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A DERIVATIVE-FREE ALGORITHM FOR LINEARLY
CONSTRAINED FINITE MINIMAX PROBLEMS∗

G. LIUZZI† , S. LUCIDI† , AND M. SCIANDRONE‡

Abstract. In this paper we propose a new derivative-free algorithm for linearly constrained
finite minimax problems. Due to the nonsmoothness of this class of problems, standard derivative-
free algorithms can locate only points which satisfy weak necessary optimality conditions. In this work
we define a new derivative-free algorithm which is globally convergent toward standard stationary
points of the finite minimax problem. To this end, we convert the original problem into a smooth one
by using a smoothing technique based on the exponential penalty function of Kort and Bertsekas.
This technique depends on a smoothing parameter which controls the approximation to the finite
minimax problem. The proposed method is based on a sampling of the smooth function along
a suitable search direction and on a particular updating rule for the smoothing parameter that
depends on the sampling stepsize. Numerical results on a set of standard minimax test problems are
reported.
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1. Introduction. Many problems of interest in real world applications can be
modeled as finite minimax problems. This class of problems arises, for instance, in
the solution of approximation problems, systems of nonlinear equations, nonlinear
programming problems, and multiobjective problems. Many algorithms have been
developed for the solution of finite minimax problems which require the knowledge
of first- or second-order derivatives of the functions involved in the definition of the
problem. Unfortunately, in some engineering applications, such as some of those
arising in optimal design problems, the function values are obtained by direct mea-
surements (which are often affected by numerical error or random noise) or are the
result of complex simulation programs so that first-order derivatives cannot be ex-
plicitly calculated or approximated. Moreover, the nonsmoothness of the minimax
problem does not allow us to employ some off-the-shelf derivative-free method, since
most of these methods are based on a well-established convergence theory which, in
order to guarantee convergence to a stationary point, requires first-order derivatives to
be continuous, even though they cannot be computed. In particular, if the continuity
assumption on the derivatives is relaxed, it is no longer possible to prove global con-
vergence of the derivative-free method to a stationary point, but it is possible only to
prove convergence towards a point where the (Clarke) generalized directional deriva-
tive is nonnegative with respect to every search direction explored by the algorithm
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(see Appendix A for such a general result). Such points can be considered as weak
stationary points in the sense that the (Clarke) generalized directional derivative can
still be negative along some unexplored direction.

In this paper we consider a particular class of nonsmooth problems, namely, the
problem of minimizing the maximum among a finite number of smooth functions. We
recall that, for such a class of problems, the (Clarke) generalized directional derivative
is proved to coincide with the directional derivative, but, also in this case, classical
derivative-free codes can still be convergent toward weak stationary points (see [8]
for a thorough discussion on this topic). Finite minimax problems have the valuable
feature that they can be approximated by a smooth problem. This smooth approx-
imation of the minimax problem can be achieved by using different techniques (see
[19], [1], [2], [4], [7], [15], [17], [18], and [20]). In particular, we consider an approxima-
tion approach based on a so-called smoothing function which depends on a precision
parameter (see [3], [16], and [11]). In order to define a solution method based on a
smoothing technique, two different aspects, one computational and the other theo-
retical, must be considered. From a computational point of view, a trade-off should
be found between the accuracy of the approximation and the problem of limiting the
ill-conditioning due to the nonsmoothness of the minimax problem at the solutions.
From a theoretical point of view, the algorithm should be guaranteed to converge
a stationary point of the original minimax problem. In particular, a class of algo-
rithms [16] for the solution of the minimax problem has been proposed, which takes
into account the above two requirements. This is accomplished by using a feedback
precision-adjustment rule which updates the precision parameter during the opti-
mization process of the smoothing function. Roughly speaking, the idea behind the
proposed updating rule is that of updating the parameter only when the minimization
method has carried out a significant improvement. However, these updating rules are
based upon the knowledge of the first derivatives of the problem.

In this paper we propose a derivative-free method which is based on a sampling
of the smooth function along suitable search directions and on a particular updating
rule for the smoothing parameter that depends on the sampling stepsize. We manage
to prove convergence of the method to a stationary point of the minimax problem,
while reducing the negative effects of the ill-conditioning that the smoothing approach
incurs.

In section 2, we describe the minimax problem, its properties, and the smoothing
function. In section 3, we report some convergence results for a general derivative-
free approach to solve the minimax problem. In section 4, we report the proposed
derivative-free algorithm and its convergence analysis. Finally, section 5 is devoted to
some results of our method.

2. Problem, definition, and smooth approximation. In this paper we con-
sider the solution of finite minimax problems where the variables are subject to linear
inequality constraints. In particular, we consider problems of the form

min f(x)(1)

s.t. Ax ≤ b,

where x ∈ �n, b ∈ �m, A ∈ �m×n, and

f(x) = max
1≤i≤q

fi(x).
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We indicate by F the feasible set of problem (1), namely,

F = {x ∈ �n : Ax ≤ b}.

We require the following standard assumption to hold, which ensures that the
level sets of f(x) are compact.

Assumption 1. The functions fi : �n → �, i = 1, . . . , q, are twice continuously
differentiable functions on �n, and the function f(x) is radially unbounded on the
feasible set F ; that is, for every sequence {xk} ⊂ F satisfying limk→∞ ‖xk‖ = +∞,

lim
k→∞

f(xk) = +∞.

Note that, even though every function fi(x), i = 1, . . . , q, is twice continuously
differentiable, we assume that their gradients can be neither calculated nor approxi-
mated explicitly.

We denote by B(x) the following set of indices:

B(x) = {i = 1, . . . , q : fi(x) = f(x)}.(2)

For every feasible point x ∈ F , we define the set of indices of active constraints
by

I(x) = {j = 1, . . . ,m : aTj x = bi},(3)

and the cone of feasible directions

T (x) = {d ∈ �n : aTj d ≤ 0, j ∈ I(x)},(4)

where aTj , j = 1, . . . ,m, denotes the jth row of the constraints matrix A. The
directional derivative of the max function f at x in the direction d ∈ �n is given by
(see, e.g., [3])

Df(x, d) = max
i∈B(x)

{∇fi(x)T d}.

We define x̄ ∈ F a stationary point of problem (1) if

Df(x̄, d) ≥ 0 ∀d ∈ T (x̄).(5)

In particular, the following proposition shows a different characterization of the
stationary points of problem (1).

Proposition 1. A point x̂ ∈ F is a stationary point of problem (1) if and only
if there exist λi ≥ 0, i ∈ B(x̂), such that∑

i∈B(x̂)

λi = 1,(6)

( ∑
i∈B(x̂)

λi∇fi(x̂)

)T

d ≥ 0 ∀d ∈ T (x̂).(7)

Proof. If x̂ ∈ F is a stationary point of problem (1), then there exists at least
one index j ∈ B(x̂) such that ∇fj(x̂)T d ≥ 0. Then conditions (6) and (7) hold with
λj = 1 and λi = 0 for all i �= j.
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If x̂ ∈ F satisfies conditions (6) and (7), then for any d ∈ T (x̂), we can write

0 ≤
( ∑

i∈B(x̂)

λi∇fi(x̂)

)T

d ≤ max
i∈B(x̂)

∇fi(x̂)T d,

which shows that x̄ is a stationary point of problem (1).
In order to find a stationary point of problem (1) we adopt a smoothing technique

[3], [11], [16], [19] which consists of solving a sequence of smooth problems approxi-
mating the minimax problem in the limit. Let μ > 0 be a smoothing parameter and
define

f(x, μ) = μ ln

q∑
i=1

exp

(
fi(x)

μ

)
,

which is sometimes referred to as an exponential penalty function [3]. An alternative
expression for f(x, μ) is given by

f(x, μ) = f(x) + μ ln

q∑
i=1

exp

(
fi(x) − f(x)

μ

)
.

