« (zw — 2fy) (6)
Tw EFw (J:k)

In the next proposition we show that the F-W direction is well defined and that the
desired properties stated in Assumption 1 hold.

Proposition 5.2 Assume that the feasible set F is compact. Let W € W, {zF} be
a sequence of feasible points and {dl‘},} be the associated sequence of F-W directions.
Then, sequence {dl‘}/} 1s well defined and the following conditions hold:

i) for any k, d¥, € Dy (z¥,) and 2%, + df, € Fy (2F);

i) for any k, Vi f(2¥)Td¥, < 0 if and only if x* is not a stationary point for Py (z*);

(
(
(iil) for any k, |5,/ || < U for a given constant U > 0;
(iv) assume that

lim  2F =7,
k—oo,ke K

where K C {0,1,2,...} and T is not a stationary point of Py (&), then

limsup Vi f(z¥)Tdfy, < 0.
k—oo,ke K



Proof. For any k, compactness of F implies that problem (6) admits a solution z¥, so

that df, is well defined. Point (i) follows by definition of df;,.
By definition of dfi, it holds that

Vw f(@) T dyy = Vw f@)T (@, — 2fy) < Vw f(@")Td, VdeDw(ay). (7)

Hence, if 2 is not a stationary point of Py (2¥) we have that Vy f(2*)Td¥, < 0 and
vice versa, so that point (i) holds. Further, we observe that ||d,|| = ||z, — 2¥/|| <
|2 || + ||%|| so that by compactness of F we have point (iii).

Now, let us relabel as {*} the subsequence converging to a feasible point & which is
not a stationary point of Py (Z). Let dyw € Dy (Zw) be a feasible direction such that

Vw f(2)Tdw < 0.
For sufficiently large values of k, by Proposition (5.1), we have
dw € Dw (zfy),
and by continuity of the gradient
Vw f(@*)Tdy < 0.
So that, using (7), we also get that for sufficiently large values of k
Vw f ()T dl, < Vi f(*)Tdw < o0.

By taking the limit, we obtain

limsup Vyy f ()7 dfy, < Vi f(&)dw < 0, (8)
k—o0
which finally proves point (iv). O

5.2 Projected Gradient direction.

We recall that the projection Ps(x) of a point x over a non-empty closed convex set S
is the solution of the following problem

min |z — y].

The projection operator enjoys the following properties.

Proposition 5.3 The projection operator is continuous and not expansive. Further,
Ps(x) is the projection of © over S if and only if

(z — Ps(x))"(y — Ps(z)) <0, VyeS. (9)



For a fixed W € W and a feasible point ¥, let us define Pﬁw as the projection operator
over Fyy (z%). We consider the following Projected Gradient (PG) direction

ko k
dyy = Ty — Ty

where
#hy = Pk, (aly — sV (") (10)

and s is a positive scalar.
In the next proposition we show that the PG direction is well defined and that As-
sumption 1 holds.

Proposition 5.4 Assume that F is compact. Let W € W, {z*} be a sequence of
feasible points and {dﬁ/} be the associated sequence of PG directions. Then, sequence
{dl‘}/} is well defined and the following conditions hold.

(i) for any k, d¥, € Dy (z%,) and 2%, + d5, € Fy (2¥);

(ii) for any k, Vi f(2®)Td¥, < 0 if and only if x* is not a stationary point for Py (z*);
(i) for any k, ||df,|| < U for a given constant U > 0;
(

iv) assume that

lim zF =27,
k—oo,ke K

where K C {0,1,2,...} and T is not a stationary point of Py (&), then

limsup Vi f(z*)"d}y, < 0.
k—oo,ke K

Proof. For any k, the point fl‘}/ as in (10) is always defined and hence also d{iV.
Furthermore, by definition xf, + d¥, = z¥, € Fy (2%) so that we get point (i).
By (9), z, satisfies
(= sVwf(a*) = 25) T (y — 2}y) <0, ¥y € Fw(a"), (11)
so that, choosing y = xl&/, we obtain by simple manipulations
1
Vi f (@) dyy < —;lldlfaz\l2 <0. (12)

Recalling that x* is a stationary point of Problem Py, (z*) if and only if

ayy = PE (a5 — sVw f(aly)),

for any scalar s > 0, we have that dﬁ, = 0 if and only if mﬁ/ is a stationary point of
Problem Py (x*). Hence point (ii) follows by (12).
Reasoning as in the proof of Proposition 5.2, we have also point(iii).

10



Assume now that {xk} K 1s a subsequence converging to a non-stationary point z of
Pw () and relabel it as {z*}. Let dy € Dw (Zw) be a feasible direction such that

wa(f)T(ZW < 0.

Using proposition (5.1) and the continuity of the gradient, we have, for sufficiently large
values of k, that .
dw € D (afy), (13)

and
wa(xk)TJW < 0. (14)

Reasoning by contradiction, we suppose that point (iv) does not hold, namely

limsup Vyy f(2%)Tdl, > 0,

k—o00

so that as result of (12)
limsup ||dfy ||> = 0. (15)
k—o0

By (13), for k sufficiently large, a value t* > 0 exists such that xﬁ, + tdy € Fw (2F)
for all ¢ € [0, tk] and limy_ t* > 0. Hence a value £ > 0 exists such that the point
y = af, + tdw € Fw(z"), for all k sufficiently large. Substituting in (11) , we have
that

0> (aly — sV f(a*) — 2l (@ly + tdw — 2hy) = (=dly — sVw F@)T (~dly + Fdw).
Rearranging the above inequality
VSl < a1+ S+
< Lty 12 + L Ny | + 69w £ )
Taking the limit of the above inequality, using (15) and (14), we get the contradiction

limsup Vyy f (z")Td¥, < tlimsup Vi f(2*)Tdy < 0.

k—o0 k—o0

O

In [4] and [18] methods to obtain the projected gradient direction have been proposed.

