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Abstract. This paper is aimed toward the definition of a new exact augmented Lagrangian function for two-
sided inequality constrained problems. The distinguishing feature of this augmented Lagrangian function is that it
employs only one multiplier for each two-sided constraint. We prove that stationary points, local minimizers and
global minimizers of the exact augmented Lagrangian function correspond exactly to KKT pairs, local solutions
and global solutions of the constrained problem.
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1. Introduction and assumptions

In this paper we are concerned with the inequality constrained problem

min f (x)

l ≤ g(x) ≤ u,
(P)

where f : R
n �→ R, g : R

n �→ R
m and l, u ∈ R

m are such that li < ui for i = 1, . . . , m.
We denote the feasible set of Problem (P) by

F = {x ∈ R
n : l ≤ g(x) ≤ u}.
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Let S be an open set such that F ⊂ S. We assume f (x) and g(x) to be twice continuously
differentiable functions over S. We denote by S

◦
the interior of S, by S̄ its closure and by

∂S its boundary.
Frequently real world problems present constraints with both lower and upper bounds, so

that it is of great interest to treat them directly rather than to split them into two singlesided
constraints, thus obtaining

min f (x)

g(x) − u ≤ 0

l − g(x) ≤ 0.

(1)

It is well-known that Problem (1) can be transformed into an unconstrained minimization
problem by employing a continuously differentiable exact merit function. In particular if
this transformation is carried out by means of an exact augmented Lagrangian function, we
come up with a problem on the augmented space R

n+2m of the primal and dual variables. In
the case of large number of constraints, this approach may lead us to tackle huge problems.
In this context, we show that it is possible to introduce an exact augmented Lagrangian
function for Problem (P) depending only on n + m variables.

The starting point of our approach consists in conveniently rewriting the KKT conditions
for Problem (P) by introducing only m multipliers; as in [1]. Specifically, we say that a pair
(x̄, λ̄) ∈ R

n × R
m is a KKT pair if it satisfies:

∇ f (x̄) + ∇g(x̄)λ̄ = 0 (2a)

∀i = 1, . . . , m




gi (x̄) = ui and λ̄i ≥ 0, or

gi (x̄) = li and λ̄i ≤ 0, or

li < gi (x̄) < ui and λ̄i = 0.

(2b)

Before going into details, we introduce the following definitions.
The Lagrangian function associated with Problem (P) is the function L : R

n × R
m �→ R

given by

L(x, λ) = f (x) + λ�g(x),

and we denote its gradient and Hessian by

∇x L(x, λ) = ∇ f (x) + ∇g(x)λ

∇2
x L(x, λ) = ∇2 f (x) +

m∑
i=1

λi∇2gi (x).

Given a vector x ∈ R
n , we define

A0(x) = {i : gi (x) = ui or gi (x) = li },
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as the set of the indices of the constraints which are active at their lower or upper bound. If
the gradients ∇gi (x̄), i ∈ A0(x̄) are linearly independent at a feasible point x̄ , then the KKT
conditions (2) are first order necessary optimality conditions for x̄ to be a local solution of
Problem (P) with associated multiplier λ̄.

Given a KKT pair (x̄, λ̄), we define the following set

A+(x̄, λ̄) = {i : gi (x̄) = ui , λ̄i > 0 or gi (x̄) = li , λ̄i < 0}.

We say that a KKT pair (x̄, λ̄) satisfies the strict complementarity condition if it holds that

A+(x̄, λ̄) = A0(x̄).

We say that a KKT pair (x̄, λ̄) satisfies the strong second order sufficient optimality
condition if it happens that

y�∇2
x L(x̄, λ̄) y > 0, ∀y : ∇gi (x̄)�y = 0 with i ∈ A+(x̄, λ̄). (3)

In the sequel we make use of the following assumptions.

Assumption A1. The open set S and the constraint functions gi (x), i = 1, . . . , m are such
that for every sequence {xk} converging toward x̄ ∈ ∂S, an index i ∈ {1, . . . , m} exists
such that

lim
k→∞

|gi (xk)| = +∞.