We report some properties of f(x, μ) [19].
Proposition 2. Suppose fi(x), i = 1, . . . , q, are twice continuously differentiable

functions. Then
(i) f(x, μ) is increasing with respect to μ, and

f(x) ≤ f(x, μ) ≤ f(x) + μ ln q;(8)

(ii) f(x, μ) is twice continuously differentiable for all μ > 0, and

∇xf(x, μ) =

q∑
i=1

λi(x, μ)∇fi(x),(9)

∇2
xf(x, μ) =

q∑
i=1

(
λi(x, μ)∇2fi(x) +

1

μ
λi(x, μ)∇fi(x)∇fi(x)T

)
(10)

− 1

μ

(
q∑

i=1

λi(x, μ)∇fi(x)

)(
q∑

i=1

λi(x, μ)∇fi(x)

)T

,

where

λi(x, μ) =
exp(fi(x)/μ)∑q
j=1 exp(fj(x)/μ)

∈ (0, 1),

q∑
i=1

λi(x, μ) = 1.(11)

3. Derivative-free convergence conditions. A derivative-free algorithm for
problem (1) must account for two difficulties. The first is the nonsmoothness of
problem (1). The second is that stationary points of problem (1), as stated by (5) and
Proposition 1, are characterized by first-order derivatives of the component functions
fi(x), i = 1, . . . , q, which are not available.

In order to treat the nonsmoothness of problem (1), we employ the smooth ap-
proximating problem,

min
x∈F

f(x, μ),(12)
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where the approximating parameter μ will be adaptively reduced during the optimiza-
tion process.

In order to tackle the second difficulty of unavailable first derivatives, we try to
obtain first-order information by sampling the objective function along a suitable set
of search directions. Specifically, we follow the approach proposed in [13], which uses
a set of search directions that positively span an “ε-approximation” of the cone of
feasible directions or, in other words, the cone of feasible directions with respect to
the ε-active constraints.

Formally, for any ε > 0 and x ∈ F , we define the set of indices of ε-active
constraints by

I(x; ε) = {j : aTj x ≥ bj − ε}

and the ε-approximation of the cone of feasible directions by

T (x; ε) = {d ∈ �n : aTj d ≤ 0 ∀j ∈ I(x; ε)}.

The following proposition (see [13]) describes some properties of sets I(x; ε) and
T (x; ε).

Proposition 3. Let {xk} be a sequence of iterates converging towards a point
x̄ ∈ F . Then there exists a value ε∗ > 0 (depending on x̄ only) such that for every
ε ∈ (0, ε∗] there exists k̄ε such that

I(xk; ε) = I(x̄),(13)

T (xk; ε) = T (x̄)(14)

for all k ≥ k̄ε.
Proof. See the proof of Proposition 1 in [13].
The first step toward defining a derivative-free method for the solution of problem

(12) is to associate a suitable set of search directions with each point xk produced by
the algorithm. This set should have the property that the local behavior of the objec-
tive function in each direction in the set provides sufficient information to overcome
the lack of the gradient. Formally, we introduce the following assumption.

Assumption 2. Let {xk} be a sequence of feasible points and {Dk} be a sequence
of sets of search directions. Then, for all k,

Dk = {dik : ‖dik‖ = 1, i = 1, . . . , rk},

and, for some constant ε̄ > 0,

cone{Dk ∩ T (xk; ε)} = T (xk; ε) ∀ε ∈ [0, ε̄].

Moreover,
⋃∞

k=0 Dk is a finite set and rk is bounded.
The proposition that follows states a general convergence result. In particular,

it identifies sufficient conditions on the sampling of the smoothing function along the
directions dik, i = 1, . . . , rk, and on the updating of the smoothing parameter, which
will guarantee global convergence of the method to a stationary point of the original
minimax problem (1).

Proposition 4. Let {xk} be a sequence of feasible points and x̄ be a limit point
of a subsequence {xk}K for some infinite set K ⊆ {0, 1, . . .}. Let {Dk}, with Dk =
{d1

k, . . . , d
rk
k }, be a sequence of sets of directions which satisfy Assumption 2 and

Jk = {i ∈ {1, . . . , rk} : dik ∈ T (xk, ε)} with ε ∈ (0,min{ε̄, ε�}], where ε̄ and ε� are
defined in Assumption 2 and Proposition 3, respectively.
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Suppose that the following conditions hold:
(i) for each k ∈ K and i ∈ Jk, there exist yik and scalars ξik > 0 such that

yik + ξikd
i
k ∈ F ;(15)

f(yik + ξikd
i
k, μk) ≥ f(yik, μk) − o(ξik);(16)

(ii) furthermore,

lim
k→∞,k∈K

μk = 0;(17)

lim
k→∞,k∈K

maxi∈Jk
{ξik, ‖xk − yik‖}
μk

= 0.(18)

Then x̄ is a stationary point of the minimax problem (1).
Proof. By applying the mean-value theorem to (16), we can write

−o(ξik) ≤ f(yik + ξikd
i
k, μk) − f(yik, μk) = ξik∇xf(ui

k, μk)
T dik, i ∈ Jk,(19)

where ui
k = yik + tikξ

i
kd

i
k, with tik ∈ (0, 1). By using the mean-value theorem again and

the Cauchy–Schwarz inequality, we can write

ξik∇xf(ui
k, μk)

T dik = ξik∇xf(xk, μk)
T dik + ξik(u

i
k − xk)

T∇2
xf(ũi

k, μk)d
i
k

≤ ξik∇xf(xk, μk)
T dik + ξik‖ui

k − xk‖‖∇2
xf(ũi

k, μk)d
i
k‖,

where ũi
k = xk + t̃ik(u

i
k − xk), with t̃ik ∈ (0, 1). By considering expression (10) of

∇2
xf(ũi

k, μk) and the triangle inequality, we get that

ξik∇xf(ui
k, μk)

T dik ≤ ξik∇xf(xk, μk)
T dik

+ ξik‖ui
k − xk‖

⎧⎨
⎩
∥∥∥∥∥∥

q∑
j=1

λj(ũ
i
k, μk)∇2fj(u

i
k)d

i
k

∥∥∥∥∥∥ +
1

μk

∥∥∥∥∥∥
q∑

j=1

λj(ũ
i
k, μk)∇fj(ũ

i
k)∇fj(ũ

i
k)

T dik

−

⎛
⎝ q∑

j=1

λj(ũ
i
k, μk)∇fj(ũ

i
k)

⎞
⎠

⎛
⎝ q∑

j=1

λj(ũ
i
k, μk)∇fj(ũ

i
k)

⎞
⎠

T

dik

∥∥∥∥∥∥∥
⎫⎪⎬
⎪⎭ .

Since {xk}K converges, it follows from Assumption 2 and (11) that, for all i
and j, {xk}K , {ũi

k}, {λj(ũ
i
k, μk)}, and {dik} are bounded sequences. Therefore, by

Assumption 1, we can find constants c1 and c2 such that

(20)

−o(ξik) ≤ ξik∇xf(ui
k, μk)

T dik ≤ ξik∇xf(xk, μk)
T dik + ξik‖ui

k − xk‖
(
c1 +

1

μk
c2

)
.