Appendix

A Proofs of the convergence results

Proof of Proposition 3.1. If dy does not satisfy V f(z)"dy < 0, the stepsize ayy = 0
and the condition is obviously satisfied.

11



Assume now that dyy satisfies V f(z)"dy < 0 and by contradiction that the algorithm
does not terminate. Hence, let d = (dw, dy7) with dyr = 0, we can write

flx+38d) > f(x) +yB85V f(x)Td  for all j.
By applying the Mean Value theorem we have
Vi(x+60;88d)'d >~V f(x)'d  forall j, (16)
with 0; € (0,1). Taking limits in (16) for j — oo we obtain
(1=y)Vf(x)'d>0,
which implies, together with the fact that v € (0,1), that Vf(x)"d > 0, and this

contradicts the descent assumption on d. O

Proof of Proposition 4.1. Point (i) easily follows from the definition of the Armijo-
type scheme and of y¥, in (4).

Now, let us consider point (ii). As a result of closedness of the feasible set F, the limit
point & is feasible. By definition of Armijo-type rule, we have

F(@) = Fiy, agp) = loty Vv £ (%) T diy |,

which, by (5), yields
Jim. ok f ()Tl = 0. (17)

Reasoning by contradiction, let us suppose that & is not a stationary point. Then, by
Assumption 1, we have that

lim supVyy f (z%)"'dfy, < 0.

k—o00

Let K C {0,1,2...} be a subset of the iteration set such that

li My, <0 18

pm  Vw f(27) " dy, <0, (18)

so that, for £ € K and sufficiently large, dﬁ/ satisfies wa(xk)Td{iV < 0. Then, it
follows from (17) that

lim  ofi =0. (19)

By definition of the Step-lenght Procedure and by point (i) of Assumption 1 we have
that, for all £k € K, the initial stepsize (3 is such that § > min{1,3,} > 0. Hence, by
virtue of (19), the initial stepsize will be reduced at least once, so that, for k € K and
sufficiently large,

ok ay
Fa*) = flaky + =dly aky) < =YV f @) dly

12



By using the mean value theorem, we obtain from the above relation

k k
a a
~Vwf @ 0" = diy, agp) iy <~y Vw f (@) dyy, (20)
where n* € (0, 1).

Since {dl‘}/} is bounded by Assumption 1, we can find a further set of indices, that we
relabel again K, such that

lim dfy, =dw and lim 2% =2
k—oo,ke K k—o0,ke K

Hence, taking the limit in (20) for k¥ — oo and k € K, it follows that
0< (1=)Vwf(@) dw,
which, recalling that v € (0,1/2), yields
0 < Vi f(@) dy.
The proof follows by noting that the above inequality contradicts (18), that is,

i kT gk _ T i _
kﬁotyr,rllceKVWf(x ) dW wa(m') dyw <0

O

To prove the main convergence results of the paper we need to introduce some more
technical notation and preliminary results concerning problem (1).
Given a point x € F let us define the following index sets

R(x)={i: (z; <wu;and a; > 0) or (x; >[; and a; < 0)},
S(x)={i: (z; <wu;and a; <0) or (z; > I; and a; > 0)}.

Then, we denote by Drg(z) the set of directions d*/ with i € R(x) and j € S(z),
namely
Dprs(z) = U d.
i € R(z)
Jj € S(x)
e

Further, given indices i,j € {1,...,n}, with i # j, we denote by d*/ a vector belonging
to IR™ such that

! =3 —1/a;, ifh=7j
0, otherwise

In [13] it has been proved that for any feasible point x the set Dgrg(z) is a subset of
the set of feasible directions at x and that it contains the generators of D(z). The
following proposition (that also has been proved in [13]) gives a characterization of the
stationary points of Problem (1) using only the directions in Drg(z).

13



Proposition A.1 A feasible point x* € F is stationary for Problem (1) if and only if

Vie)Td >0  Vd" € Dpg(z*).

Now, given a subset of indices W and a feasible point = € F, let us consider subproblem
Py (z). We denote by Dywngrs(z) the subset of feasible directions of Dy (xy ) with
exactly two nonzero components, namely

Dwnrs(z) = U 4 (21)
i€ R(z)NW
jeS(@)yNnw
P4

Now we are ready to prove Proposition 4.2.

Proof of Proposition 4.2. Let Z be any limit point of a subsequence of {z*}, i.e.,
there exists an infinite subset K C {0,1,...} such that

lim 2% =2z.
k—oo,ke K
By contradiction, let us assume that Z is not a stationary point for Problem (1). By
Proposition A.1 there exists at least a pair (i,5) € R(z) x S(Z), and a direction d*/ €
Dpgs(z) such that:
Vi@)'d <o. (22)

By Condition PIP on the family of working sets, we know that W" e W, ~with

h € {1,...,M}, exists such that (i,j) € W". Let us consider the subvector d%h €
Dyyhaps(T), so that we have
Vi f(2)7dyl, <0, (23)

that is to say that  is not a stationary point of problem Py, (Z) as well. By construc-
tion, we have

FE) < Flyn, o) < fa¥)

so that the sequence {f(z*)}x is not increasing and thus converges to f(z). Hence, we
get that

im (@) = Fn vign) =0 (24)

Then, using Proposition 4.1, we have that
thf(ff)Tdr’s > 0, vV d"° e thmRs("f)

which, for d%h, contradicts (23) and hence also (22), thus concluding the proof. O
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