Assumption A2. At least one of the two following conditions is satisfied:

(a) there exists a known feasible point x̂ ∈ F and f (x) is coercive on S̄ (that is for any
{xk} ⊆ S such that ‖xk‖ → ∞ we have f (xk) → ∞);

(b) the set S̄ is compact and at every point x ∈ S \ F
m∑

i=1

ri (x)∇gi (x) �= 0

where

ri (x)




>0 if gi (x) > ui

=0 if li ≤ gi (x) ≤ ui ∀i = 1, . . . , m

<0 if gi (x) < li

Assumption A3. For every x ∈F the gradients ∇gi (x), i ∈ A0(x), are linearly independent.

Assumption A1 is not as restrictive as it may appear. It allows us to considerably simplify
the definition of the new exact augmented Lagrangian function. This assumption can be
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easily satisfied by appropriately choosing the open perturbation S of the feasible set and by
scaling the constraints consequently. In fact, let the feasible set of the original problem be

F̃ = {x ∈ R
n : l̃ ≤ g̃(x) ≤ ũ}

and assume that Assumption A1 is not satisfied. For every αi > 0, i = 1, . . . , m, a first
choice for the set S is the following:

S = {x ∈ R
n : (αi − (g̃i (x) − ũi ))(αi − (l̃ i − g̃i (x))) > 0, i = 1, . . . , m},

Consequently let us modify the constraints as follows:

gi (x) = g̃i (x) − l̃ i

(αi − (g̃i (x) − ũi ))(αi − (l̃ i − g̃i (x)))
, i = 1, . . . , m

and the corresponding bounds as li = 0 and ui = (ũi − l̃ i )/αi (αi + ũi − l̃ i ). A second
choice corresponds to setting

S = {x ∈ R
n : αi − max{l̃ i − g̃i (x), 0}3 − max{g̃i (x) − ũi , 0}3 > 0, i = 1, . . . , m},

and

gi (x) = g̃i (x) − l̃ i

αi − max{l̃ i − g̃i (x), 0}3 − max{g̃i (x) − ũi , 0}3
,

being li = 0 and ui = (ũi − l̃ i )/αi the corresponding bounds.
We can prove that F̃ = F and that the modified function g(x) satisfies Assumptions A2

and A3, if the original function g̃(x) does. The proof is reported in Appendix A.1.
As concerns Assumptions A2 and A3, they are usual assumptions in the field of contin-

uously differentiable exact merit functions (see, e.g., [1, 3, 14]).
We remark that the above assumptions are a priori assumptions in the sense that they re-

gard the problem statement rather than the behaviour of an algorithm. We refer the interested
reader to [15] for a discussion on similar assumptions. We just note that by Assumption A2
(a) constrained optimization problems with unbounded feasible set can be tackled, provided
that a feasible point is known and that f (x) is coercive on S̄. Assumption A2 (b) is a weaker
form of the Mangasarian-Fromowitz constraint qualification condition ([16] and [5]).

In Sections 2–6 we shall suppose that Assumptions A1–A3 hold.
We conclude this section by introducing some basic notation. Given a vector v, we denote

by V the diagonal matrix V = diag(v). Let S and T be two index subsets, then we denote
by vS the subvector of a vector v with components vi , i ∈ S and by QST the submatrix of
a matrix Q made up by elements qi j with i ∈ S and j ∈ T . Given two vectors u, v of same
dimension, we denote by max{u, v} the vector with components max{ui , vi }. Moreover, we
denote by ‖v‖ the Euclidean norm of v.
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2. The augmented Lagrangian function

In this section we introduce a continuously differentiable exact augmented Lagrangian
function whose expression stems from the KKT conditions written as in (2). It is well-known
[3, 6, 14] that a continuously differentiable exact augmented Lagrangian function can be
obtained by adding to the objective function terms that provide a “smooth” penalization of
the violation of the KKT conditions.

A general expression of an exact augmented Lagrangian function is the following:

G(x, λ; ε) = f (x) + 1

2ε
ψ(x, λ; ε) + η(x, λ),

where ε is a strictly positive penalty parameter (see e.g., [6]). Roughly speaking the first
penalty term ψ(x, λ; ε) forces the feasibility and the complementarity condition, while
η(x, λ) is a positive term that penalizes the distance between the variable λ and a KKT
multiplier λ̄ and that, in a neighborhood of KKT pair, convexifies in some sense G(x, λ; ε)
with respect to λ.