From (20) and (9), we obtain

⎛
⎝ q∑

j=1

λj(xk, μk)∇fj(xk)

⎞
⎠

T

dik +

(
c1 +

1

μk
c2

)
‖ui

k − xk‖ ≥ −o(ξik)

ξik
.(21)
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Since ∪k∈KDk is a finite set by Assumption 2 and recalling the boundedness of
each sequence {λj(xk, μk)}, j = 1, . . . , q, there exist an infinite set K̄ ⊆ K and, given
the fact that rk is bounded, a finite set J ⊆ {1, 2, . . .} and d̄j ∈ �n, j ∈ J , such that

lim
k → ∞
k ∈ K̄

xk = x̄,(22)

lim
k → ∞
k ∈ K̄

λj(xk, μk) = λ̄j , j = 1, . . . , q,(23)

Jk = J ∀k ∈ K̄,(24)

djk = d̄j ∀j ∈ J and k ∈ K̄.(25)

Moreover, recalling that ui
k = yik + tikξ

i
kd

i
k, with tik ∈ (0, 1), we have that(

c1 +
1

μk
c2

)
‖uj

k − xk‖ ≤
(
c1 +

1

μk
c2

)
(‖yjk − xk‖ + ξjk) ∀j ∈ J,

which, by using (18), implies that

lim
k → ∞
k ∈ K̄

(
c1 +

1

μk
c2

)
‖uj

k − xk‖ = 0 ∀j ∈ J.(26)

We note that expression (11) can be rewritten as

λj(x, μ) =
exp((fj(x) − f(x))/μ)∑q
l=1 exp((fl(x) − f(x))/μ)

, j = 1, . . . , q,

so that it is easily seen that

λ̄j ≥ 0 ∀j,

λ̄j = 0 ∀j �∈ B(x̄).
(27)

Furthermore, since
∑q

j=1 λj(xk, μk) = 1 for all k, then

q∑
j=1

λ̄j = 1.(28)

Now, recalling (26) and taking limits in (21) as k → ∞, k ∈ K̄, we obtain

⎛
⎝ q∑

j=1

λ̄j∇fj(x̄)

⎞
⎠

T

d̄i ≥ 0 ∀i ∈ J.(29)

Now, Proposition 3 and Assumption 2 imply that, for k ∈ K,

T (x̄) = T (xk; ε) = cone{Dk ∩ T (xk; ε)} = cone{dik}i∈Jk
.(30)

Hence, by (30), (24), and (25) we have that

T (x̄) = cone{d̄i}i∈J ,(31)
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so that, for every d ∈ T (x̄), there exist βi ≥ 0, for all i ∈ J , such that

d =
∑
i∈J

βid̄
i.(32)

Thus, we obtain from (29) and (32) that, for every d ∈ T (x̄),

⎛
⎝ q∑

j=1

λ̄j∇fj(x̄)

⎞
⎠

T

d =
∑
i∈J

βi

⎛
⎝ q∑

j=1

λ̄j∇fj(x̄)

⎞
⎠

T

d̄i ≥ 0,

which, along with (27) and (28), proves the proposition (see Proposition 1).
The above proposition is a nontrivial extension of similar results established in the

context of derivative-free methods for smooth optimization (see, for instance, [13]).
The major novelty of Proposition 4 is (18), which relates the convergence rate of the
smoothing parameter with that of the sampling stepsizes. Indeed, Proposition 4 has
two crucial aspects:

1. When xk → x̄ and μk → 0, eventually,

∇xf(xk, μk)
T dik =

⎛
⎝ q∑

j=1

λj(xk, μk)∇fj(xk)

⎞
⎠

T

dik ≥ 0 ∀ i ∈ Jk.

2. The bounded sequence {(λ1(xk, μk), . . . , λq(xk, μk))} has an accumulation
point. This allows us to overcome the difficulty tied to the indefiniteness of ∇2

xf(xk,
μk) in the limit.

The sampling of the smooth objective function along the directions dik, i ∈ Jk,
introduces a further difficulty, namely, that ∇xf(xk, μk)

T dik is approximated by the
quantity

∇xf(ui
k, μk)

T dik =

⎛
⎝ q∑

j=1

λj(u
i
k, μk)∇fj(u

i
k)

⎞
⎠

T

dik,

where, for every index i ∈ Jk, we have different bounded sequences {(λ1(u
i
k, μk), . . . ,

λq(u
i
k, μk))}. This raises the problem that each of these sequences converges to its

own limit while the optimality condition (29) requires them to have the same limit
point. In order to guarantee the existence of a unique limit point of the sequences
{(λ1(u

i
k, μk), . . . , λq(u

i
k, μk))}, for all i ∈ Jk, it is necessary that ‖ui

k − xk‖, i ∈ Jk,
tends to zero faster than μk, where ‖ui

k−xk‖ can be viewed as a measure of the degree
of approximation of first-order derivatives and μk gives a measure of the degree of
approximation of the original minimax problem.

To conclude, we note that, since Proposition 4 poses only an upper bound on
the convergence rate of μk towards zero, it allows us to choose an updating rule for
the smoothing parameter which conciliates global convergence with the problem of
avoiding the ill-conditioning of the smooth approximating problem.

4. A derivative-free method and global convergence result. In this sec-
tion we define an algorithm for the solution of problem (1). The proposed method
stems from the union of a derivative-free approach for smooth and linearly constrained
optimization with a suitable handling of the smoothing parameter μ. In particular,
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the derivative-free method samples the smoothing function value along a finite set of
search directions and decreases the sampling stepsize and the smoothing parameter if
a sufficiently improved objective function value is not attained. The sampling strat-
egy and the updating rule for the smoothing parameter are guided by the convergence
conditions of Proposition 4. The derivative-free technique for sampling the smooth-
ing function is based on the feasible descent method 2 proposed in [13] for a class of
smooth optimization problems, including those with linear constraints. The formal
description of the algorithm is reported below.

Algorithm DF
Data. x0 ∈ F , init step0 > 0, μ0 > 0, γ > 0, θ ∈ (0, 1), ε̄ > 0.
Step 0. Set k = 0.
Step 1. (Computation of search directions)

Choose a set of directions Dk = {d1
k, . . . , d

rk
k } satisfying Assumption 2.

Step 2. (Minimization on the cone{Dk})
Step 2.1. (Initialization)

Set i = 1, yik = xk, α̃
i
k = init stepk.

Step 2.2. (Computation of the initial stepsize)
Compute the maximum steplength ᾱi

k such that yik + ᾱi
kd

i
k ∈ F

and set α̂i
k = min{ᾱi

k, α̃
i
k}.

Step 2.3. (Test on the search direction)

If α̂i
k > 0 and f(yik + α̂i

kd
i
k, μk) ≤ f(yik, μk) − γ(α̂i

k)
2
,

compute αi
k by the Expansion Step(ᾱi

k, α̂
i
k, y

i
k, d

i
k;α

i
k)

and set α̃i+1
k = αi

k;
otherwise set αi

k = 0 and α̃i+1
k = θα̃i

k.
Step 2.4. (New point)

Set yi+1
k = yik + αi

kd
i
k.

Step 2.5 (Test on the minimization on the cone{Dk})
If i = rk, go to Step 3;
otherwise set i = i + 1 and go to Step 2.2.

Step 3. (Main iteration)
Find xk+1 ∈ F such that f(xk+1, μk) ≤ f(yi+1

k , μk);
otherwise, set xk+1 = yi+1

k .
Set init stepk+1 = α̃i+1

k ,

choose μk+1 = min
{
μk, max

i=1,...,rk
{(α̃i

k)
1/2, (αi

k)
1/2}

}
,

set k = k + 1, and go to Step 1.

Expansion Step (ᾱi
k, α̂

i
k, y

i
k, d

i
k;α

i
k).

Data. γ > 0, δ ∈ (0, 1).
Step 1. Set α = α̂i

k.
Step 2. Let α̃ = min{ᾱi

k, (α/δ)}.
Step 3. If α = ᾱi

k or f(yik + α̃dik, μk) > f(yik, μk) − γα̃2, set αi
k = α and return.

Step 4. Set α = α̃ and go to Step 2.
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At Step 1 a suitable set of search directions d1
k, . . . , d

rk
k is determined. At Step 2

the behavior of the objective function is evaluated along each search direction. In
particular, if the search direction is feasible and is of sufficient decrease, the behavior
of the objective function along this direction is further investigated by executing an
Expansion Step until a suitable decrease is no longer obtained or the trial point reaches
the boundary of the feasible region.

We indicate by init stepk the initial stepsize at iteration k, and, for every direction
dik, with i = 1, . . . , rk, we denote

- by α̃i
k the candidate initial stepsize;

- by ᾱi
k the maximum feasible stepsize;

- by α̂i
k the initial stepsize;

- by αi
k the stepsize actually taken.

At Step 3 the new point xk+1 can be the point yi+1
k produced by Steps 1–2 or any

point where the objective function is improved with respect to f(yrkk , μk). This fact
allows us to adopt any approximation scheme for the objective function to produce
a new better point. This flexibility can be particularly useful when the evaluation of
objective function is computationally expensive, in which case the objective function
values produced in previous iterations can be used to build an inexpensive model
of f(x) to be minimized with the aim of producing a potentially good point xk+1.
However, we note that this option can be discarded simply by setting xk+1 = yi+1

k .
Then the smoothing parameter μk is reduced whenever maxi=1,...,rk{(α̃i

k)
1/2,

(αi
k)

1/2} gets smaller than the current smoothing value μk. We recall that
maxi=1,...,rk{(α̃i

k)
1/2, (αi

k)
1/2} can be viewed as a stationarity measure of the current

iterate (see [9], for example). Thus, according to the updating rule, the smoothing
parameter is reduced whenever a more precise approximation of a stationary point of
the smoothing function is obtained.

The following proposition describes some key properties of certain sequences gen-
erated by Algorithm DF.

Proposition 5. Let {xk}, {μk} be the sequences generated by Algorithm DF.
Then

(i) {xk} is well-defined;
(ii) the sequence {f(xk, μk)} is monotonically nonincreasing;
(iii) the sequence {xk} is bounded;
(iv) every cluster point of {xk} belongs to F ;
(v) the sequences {f(xk+1, μk)} and {f(xk, μk)} are both convergent and have

the same limit.
Proof. To prove assertion (i), it suffices to show that the Expansion Step, when

performed along a direction dik from yik, for i ∈ {1, . . . , rk}, terminates in a finite
number j̄ of steps either because δ−j̄α̂i

k ≥ ᾱi
k or because f(yik + δ−j̄α̂i

kd
i
k, μk) >

f(yik, μk) − γ
(
δ−j̄α̂i

k

)2
.

If this were not true, we would have for some k and i ∈ {1, . . . , rk} that α̂i
k > 0

and

δ−jα̂i
k < ᾱi

k, yik + δ−jα̂i
kd

i
k ∈ F ,

f(yik + δ−jα̂i
kd

i
k, μk) ≤ f(yik, μk) − γ

(
δ−jα̂i

k

)2
for all j = 0, 1, . . . . But by (i) of Proposition 2,

f(yik + δ−jα̂i
kd

i
k) ≤ f(yik + δ−jα̂i

kd
i
k, μk) ≤ f(yik, μk) − γ

(
δ−jα̂i

k

)2
,

for all j = 0, 1, . . . , which, since δ−j is unbounded, violates Assumption 1.
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To prove assertion (ii), we note that the instructions of the algorithm imply that

f(xk+1, μk) ≤ f(xk, μk).

Since μk+1 ≤ μk and f(x, μ) is increasing with respect to μ (see (i) of Proposition 2),
we have

f(xk+1, μk+1) ≤ f(xk+1, μk) ≤ f(xk, μk),(33)

so that assertion (ii) is proved.

By assertion (ii) we have for all k that f(xk, μk) ≤ f(x0, μ0), and hence

xk ∈ {x |f(x, μk) ≤ f(x0, μ0)}.

Then for any x satisfying

f(x, μk) ≤ f(x0, μ0)

we have from (i) of Proposition 2 that

f(x) ≤ f(x0, μ0).

Thus we can write

xk ∈ {x |f(x, μk) ≤ f(x0, μ0)} ⊆ {x |f(x) ≤ f(x0, μ0)}.

It follows from Assumption 1 that the set {x |f(x) ≤ f(x0, μ0)} is bounded, which
proves assertion (iii).

To prove assertion (iv), we note that the instructions of Algorithm DF imply that
xk ∈ F for all k. Since F is a closed set, the assertion follows.

To prove point (v), we note that, by Assumption 1, f(x) is bounded from below on
the feasible set F . Therefore, by recalling (8), we have that {f(xk, μk)} is also bounded
below, and hence, by point (ii), convergent. From (33), we have that {f(xk+1, μk)}
converges to the same limit of {f(xk, μk)}, which proves assertion (v).

The proposition that follows establishes some results concerning the adopted sam-
pling technique. In particular, point (i) guarantees that the sampling points tend to
cluster more and more. Point (ii) ensures the existence of sufficiently large stepsizes
providing feasible points along the search directions.

Proposition 6. Let {xk} be the sequence produced by Algorithm DF. Then we
have

(i)

lim
k→∞

max
1≤i≤rk

{
αi
k

}
= 0,(34)

lim
k→∞

max
1≤i≤rk

{
α̃i
k

}
= 0,(35)

lim
k→∞

max
1≤i≤rk

∥∥xk − yik
∥∥ = 0.(36)

(ii) ᾱi
k ≥ ε/c−

∥∥xk − yik
∥∥ whenever dik ∈ T (xk, ε) and ε > 0, where

c = maxj=1,...,m ‖aj‖.
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Proof. To prove assertion (i), we note from the construction of αi
k and yi+1

k in
Step 2.3 that

f(yi+1
k , μk) ≤ f(yik, μk) − γ(αi

k)
2(37)

and from the construction of α̃i+1
k that for each k and each i ∈ {1, . . . , rk}, one of the

following holds:

α̃i+1
k = αi

k,(38)

α̃i+1
k = θα̃i

k.(39)

Summing (37) for i = 1, . . . , rk and using the construction of xk+1 in Step 3 yields

f(xk+1, μk) ≤ f(xk, μk) − γ

rk∑
i=1

(αi
k)

2.

Recalling point (v) of Proposition 5, {f(xk, μk)} and {f(xk+1, μk)} are both conver-
gent and have the same limit, and {

∑rk
i=1(α

i
k)

2} → 0, thus proving (34).

For all k we have

α̃i
k = (θ)p

i
k α

lik
mi

k

,(40)

where mi
k ≤ k and lik ≤ rmi

k
are, respectively, the largest iteration index and the

largest direction index such that (38) holds, and the exponent pik is given by

pik =

{
i− lik if mi

k = k,
i + rk−1 + rk−2 + · · · + rmi

k
− lik otherwise.

(41)

Then let i be an arbitrary integer such that the set Ki = {k ∈ {0, 1, . . .} : rk ≥ i}
has infinitely many elements. If mi

k → ∞, as k → ∞ with k ∈ Ki, then, by (40) and
(34), we get (35).

On the other hand, suppose that mi
k is bounded above. In this case, for all k ∈ Ki

sufficiently large, mi
k < k, so that pik is given by the second part of (41). Since rmi

k
≥ lik

and rl ≥ 1 for l = mi
k + 1, . . . , k − 1, this then implies that pik ≥ i + (k − 1 −mi

k), so
that pik → ∞ as k → ∞, k ∈ Ki. Hence, by (40) and θ ∈ (0, 1) we get (35).