The term ψ(x, λ; ε)

In order to define ψ(x, λ; ε), we draw our inspiration from [1]. First, let us introduce the
function γ : S × R

m → R
m , defined componentwise as

γi (x, λ; εp(λ)) =




gi (x) − ui if gi (x) − ui ≥ −εp(λ)λi

gi (x) − li if gi (x) − li ≤ −εp(λ)λi i = 1, . . . , m

−εp(λ)λi otherwise,

where p(λ) is a strictly positive scalar function. We note that, in a more compact notation,
γ can be written as

γ (x, λ; εp(λ)) = min{g(x) − l, −εp(λ)λ} + max{g(x) − u, −εp(λ)λ} + εp(λ)λ.

The following property holds.

Proposition 2.1. It results γ (x̄, λ̄; εp(λ̄)) = 0 if and only if the pair (x̄, λ̄) satisfies (2b).

Now we are ready to define the term ψ . In particular we set:

ψ(x, λ; εp(λ)) = 2ελ�γ (x, λ; εp(λ)) + 1

p(λ)
‖γ (x, λ; εp(λ))‖2.

It is easily verified (reasoning as in [6]) that the function ψ(x, λ; εp(λ)) satisfies the foll-
owing properties:

– if p(λ) is a continuously differentiable function, then ψ(x, λ; εp(λ)) is continuously
differentiable with respect to (x, λ);
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– if x ∈ F , then ψ(x, λ; εp(λ)) = 0 if and only if (x, λ) satisfy conditions (2b);
– limε→0 ψ(x, λ; εp(λ)) = ‖ρ(x)‖2/p(λ) where ρi (x), for i = 1, . . . , m, are given by

ρi (x) = max{gi (x) − ui , 0} + min{gi (x) − li , 0}. (4)

We point out that ρ(x) = 0 if and only if x ∈ F . Therefore, when ε tends toward zero, the
term ψ becomes a measure of the constraints violation.

It is worth noting that, if the function p(λ) is poorly chosen (e.g. a positive constant) then
the term ψ(x, λ; εp(λ)) can be unbounded from below with respect to λ. In order to avoid
this possibility, we define the function p(λ) as follows

p(λ) = 1

1 + ‖λ‖2
. (5)

It is evident that the term 1/p(λ) penalizes the fact that the norm of vector λ is too large
thus preventing function ψ(x, λ; εp(λ)) from being unbounded from below with respect
to λ.

The term η(x, λ)

As already discussed, the key role of this term is to weight the distance between the actual
value of the multiplier λ and the KKT multiplier λ̄. This is obtained by minimizing with
respect toλ a function penalizing condition (2a) and the complementarity conditions (gi (x)−
li )(gi (x) − ui )λi = 0, i = 1, . . . , m, which are implied by (2b). In particular, we consider
the function

‖∇ f (x) + ∇g(x)λ‖2 + ‖(G(x) − L)(G(x) − U )λ‖2.

By minimizing the above function with respect to λ, we get the condition

ϕ(x, λ) = ∇g(x)�(∇ f (x) + ∇g(x)λ) + (G(x) − U )2(G(x) − L)2λ = 0. (6)

We set η(x, λ) = ‖ϕ(x, λ)‖2, that is

η(x, λ) = ‖M(x)λ + ∇g(x)�∇ f (x)‖2 (7)

where

M(x) = ∇g(x)�∇g(x) + (G(x) − U )2(G(x) − L)2. (8)

The function η(x, λ) satisfies the following properties [6]:

– it is continuously differentiable with respect to (x, λ);
– it is a convex function with respect to λ;
– if (x̄, λ̄) is a KKT pair, then η(x̄, λ) = 0 if and only if λ = λ̄.



AN EXACT AUGMENTED LAGRANGIAN FUNCTION 63

It is worth noting that, at points where M(x) is nonsingular, η(x, λ) can be rewritten as

η(x, λ) = ‖M(x)(λ − λ(x))‖2

with λ(x) given by

λ(x) = −M(x)−1∇g(x)�∇ f (x).

The above function is an extension to double-sided constraints of the multiplier function
first introduced by Glad and Polak in [12] for one-sided constraints. Following analogous
reasoning as in [12], it is easy to check that, under Assumption A3, the matrix M(x) given
by (8) is nonsingular for all x ∈ F .

We are now in a position to define an exact augmented Lagrangian function for Problem
(P) as follows

Lb(x, λ; ε) = f (x) + λ�γ (x, λ; εp(λ)) + ‖γ (x, λ; εp(λ))‖2

2εp(λ)

+ ‖M(x)λ + ∇g(x)�∇ f (x)‖2. (9)

We note that, if we let p(λ) = 1 and we remove the last term in (9) we obtain the augmented
Lagrangian function proposed by Bertsekas in [1], which is an extension to two-sided
constraints of the Hestenes-Powell-Rockafeller augmented Lagrangian function [18].

One-sided inequality constraints

Before entering into the analysis of the properties of Lb(x, λ; ε) we briefly discuss the case
of one-sided inequality constrained problems:

min f (x)

g(x) ≤ 0.

The path which led us to the definition of the augmented Lagrangian (9) can be adapted
to this case thus resulting in the definition of the following exact augmented Lagrangian
function:

La(x, λ; ε) = f (x) + λ� max{g(x), −εp(λ)λ} + ‖ max{g(x), −εp(λ)λ}‖2

2εp(λ)

+ ‖∇g(x)�∇x L(x, λ) + G(x)2λ‖2.

It is worth noting the differences between La and other exact augmented Lagrangian func-
tions previously proposed for one-sided constraints [7, 14]. Indeed, in [7, 14], the com-
pactness property of the level sets of the exact merit function is guaranteed by introducing
some barrier term in x in the expression of the merit function itself. On the contrary, as we
shall see in the following, it is possible to assure the compactness of the level sets of La by
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employing Assumption A1 which, as already mentioned, can be satisfied by appropriately
scaling the constraint functions.

Under Assumptions A1–A3 (where in Assumption A2(b) we can set r (x) = max{g(x), 0})
the study of the properties of La follows, with minor modifications, from the one which
will be carried out in subsequent sections for Lb.

3. Preliminary properties of Lb

In this section we point out some properties of the function Lb(x, λ; ε).

Proposition 3.1. For any value of ε > 0, we have:
(a) at every KKT pair (x̄, λ̄) of Problem (P):

Lb(x̄, λ̄; ε) = f (x̄);

(b) for all (x, λ) ∈ F × R
m it results:

Lb(x, λ; ε) ≤ f (x) + η(x, λ); (10)

(c) for all (x, λ) ∈ S × R
m it results:

Lb(x, λ; ε) ≥ f (x) − ε

2
+ 1

2ε
‖γ (x, λ; εp(λ))‖2 + η(x, λ) ≥ f (x) − ε

2
. (11)

Proof: Point (a) immediately follows from Proposition 2.1 and expression (9) of Lb.
Point (b). From expression (9) of Lb we have that

Lb(x, λ; ε) − f (x) − η(x, λ) =
m∑

i=1

[
λiγi (x, λ; εp(λ)) + 1

2εp(λ)
γi (x, λ; εp(λ))2

]
.

(12)

We show that, for x ∈ F , the i-th term of the summation in (12) is non positive. Indeed, it
can be rewritten as

σi = γi (x, λ; εp(λ))

2εp(λ)
(2εp(λ)λi + γi (x, λ; εp(λ))).

Now, we have the following three cases:

(i) −εp(λ)λi ≤ gi (x) − ui ≤ 0, that is, γi (x, λ; εp(λ)) = gi (x) − ui ≤ 0 and

σi = gi (x) − ui

2εp(λ)
(2εp(λ)λi + gi (x) − ui ) ≤ 0;
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(ii) −εp(λ)λi ≥ gi (x) − li ≥ 0, that is, γi (x, λ; εp(λ)) = gi (x) − li ≥ 0 and

σi = gi (x) − li

2εp(λ)
(2εp(λ)λi + gi (x) − li ) ≤ 0;

(iii) γi (x, λ; εp(λ)) = −εp(λ)λi and σi = −εp(λ)λ2
i

2 ≤ 0.