Then we note from the updating formula for yik in Step 2.4 that

xk − yik = −
i−1∑
l=1

αl
kd

l
k.

Then, using (34), ‖dlk‖ = 1 for 1 ≤ l ≤ rk, i ≤ rk, and the assumption that {rk}
is bounded, we obtain (36).

To prove assertion (ii), we note that, by the fact that dik ∈ T (xk; ε) and by the
definition of ᾱi

k in Step 2.2, either ᾱi
k = +∞ (in which case, the result is proved) or

an index j̄ /∈ I(xk; ε) exists such that

aTj̄ (yik + ᾱi
kd

i
k) = bj̄.
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In the latter case, solving for ᾱi
k and using 0 < aTj̄ d

i
k ≤ c (where c = maxj=1,...,m ‖aj‖)

yields

ᾱi
k =

(
bj̄ − aTj̄ y

i
k

)
/(aTj̄ d

i
k)

≥
(
bj̄ − aTj̄ y

i
k

)
/c

=
(
bj̄ − aTj̄ xk + aTj̄ (xk − yik)

)
/c

≥
(
ε + aTj̄ (xk − yik)

)
/c

≥
(
ε− ‖xk − yik‖c

)
/c,

where the second inequality follows from j̄ /∈ I(xk; ε) and the definition of I(xk; ε), so
that the assertion is proved.

The next proposition establishes the convergence properties of Algorithm DF.
Theorem 1. Let {xk} be the sequence generated by Algorithm DF. Then a limit

point of the sequence {xk} exists which is a stationary point of the minimax problem
(1).

Proof. By applying the results of Proposition 6 to Step 3 of the algorithm, we get
that

lim
k→∞

μk = 0.(42)

Let {xk}K be the subsequence corresponding to the subset of indices

K = {k : μk+1 < μk},(43)

which, due to (42), has infinitely many elements.
Now let x̄ be an accumulation point of the subsequence {xk}K , and let ε ∈

(0,min{ε̄, ε�}], where ε̄ and ε� are defined in Algorithm DF and Proposition 3, re-
spectively. Let

Jk = {i ∈ {1, . . . , rk} : dik ∈ Dk ∩ T (xk, ε)}.

Then Proposition 3 and Assumption 2 imply that, for k ∈ K,

T (x̄) = T (xk; ε) = cone{Dk ∩ T (xk; ε)} = cone{dik}i∈Jk
.(44)

For all i ∈ Jk, by definition, dik ∈ T (xk; ε) so that from point (ii) of Proposition
6 we get

ᾱi
k ≥ ε/c−

∥∥xk − yik
∥∥ ,

which, by point (i) of Proposition 6, implies that there exists an index k̄ such that,
for all k ≥ k̄ and k ∈ K,

αi
k/δ < ᾱi

k and α̂i
k = min{ᾱi

k, α̃
i
k} = α̃i

k < ᾱi
k.(45)

Then the construction of αi
k in Step 2.3 implies that, for each i ∈ Jk, either

yik +
αi
k

δ
dik ∈ F , f

(
yik +

αi
k

δ
dik, μk

)
> f(yik, μk) − γ

(
αi
k

δ

)2

,
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if an Expansion Step is performed, or

yik + α̂i
kd

i
k ∈ F , f(yik + α̂i

kd
i
k, μk) > f(yik, μk) − γ(α̂i

k)
2.

By letting ξik = αi
k/δ in the first case and ξik = α̂i

k in the second case, we have

f(yik + ξikd
i
k, μk) > f(yik, μk) − γ(ξik)

2.(46)

From the updating formula for yik in Step 2.4 of Algorithm DF, we note that

‖yik − xk‖ ≤
i−1∑
l=1

αl
k ≤ δ

i−1∑
l=1

ξlk ≤ δrk max
j∈Jk

{ξjk},(47)

from which we get

max
i∈Jk

{ξik, ‖xk − yik‖} ≤ max{1, δrk}max
i∈Jk

{ξik}.(48)

Since rk ≥ 1, δ ∈ (0, 1), and, by definition of ξik, maxi∈Jk
{ξik} ≤ maxi∈Jk

{α̃i
k, α

i
k/δ},

we have

max{1, δrk}max
i∈Jk

{ξik} ≤ rk
δ

max
i∈Jk

{α̃i
k, α

i
k}.(49)

Recalling the definition of K (see (43)), it follows from Step 3 of Algorithm DF
that

μ2
k > max

j=1,...,rk

{
α̃j
k, α

j
k

}
= μ2

k+1,(50)

so that, by (48), (49), and (50), we obtain maxi∈Jk
{ξik, ‖xk−yik‖} < rk

δ μ2
k, from which

we get

lim
k→∞,k∈K

maxi∈Jk
{ξik, ‖xk − yik‖}
μk

= 0.(51)

Finally, (42), (46), (51), and the result of Proposition 4 conclude the proof.
Corollary 1. Let {xk} be the sequence produced by Algorithm DF, and let

{xk}K be the subsequence corresponding to the subset of indices K such that

K = {k : μk+1 < μk}.

Then every accumulation point of {xk}K is a stationary point of the minimax
problem (1).

5. Numerical results. The aim of the computational experiments is to inves-
tigate the ability of the proposed algorithm to locate a good approximation to a
solution of the finite minimax problem (1). We report numerical results obtained by
Algorithm DF both on a set of 33 unconstrained minimax problems with n ∈ [1, 200]
and q ∈ [2, 501] (see [6] and [16] for a description of these problems) and on a set of
5 linearly constrained minimax problems with n ∈ [2, 20], q ∈ [3, 14], and m ∈ [1, 4]
(see [14] for a description of these test problems). We used as starting points those
reported in [6], [16], and [14].
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Parameter values used in the algorithm were chosen as follows:

init step0 = 1.0,μ0 = 1.0, γ = 10−6,

θ = 0.5,δ = 0.5, ε̄ = 1.0 .

As for the search directions, in the linearly constrained setting we use the com-
putation strategy proposed in [10], whereas, in the unconstrained case, we use Dk =
D = {±e1, . . . ,±en}. In the latter case, we further exploit the fact that Dk is con-
stant. First, we modify Step 2 by adopting the stepsize updating strategy proposed
in [12], in which each search direction ei, i = 1, . . . , n, has its own associated step-
size. Furthermore, in Step 3 a point x̂ is computed by performing a linesearch along
an additional direction described at Step 4 of Algorithm 3 in [12]. Then xk+1 = x̂,
provided that f(x̂, μk) ≤ f(yi+1

k , μk); otherwise, we set xk+1 = yi+1
k . We note that in

the linearly constrained case we always set xk+1 = yi+1
k .

For the stopping condition, we choose to stop the algorithm when init stepk ≤
10−4 in the constrained case and when maxi=1,...,n α̃

i
k ≤ 10−4 in the unconstrained

case. Furthermore, we also stop the computation whenever the code reaches a total
of 50000 function evaluations.

Table 1 shows the numerical results obtained by Algorithm DF. The table reports,
for each problem, its name, number n of variables, number q of component functions,
number m of linear constraints, and number nF of function evaluations required to
satisfy the stopping condition. We denote by f(x̄) the minimum value obtained by
Algorithm DF, by μ̄ the value of the smoothing parameter when the stopping condition
is met, and by f� the value of the known solution. Furthermore, we denote by

Δ =
f(x̄) − f�

1 + |f�|

the error at the solution obtained by Algorithm DF.
The results reported in Table 1 show that Algorithm DF is able to locate a good

estimate of the minimum point of the minimax problem (1) (as reported in [14] and
[16]) with a limited number of function evaluations, especially for problems with a
reasonably small number of variables (e.g., fewer than 10). It is worth noting that for
almost every problem, the final smoothing parameter value is of order 10−2 or less.