Hence we can conclude that the summation (12) is non positive and hence that Lb(x, λ; ε) ≤
f (x) + η(x, λ) for every x ∈ F and λ ∈ R

m .
Point (c). Recalling the expression (5) of p(λ) we can write function Lb(x, λ; ε) as:

Lb(x, λ; ε) = f (x) + λ�γ (x, λ; εp(λ)) + 1

2ε
‖γ (x, λ; εp(λ))‖2(‖λ‖2 + 1) + η(x, λ),

from which we obtain:

Lb(x, λ; ε) ≥ f (x) − ‖λ‖‖γ (x, λ; εp(λ))‖ + 1

2ε
‖λ‖2‖γ (x, λ; εp(λ))‖2

+ 1

2ε
‖γ (x, λ; εp(λ))‖2 + η(x, λ).

Now, taking into account that the quadratic form −u + 1
2ε

u2 attains its minimum value − ε
2

when u = ε, we get:

Lb(x, λ; ε) ≥ f (x) − ε

2
+ 1

2ε
‖γ (x, λ; εp(λ))‖2 + η(x, λ) ≥ f (x) − ε

2
,

which proves (11).

Now we put in evidence some interesting properties of the level sets of the augmented
Lagrangian function Lb. Let us define

�(x◦, λ◦; ε) = {(x, λ) ∈ S × R
m : Lb(x, λ; ε) ≤ Lb(x◦, λ◦; ε)},

where (x◦, λ◦) ∈ S × R
m .

From points (a) and (b) of Proposition 3.1, it easily follows a first property of the level
set �. In fact, if a feasible point x◦ is known, it is possible to select properly λ◦ so that KKT
points of Problem (P) belonging to the set �(x◦, λ◦; ε) have an objective function value
smaller than or equal to f (x◦). In particular we have:

Proposition 3.2. Let x◦ be a feasible point and λ◦ be a solution of

η(x◦, λ) = ∇g(x◦)�∇ f (x◦) + M(x◦)λ = 0, (13)

where M(x) is given by (8). Then, for every ε > 0, any KKT pair (x̄, λ̄) of Problem (P)
belonging to �(x◦, λ◦; ε) is such that f (x̄) ≤ f (x◦).
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It is easy to check that, under Assumption A3, a solution λ◦ of system (13) exists. Then,
the proof follows from the expression of Lb and (10). Indeed, Lb(x◦, λ◦; ε) ≤ f (x◦) and
Lb(x̄, λ̄; ε) = f (x̄).

In order to prove the results on the compactness of the level sets of Lb, we need the
following technical lemma.

Lemma 3.3 [4]. Let {s(i)
k }, i = 1, . . . , p, be p sequences of positive numbers. Then, there

exists an index i∗ and a sequence of integers K = {k j } such that

lim
j→∞

s(i∗)
k j

s(i)
k j

= ti < +∞, i = 1, . . . , p.

In particular ti∗ = 1.

In the next two propositions, we state the compactness properties of the level set �.

Proposition 3.4. For every εM > 0, there exists a compact set C ⊂ S such that �(x◦, λ◦;
ε) ⊆ C × R

m for all ε ∈ (0, εM ].

Proof: Let

�x = {x ∈ R
n : (x, λ) ∈ �(x◦, λ◦; ε) for some ε ∈ (0, εM ]}

and C = �̄x . We first show that C is compact. Since it is closed by definition, we show that
C is a bounded set. By definition of �, we have that

C ⊆ S̄. (14)

We have to distinguish if either point (a) of Assumption A2 or point (b) of Assumption A2
holds.

If Assumption A2(b) holds, S̄ is compact, so that by (14) we get that C is bounded.
Otherwise, if Assumption A2(a) holds, a feasible point x̂ is known. Then, letting x◦ = x̂ ,
by (10) and (11) we have, for every ε ∈ (0, εM ] that

f (x) − εM

2
≤ Lb(x, λ; ε) ≤ Lb(x◦, λ◦; ε) ≤ f (x◦) + η(x◦, λ◦).

Now, by definition,

C ⊆
{

x ∈ S̄ : f (x) ≤ f (x◦) + εM

2
+ η(x◦, λ◦)

}
,

which, taking into account that f (x) is coercive on S̄, implies that C is compact.
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Now we prove that C ⊂ S. Assume by contradiction that sequences {(xk, λk)} and {εk}
exist such that

0 < εk ≤ εM , ∀k,

(xk, λk) ∈ �(x◦, λ◦; εk),

xk → x̃ ∈ ∂S.

By Assumption A1, the index set J = J+ ∪ J− with

J+ = {i : gi (xk) → +∞}, J− = {i : gi (xk) → −∞},
is not empty. By Lemma 3.3 with s(i)

k = 1/|gi (xk)|, an index i∗ exists such that for every
i ∈ J

lim
k→∞

|gi (xk)|
|gi∗ (xk)| = ti < ∞ (ti∗ = 1).

Recalling that (xk, λk) ∈ �(x◦, λ◦; εk) and the expression (9) of Lb, it results:

(εk)2

|gi∗ (xk)|2
(

f (xk) + 1

2εk
ψ(xk, λk ; εk)

)
≤ (εk)2

|gi∗ (xk)|2 Lb(xk, λk ; εk)

≤ (εk)2

|gi∗ (xk)|2 Lb(x◦, λ◦; εk).

Taking the limit for k → ∞, recalling that { f (xk)} is bounded, we have

lim
k→∞

εk

2|gi∗ (xk)|2 ψ(xk, λk ; εk) ≤ lim
k→∞

(εk)2

|gi∗ (xk)|2 Lb(x◦, λ◦; εk) = 0.

Now, taking into account that, for i = 1, . . . , m, {εk p(λk)λk
i } is a bounded sequence, we

can write

0 ≥ lim
k→∞

εk

|gi∗ (xk)|2 ψ(xk, λk ; εk)

= lim
k→∞

1

p(λk)

[ ∑
i∈{1,...,m}\J

εk

|gi∗ (xk)|2
(

p(λk)λk
i γi (xk, λk ; εk) + 1

2εk
γi (xk, λk ; εk)2

)

+
∑
i∈J+

εk

|gi∗ (xk)|2
(

p(λk)λk
i (gi (xk) − ui ) + 1

2εk
(gi (xk) − ui )

2

)

+
∑
i∈J−

εk

|gi∗ (xk)|2
(

p(λk)λk
i (gi (xk) − li ) + 1

2εk
(gi (xk) − li )

2

)]

= lim
k→∞

(1 + ‖λk‖2)
∑
i∈J

1

2
t2
i .

which contradicts the fact that
∑

i∈J ti > 0 (ti∗ = 1).
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We now prove the compactness of the level sets of Lb for every value of the penalty parame-
ter ε.

Proposition 3.5. For every ε > 0 the level set �(x◦, λ◦; ε) is compact.

Proof: We first show that �(x◦, λ◦; ε) is bounded. The proof is by contradiction. There-
fore, we assume that there exists a sequence {xk, λk} such that xk ∈ C, ‖λk‖ → ∞ and

Lb(xk, λk ; ε) ≤ Lb(x◦, λ◦; ε), (15)

where C is the compact set defined in Proposition 3.4. Since xk ∈ C, a subsequence exists,
that we relabel {xk, λk}, such that:

xk → x̃,
λk

‖λk‖ → λ̃.

Taking into account the expression (5) of p(λ), we have:

lim
k→∞

p(λk) = 0, lim
k→∞

‖λk‖p(λk) = 0, (16)

lim
k→∞

‖λk‖2 p(λk) = 1. (17)

Now, dividing (15) by ‖λk‖2, recalling the expression of Lb and taking the limit for k → ∞,

by (16), we obtain:

lim sup
k→∞

1

‖λk‖2
Lb(xk, λk ; ε) ≤ lim sup

k→∞

‖γ (xk, λk ; εp(λk))‖2

2ε‖λk‖2 p(λk)

+ lim sup
k→∞

∥∥∥∥M(k)
λk

‖λk‖
∥∥∥∥

2

≤ 0,

which, by (17), yields

lim
k→∞

γ (xk, λk ; εp(λk)) = 0 (18)

lim
k→∞

∥∥∥∥M(xk)
λk

‖λk‖
∥∥∥∥

2

= ‖M(x̃)λ̃‖2 = 0. (19)

From (18) and the properties of γ (x, λ; ε) we get x̃ ∈ F . Moreover, from (19), we get
M(x̃)λ̃ = 0 (with ‖λ̃‖ = 1). Hence, the matrix M(x̃) should be singular, but this contradicts
Assumption A3. Therefore, we can conclude that for every ε > 0, the level set �(x◦, λ◦; ε)
is bounded.