In order to better point out the efficiency of the proposed approach, we compare
Algorithm DF with some reasonable modifications of it. First, it seems reasonable
to test a modified version of Algorithm DF, which we call DFmod1, that always uses
the max function f(x) instead of the smooth approximation f(x, μ). This helps us to
evaluate the computational benefit of our method, with its first-order stationary result,
versus a modification that possesses a much weaker convergence property, as shown
in Appendix A. Second, in order to judge the effectiveness of the updating rule for the
smoothing parameter, we choose to compare Algorithm DF with Algorithms DFmod2

and DFmod3, which can be obtained from Algorithm DF by dropping the updating rule
for μ at Step 3 and choosing μ0 = 1 and μ0 = 10−2, respectively.

The complete results obtained by the three modified versions of Algorithm DF
(DFmod1, DFmod2, and DFmod3) are reported in Appendix B. Here, for the sake of clarity,
we report only a summary of the obtained results. For each algorithm, Table 2
indicates how many problems were solved to within the accuracy specified by the
column labels, while Table 3 reports the number of function evaluations. In particular,
for every pair of algorithms (DF, DFmodi, i = 1, 2, 3), we identify those problems solved
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Table 1

Numerical performance of Algorithm DF.

PROBLEM n q m nF f(x̄) μ̄ f� Δ

crescent 2 2 0 160 3.061E-03 1.105E-02 0.000E+00 3.061E-03
polak 1 2 2 0 106 2.718E+00 7.812E-03 2.718E+00 7.654E-09
lq 2 2 0 343 -1.411E+00 7.812E-03 -1.414E+00 1.158E-03
mifflin 1 2 2 0 65 -1.000E+00 1.210E-02 -1.000E+00 0.000E+00
mifflin 2 2 2 0 188 -9.980E-01 7.813E-03 -1.000E+00 1.009E-03
char.-conn 1 2 3 0 118 1.954E+00 9.882E-03 1.952E+00 4.631E-04
char.-conn 2 2 3 0 208 2.003E+00 1.105E-02 2.000E+00 1.153E-03
demy-malo 2 3 0 84 -3.000E+00 1.105E-02 -3.000E+00 0.000E+00
ql 2 3 0 132 7.203E+00 1.105E-02 7.200E+00 3.575E-04
hald-mad. 1 2 4 0 170 1.582E-02 1.105E-02 0.000E+00 1.582E-02
rosen 4 4 0 368 -4.394E+01 7.906E-03 -4.400E+01 1.347E-03
hald-mad. 2 5 42 0 471 6.177E-03 7.906E-03 1.220E-04 6.055E-03
polak 2 10 2 0 285 5.460E+01 7.813E-03 5.459E+01 1.134E-04
maxq 20 20 0 1858 0.000E+00 1.105E-02 0.000E+00 0.000E+00
maxl 20 40 0 891 0.000E+00 1.105E-02 0.000E+00 0.000E+00
goffin 50 50 0 2045 0.000E+00 7.813E-03 0.000E+00 0.000E+00
polak 6.1 2 3 0 131 1.954E+00 1.118E-02 1.952E+00 4.760E-04
polak 6.2 20 20 0 692 2.384E-09 1.105E-02 0.000E+00 2.384E-09
polak 6.3 4 50 0 2055 6.253E-03 7.813E-03 2.637E-03 3.607E-03
polak 6.4 4 102 0 1105 9.166E-03 7.813E-03 2.650E-03 6.499E-03
polak 6.5 4 202 0 1890 9.181E-03 7.813E-03 2.650E-03 6.515E-03
polak 6.6 3 50 0 374 6.531E-03 7.813E-03 4.500E-03 2.022E-03
polak 6.7 3 102 0 335 7.141E-03 7.813E-03 4.505E-03 2.624E-03
polak 6.8 3 202 0 369 7.263E-03 7.813E-03 4.505E-03 2.746E-03
polak 6.9 2 2 0 91 1.162E-01 7.812E-03 0.000E+00 1.162E-01
polak 6.10 1 25 0 129 1.784E-01 1.105E-02 1.782E-01 1.625E-04
polak 6.11 1 51 0 136 1.784E-01 1.105E-02 1.783E-01 6.206E-05
polak 6.12 1 101 0 153 1.784E-01 1.105E-02 1.784E-01 2.368E-05
polak 6.13 1 501 0 153 1.784E-01 1.105E-02 1.784E-01 1.464E-05
polak 6.14 100 100 0 3452 3.433E-09 1.105E-02 0.000E+00 3.433E-09
polak 6.15 200 200 0 6891 3.433E-09 1.105E-02 0.000E+00 3.433E-09
polak 6.16 100 50 0 3452 5.364E-09 1.105E-02 0.000E+00 5.364E-09
polak 6.17 200 50 0 7233 1.023E-08 7.812E-03 0.000E+00 1.023E-08
mad 1 2 3 1 43 -3.896E-01 1.747E-02 -3.897E-01 5.878E-05
mad 2 2 3 1 42 -3.304E-01 1.353E-02 -3.304E-01 -9.735E-10
mad 4 2 3 2 72 -4.489E-01 1.562E-02 -4.489E-01 4.601E-07
wong 2 10 6 3 236 2.522E+01 1.948E-02 2.431E+01 3.609E-02
wong 3 20 14 4 451 1.076E+02 2.545E-02 1.337E+02 -1.938E-01

Table 2

Comparison of methods: Number of problems solved to within a given accuracy.

Δ < 10−3 10−3 ≤ Δ < 10−1 Δ ≥ 10−1

DF 23 14 1
DFmod1 14 12 12
DFmod2 16 16 6
DFmod3 21 14 3
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Table 3

Comparison of methods: Cumulative number of function evaluations to solve the same problems
to within a given accuracy.

Δ < 10−3 10−3 ≤ Δ < 10−1 Δ ≥ 10−1

DF 3649 947 91
DFmod1 3645 703 88
DF 27662 8112 91
DFmod2 27662 7736 91
DF 7586 7716 91
DFmod3 22164 8252 88

with the same accuracy both by DF and DFmodi and compare the sum of the required
number of function evaluations.

From these results, it is clear that Algorithm DF outperformed Algorithms DFmod1

and DFmod2. In fact, DF solved to high accuracy (Δ < 10−3) a larger number of prob-
lems with a comparable number of function evaluations. Furthermore, the comparison
between Algorithms DF and DFmod1, in terms of number of failures (Δ ≥ 10−1), shows
the computational advantage of using an algorithm with stronger convergence proper-
ties. As for method DFmod3, it has two failures (Δ ≥ 10−1) more than DF, but it still
performs well and seems to exhibit a behavior quite similar to that of DF. However,
as seen in Table 3, the two algorithms perform quite differently in terms of function
evaluations. This difference in performance properly points out the fundamental im-
portance of the updating rule for the smoothing parameter μ, whose ultimate task is
that of limiting the ill-conditioning of the approximating problem. Indeed, when we
fix the smoothing parameter to 10−2, the problem is too ill-conditioned from the be-
ginning of the solution process. On the other hand, Algorithm DF limits the possible
ill-conditioning by decreasing the smoothing parameter at a suitable rate.

6. Appendix A. A function f : �n → � is said to be locally Lipschitz near a
point x ∈ �n if there exist L > 0 and δ > 0 such that

|f(y1) − f(y2)| ≤ L‖y1 − y2‖

for all y1, y2 belonging to the open ball {y ∈ �n : ‖y − x‖ < δ}. The (Clarke)
generalized directional derivative [5] of f at x in the direction d is denoted by f◦(x; d)
and is defined as follows:

f◦(x; d) = lim sup
y→x,t→0+

f(y + td) − f(y)

t
.(52)

Under the assumption that f is Lipschitz near x, f◦(x; d) is well defined.
The following proposition extends to Lipschitz continuous functions analogous re-

sults reported in [12] and [13] concerning general convergence conditions for derivative-
free methods.