Now, we have to prove that �(x◦, λ◦; ε) is also closed. To this aim we show that every
limit point (x̃, λ̃) of every sequence {(xk, λk)} ∈ �(x◦, λ◦; ε) belongs to �(x◦, λ◦; ε). Sup-
pose, by contradiction, that {(x̃, λ̃)} /∈ �(x◦, λ◦; ε); then, by the definition of �(x◦, λ◦; ε)
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and by continuity of Lb it results that x̃ ∈ ∂S which contradicts Proposition 3.4, that is,
�(x◦, λ◦; ε) ⊆ C × R

m where C ⊂ S.

The fact, shown by Proposition 3.5, that the continuously differentiable function Lb(x, λ;
ε) has compact level sets for every value of the penalty parameter ε is quite relevant. It im-
plies, on the one hand, that Lb admits a global minimum point, and hence a stationary point,
on S × R

m ; on the other hand, that any globally convergent unconstrained minimization
algorithm, using only first order derivatives of the objective function, can be employed to
compute the stationary points of Lb.

4. First order analysis

In this section we consider the relationships between KKT pairs of Problem (P) and sta-
tionary points of Lb(x, λ; ε). First we prove that, for any ε > 0:

– every KKT pair of Problem (P) is a stationary point of Lb;
– every stationary point (x̄, λ̄) of Lb such that γ (x̄, λ̄; εp(λ̄)) = 0 is a KKT pair of Problem

(P).

Finally we prove that for sufficiently small values of ε, every stationary point (x̄, λ̄) of Lb

is such that γ (x̄, λ̄; εp(λ̄)) = 0 and, hence, that it is a KKT pair of Problem (P).
From the definition and under the differentiability assumptions on f and g, it follows

that the function Lb(x, λ; ε) is a C1 function for all (x, λ) ∈ S × R
m . The gradient of Lb is

obtained from (9) as:

∇x Lb(x, λ; ε) = ∇x L(x, λ) + 1

εp(λ)
∇g(x)γ (x, λ; εp(λ)) + Q(x, λ)ϕ(x, λ) (20)

∇λLb(x, λ; ε) = γ (x, λ; εp(λ)) + 1

ε
‖γ (x, λ; εp(λ))‖2λ + 2M(x)ϕ(x, λ) (21)

where

Q(x, λ) = 2

[
∇2

x L(x, λ)∇g(x) +
m∑

i=1

∇2gi (x)∇x L(x, λ)e�
i

+ 2∇g(x)(G(x) − U )(2G(x) − U − L)(G(x) − L)�

]
, (22)

M(x) is given by (8) and ϕ(x, λ) is defined in (6).

Proposition 4.1. Let (x̄, λ̄) be a KKT pair of Problem (P). Then, for any ε > 0, the pair
(x̄, λ̄) is a stationary point of Lb(x, λ; ε).

Proof: The proof is straightforward using (20) and (21).
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Proposition 4.2. Let (x̄, λ̄) ∈ S × R
m be a stationary point of Lb(x, λ; ε) such that

γ (x̄, λ̄; εp(λ̄)) = 0. Then (x̄, λ̄) is a KKT pair for Problem (P).

Proof: By using ∇λLb(x, λ; ε) = 0 and γ (x̄, λ̄; εp(λ̄)) = 0, we have

M(x̄)ϕ(x̄, λ̄) = 0.

Premultiplying by ϕ(x̄, λ̄)� and recalling the definition (8) of M(x), we get

ϕ(x̄, λ̄)�
[

∇g(x̄)

(G(x̄) − U )(G(x̄) − L)

]� [
∇g(x̄)

(G(x̄) − U )(G(x̄) − L)

]
ϕ(x̄, λ̄) = 0,

from which[
∇g(x̄)

(G(x̄) − U )(G(x̄) − L)

]
ϕ(x̄, λ̄) = 0.

Premultiplying again by [∇x L(x̄, λ̄)�
... λ̄�(G(x̄) − U )(G(x̄) − L)] we get

ϕ(x̄, λ̄) = 0. (23)

Taking into account ∇x Lb(x̄, λ̄; ε) = 0 and γ (x̄, λ̄; εp(λ̄)) = 0, and using (20) and (23), we
obtain

∇x L(x̄, λ̄) = 0,

which, along with γ (x̄, λ̄; εp(λ̄)) = 0, yelds that (x̄, λ̄) is a KKT pair of Problem (P).