Proposition 7. Let {xk} be a sequence of feasible points, x̄ be a limit point
of a subsequence {xk}K for some infinite set K ⊆ {0, 1, . . .}, and f(x) be locally
Lipschitz near x̄. Let {Dk}, with Dk = {d1

k, . . . , d
rk
k }, be a sequence of sets of di-

rections which satisfy Assumption 2 and Jk = {i ∈ {1, . . . , rk} : dik ∈ T (xk, ε)} with
ε ∈ (0,min{ε̄, ε�}] (where ε̄ and ε� are defined in Assumption 2 and Proposition 3,
respectively).
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Suppose that the following condition holds: for each k ∈ K and i ∈ Jk, there exist
yik and scalars ξik > 0 such that

yik + ξikd
i
k ∈ F ;(53)

f(yik + ξikd
i
k) ≥ f(yik) − o(ξik);(54)

lim
k→∞,k∈K

max
i∈Jk

{ξik} = 0;(55)

lim
k→∞

max
i∈Jk

‖xk − yik‖ = 0.(56)

Then

lim
k→∞,k∈K

min
i∈Jk

{
min{0, f◦(xk; d

i
k)}

}
= 0.(57)

Proof. Since
⋃

k∈K Dk is a finite set, there exist infinite subsets K1 ⊆ K and
J ⊂ {1, 2, . . .} and a positive integer r such that

Jk = J ∀k ∈ K1,

{dik}i∈Jk
= {d̄1, . . . , d̄r}, ‖d̄i‖ = 1 ∀k ∈ K1.

By using condition (56) it follows that

lim
k→∞,k∈K1

yik = x̄, i ∈ J.(58)

Now, recalling condition (54), for all k ∈ K1, we have

f(yik + ξikd̄
i) − f(yik) ≥ −o(ξik), i ∈ J,(59)

from which we obtain

lim sup
k→∞,k∈K1

f(yik + ξikd̄
i) − f(yik)

ξik
≥ 0.(60)

Since f(x) is locally Lipschitz near x̄, by using (52), (55), and (58) we can write

f◦(x̄; d̄i) ≥ lim sup
k→∞,k∈K1

f(yik + ξikd̄
i) − f(yik)

ξik
, i = 1, . . . , r,

so that, from (60), we obtain

f◦(x̄; d̄i) ≥ 0, i = 1, . . . , r,(61)

which proves (57).

7. Appendix B. Here we report the complete results for the modified versions
of Algorithm DF, namely DFmod1, DFmod2, and DFmod3, in Tables 4, 5, and 6.



1072 G. LIUZZI, S. LUCIDI, AND M. SCIANDRONE

Table 4

Numerical performance of Algorithm DFmod1.

PROBLEM n q m nF f(x̄) μ̄ f� Δ

crescent 2 2 0 78 0.000E+00 1.105E-02 0.000E+00 0.000E+00
polak 1 2 2 0 106 2.718E+00 7.812E-03 2.718E+00 7.654E-09
lq 2 2 0 86 -1.395E+00 7.812E-03 -1.414E+00 7.771E-03
mifflin 1 2 2 0 185 -1.000E+00 1.210E-02 -1.000E+00 6.358E-08
mifflin 2 2 2 0 74 -1.000E+00 7.812E-03 -1.000E+00 0.000E+00
char.-con 1 2 3 0 80 2.000E+00 7.812E-03 1.952E+00 1.618E-02
char.-con 2 2 3 0 81 2.000E+00 1.105E-02 2.000E+00 0.000E+00
demy-malo 2 3 0 84 -3.000E+00 1.105E-02 -3.000E+00 0.000E+00
ql 2 3 0 92 7.812E+00 7.812E-03 7.200E+00 7.470E-02
hald-mad 1 2 4 0 122 1.767E-01 1.105E-02 0.000E+00 1.767E-01
rosen 4 4 0 259 -4.378E+01 7.906E-03 -4.400E+01 4.821E-03
hald-mad 2 5 42 0 194 3.126E-01 7.906E-03 1.220E-04 3.124E-01
polak 2 10 2 0 285 5.460E+01 7.813E-03 5.459E+01 1.134E-04
maxq 20 20 0 7190 8.713E-03 7.813E-03 0.000E+00 8.713E-03
maxl 20 40 0 12111 3.028E-03 7.813E-03 0.000E+00 3.028E-03
goffin 50 50 0 2045 0.000E+00 7.813E-03 0.000E+00 0.000E+00
polak 6.1 2 3 0 92 1.973E+00 7.906E-03 1.952E+00 7.087E-03
polak 6.2 20 20 0 5174 1.553E-03 9.244E-03 0.000E+00 1.553E-03
polak 6.3 4 50 0 138 5.467E-01 7.813E-03 2.637E-03 5.426E-01
polak 6.4 4 102 0 138 5.497E-01 7.813E-03 2.650E-03 5.456E-01
polak 6.5 4 202 0 139 5.495E-01 7.813E-03 2.650E-03 5.454E-01
polak 6.6 3 50 0 104 5.441E-01 7.813E-03 4.500E-03 5.372E-01
polak 6.7 3 102 0 104 5.441E-01 7.813E-03 4.505E-03 5.372E-01
polak 6.8 3 202 0 104 5.441E-01 7.813E-03 4.505E-03 5.372E-01
polak 6.9 2 2 0 88 1.161E-01 7.812E-03 0.000E+00 1.161E-01
polak 6.10 1 25 0 58 1.782E-01 1.105E-02 1.782E-01 6.121E-07
polak 6.11 1 51 0 60 1.783E-01 1.105E-02 1.783E-01 6.630E-08
polak 6.12 1 101 0 61 1.784E-01 1.105E-02 1.784E-01 5.382E-07
polak 6.13 1 501 0 59 1.784E-01 1.105E-02 1.784E-01 1.021E-07
polak 6.14 100 100 0 44694 3.337E-03 7.812E-03 0.000E+00 3.337E-03
polak 6.15 200 200 0 50001 1.210E-01 1.914E-02 0.000E+00 1.210E-01
polak 6.16 100 50 0 50002 1.621E-01 2.210E-02 0.000E+00 1.621E-01
polak 6.17 200 50 0 50003 1.782E+00 3.125E-02 0.000E+00 1.782E+00
mad 1 2 3 1 105 -3.879E-01 1.235E-02 -3.897E-01 1.246E-03
mad 2 2 3 1 42 -3.304E-01 1.353E-02 -3.304E-01 -9.735E-10
mad 4 2 3 2 201 -4.461E-01 1.105E-02 -4.489E-01 1.967E-03
wong 2 10 6 3 358 2.654E+01 1.377E-02 2.431E+01 8.830E-02
wong 3 20 14 4 660 1.019E+02 1.271E-02 1.337E+02 -2.364E-01
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Table 5

Numerical performance of Algorithm DFmod2.

PROBLEM n q m nF f(x̄) μ̄ f� Δ

crescent 2 2 0 78 2.418E-01 1.000E+00 0.000E+00 2.418E-01
polak 1 2 2 0 106 2.718E+00 1.000E+00 2.718E+00 7.654E-09
lq 2 2 0 95 -1.274E+00 1.000E+00 -1.414E+00 5.796E-02
mifflin 1 2 2 0 65 -1.000E+00 1.000E+00 -1.000E+00 0.000E+00
mifflin 2 2 2 0 77 -8.193E-01 1.000E+00 -1.000E+00 9.033E-02
char.-con 1 2 3 0 94 2.041E+00 1.000E+00 1.952E+00 3.017E-02
char.-con 2 2 3 0 81 2.223E+00 1.000E+00 2.000E+00 7.435E-02
demy-malo 2 3 0 84 -3.000E+00 1.000E+00 -3.000E+00 0.000E+00
ql 2 3 0 156 7.473E+00 1.000E+00 7.200E+00 3.332E-02
hald-mad 1 2 4 0 292 8.496E-03 1.000E+00 0.000E+00 8.496E-03
rosen 4 4 0 515 -4.356E+01 1.000E+00 -4.400E+01 9.842E-03
hald-mad 2 5 42 0 299 9.496E-03 1.000E+00 1.220E-04 9.372E-03
polak 2 10 2 0 285 5.460E+01 1.000E+00 5.459E+01 1.134E-04
maxq 20 20 0 1858 0.000E+00 1.000E+00 0.000E+00 0.000E+00
maxl 20 40 0 891 0.000E+00 1.000E+00 0.000E+00 0.000E+00
goffin 50 50 0 2045 0.000E+00 1.000E+00 0.000E+00 0.000E+00
polak 6.1 2 3 0 106 2.041E+00 1.000E+00 1.952E+00 3.014E-02
polak 6.2 20 20 0 692 2.384E-09 1.000E+00 0.000E+00 2.384E-09
polak 6.3 4 50 0 1527 8.864E-03 1.000E+00 2.637E-03 6.211E-03
polak 6.4 4 102 0 2260 7.785E-03 1.000E+00 2.650E-03 5.122E-03
polak 6.5 4 202 0 1428 1.106E-02 1.000E+00 2.650E-03 8.388E-03
polak 6.6 3 50 0 262 6.592E-03 1.000E+00 4.500E-03 2.083E-03
polak 6.7 3 102 0 264 8.179E-03 1.000E+00 4.505E-03 3.657E-03
polak 6.8 3 202 0 400 8.545E-03 1.000E+00 4.505E-03 4.022E-03
polak 6.9 2 2 0 91 1.162E-01 1.000E+00 0.000E+00 1.162E-01
polak 6.10 1 25 0 52 1.038E+00 1.000E+00 1.782E-01 7.300E-01
polak 6.11 1 51 0 53 1.105E+00 1.000E+00 1.783E-01 7.866E-01
polak 6.12 1 101 0 51 1.139E+00 1.000E+00 1.784E-01 8.150E-01
polak 6.13 1 501 0 57 1.167E+00 1.000E+00 1.784E-01 8.389E-01
polak 6.14 100 100 0 3452 3.433E-09 1.000E+00 0.000E+00 3.433E-09
polak 6.15 200 200 0 6891 3.433E-09 1.000E+00 0.000E+00 3.433E-09
polak 6.16 100 50 0 3452 5.364E-09 1.000E+00 0.000E+00 5.364E-09
polak 6.17 200 50 0 7233 1.023E-08 1.000E+00 0.000E+00 1.023E-08
mad 1 2 3 1 43 -3.896E-01 1.000E+00 -3.897E-01 5.878E-05
mad 2 2 3 1 42 -3.304E-01 1.000E+00 -3.304E-01 -9.735E-10
mad 4 2 3 2 72 -4.489E-01 1.000E+00 -4.489E-01 4.601E-07
wong 2 10 6 3 236 2.522E+01 1.000E+00 2.431E+01 3.609E-02
wong 3 20 14 4 451 1.076E+02 1.000E+00 1.337E+02 -1.938E-01
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Table 6

Numerical performance of Algorithm DFmod3.

PROBLEM n q m nF f(x̄) μ̄ f� Δ

crescent 2 2 0 79 2.693E-03 1.000E-02 0.000E+00 2.693E-03
polak 1 2 2 0 106 2.718E+00 1.000E-02 2.718E+00 7.654E-09
lq 2 2 0 142 -1.412E+00 1.000E-02 -1.414E+00 1.072E-03
mifflin 1 2 2 0 65 -1.000E+00 1.000E-02 -1.000E+00 0.000E+00
mifflin 2 2 2 0 74 -9.982E-01 1.000E-02 -1.000E+00 9.172E-04
char.-con 1 2 3 0 130 1.953E+00 1.000E-02 1.952E+00 4.080E-04
char.-con 2 2 3 0 91 2.003E+00 1.000E-02 2.000E+00 1.060E-03
demy-malo 2 3 0 84 -3.000E+00 1.000E-02 -3.000E+00 0.000E+00
ql 2 3 0 148 7.203E+00 1.000E-02 7.200E+00 3.656E-04
hald-mad 1 2 4 0 165 1.270E-03 1.000E-02 0.000E+00 1.270E-03
rosen 4 4 0 812 -4.399E+01 1.000E-02 -4.400E+01 3.083E-04
hald-mad 2 5 42 0 856 6.762E-03 1.000E-02 1.220E-04 6.639E-03
polak 2 10 2 0 285 5.460E+01 1.000E-02 5.459E+01 1.134E-04
maxq 20 20 0 7153 5.821E-11 1.000E-02 0.000E+00 5.821E-11
maxl 20 40 0 9663 5.913E-05 1.000E-02 0.000E+00 5.913E-05
goffin 50 50 0 2045 0.000E+00 1.000E-02 0.000E+00 0.000E+00
polak 6.1 2 3 0 329 1.953E+00 1.000E-02 1.952E+00 3.821E-04
polak 6.2 20 20 0 1305 2.384E-09 1.000E-02 0.000E+00 2.384E-09
polak 6.3 4 50 0 1990 8.010E-03 1.000E-02 2.637E-03 5.359E-03
polak 6.4 4 102 0 865 9.830E-03 1.000E-02 2.650E-03 7.162E-03
polak 6.5 4 202 0 2284 1.063E-02 1.000E-02 2.650E-03 7.963E-03
polak 6.6 3 50 0 590 6.429E-03 1.000E-02 4.500E-03 1.921E-03
polak 6.7 3 102 0 589 7.040E-03 1.000E-02 4.505E-03 2.524E-03
polak 6.8 3 202 0 365 7.446E-03 1.000E-02 4.505E-03 2.928E-03
polak 6.9 2 2 0 88 1.161E-01 1.000E-02 0.000E+00 1.161E-01
polak 6.10 1 25 0 62 1.784E-01 1.000E-02 1.782E-01 1.625E-04
polak 6.11 1 51 0 60 1.784E-01 1.000E-02 1.783E-01 5.924E-05
polak 6.12 1 101 0 61 1.784E-01 1.000E-02 1.784E-01 2.368E-05
polak 6.13 1 501 0 60 1.784E-01 1.000E-02 1.784E-01 1.464E-05
polak 6.14 100 100 0 50005 3.713E-02 1.000E-02 0.000E+00 3.713E-02
polak 6.15 200 200 0 50002 8.690E-02 1.000E-02 0.000E+00 8.690E-02
polak 6.16 100 50 0 50001 1.617E-01 1.000E-02 0.000E+00 1.617E-01
polak 6.17 200 50 0 50001 6.276E-01 1.000E-02 0.000E+00 6.276E-01
mad 1 2 3 1 43 -3.896E-01 1.000E-02 -3.897E-01 5.878E-05
mad 2 2 3 1 42 -3.304E-01 1.000E-02 -3.304E-01 -9.735E-10
mad 4 2 3 2 72 -4.489E-01 1.000E-02 -4.489E-01 4.601E-07
wong 2 10 6 3 236 2.522E+01 1.000E-02 2.431E+01 3.609E-02
wong 3 20 14 4 451 1.076E+02 1.000E-02 1.337E+02 -1.938E-01
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