In order to prove that a strictly positive value ε̄ of the penalty parameter exists such
that every stationary point of the merit function Lb(x, λ; ε) corresponds to a KKT pair of
Problem (P), we need the following technical proposition. As shown in [7], the proposition
turns out to be also useful in the definition of an algorithm for the solution of Problem (P),
and more precisely in the definition of an updating rule for the automatic adjustment of the
penalty parameter.

Proposition 4.3. There exists an ε̄ > 0 such that for all ε ∈ (0, ε̄] and all (x, λ) ∈
�(x◦, λ◦; ε) we have

‖∇Lb(x, λ; ε)‖ ≥ ‖γ (x, λ; εp(λ))‖. (24)

Proof: This proof is similar to that concerning an analogous property of the merit function
in [7]. For the sake of completeness it is reported in Appendix A.2.
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Employing Proposition 4.3, we can state the following result, that together with
Proposition 4.1, completes our analysis and allows us to establish a complete correspon-
dence between stationary points of the augmented Lagrangian Lb(x, λ; ε) and KKT pairs
of Problem (P).

Proposition 4.4. There exists a positive number ε̄ > 0 such that, for all ε ∈ (0, ε̄], if
(x̄, λ̄) ∈ �(x◦, λ◦; ε) is a stationary point of Lb(x, λ; ε), then (x̄, λ̄) is a KKT pair of
Problem (P).

To summarize, we have proved that for sufficiently small values of the penalty parame-
ter ε, there exists a one-to-one correspondence between KKT pairs of Problem (P) and
unconstrained stationary points of the new augmented Lagrangian function Lb in S × R

m .

5. Second order analysis

In this section we assume that f and gi , i = 1, . . . , m are three times continuously differ-
entiable functions. Under these assumptions we perform an analysis of the second order
properties of the augmented Lagrangian function Lb. This analysis allows us to prove ad-
ditional exactness results, and provides the bases for the definition of algorithms which
conciliate the global convergence with a superlinear convergence rate (see, e.g., [7]).

Under the differentiability assumption on f, g, it follows that Lb is an SC1 function for all
(x, λ) ∈ S × R

m , that is a continuously differentiable function with a semismooth gradient
(see [9]). Hence, we can define its generalized Hessian ∂2Lb(x, λ; ε), in Clarke’s sense (see
[2]). For the augmented Lagrangian function Lb it is possible to describe the structure of the
generalized Hessian ∂2Lb in a neighborhood of a KKT pair of Problem (P). To this aim we
consider a partition of the index set {1, . . . , m} into the subsets A and N = {1, . . . , m} \ A,
and we partition the vectors and matrices accordingly. Then we introduce the following
(n + m) × (n + m) symmetric matrix H (x, λ; ε, A), given block-wise by (for convenience
we omit the arguments in the r.h.s):

Hxx (x, λ; ε, A) = ∇2
x L + 1

εp
∇gA∇g�

A + 2∇2
x L∇g∇g�∇2

x L , (25)

Hλλ(x, λ; ε, A) = −εp
(

0 0

0 IN

)
+ 2M2

N (26)

Hxλ(x, λ; ε, A) = (∇gA 0) + 2∇2
x L∇gMN , (27)

where

MN = ∇g�∇g +
(

0 0

0 (G − U )2
N (G − L)2

N

)

and IN is the identity matrix of order |N |. The following proposition states that, in a
neighborhood of a KKT pair of Problem (P), the generalized Hessian ∂2Lb(x, λ; ε) can
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be described almost explicitly. In fact, by reasoning as in [7], we can state the following
proposition whose proof is reported in Appendix A.3.

Proposition 5.1. For every KKT pair (x̄, λ̄) of Problem (P) and for every ε > 0 there
exists a neighborhood B of (x̄, λ̄) such that, for all (x, λ) ∈ B, it results ∂2Lb(x, λ; ε) =
co{∂2

B Lb(x, λ; ε)} with

∂2
B Lb(x, λ; ε) = {H (x, λ; ε, A) + K (x, λ; ε, A) : A ∈ A},

where A = {A : A+(x̄, λ̄) ⊆ A ⊆ A0(x̄)}, and K (x, λ; ε, A) is a matrix such that
‖K (x, λ; ε, A)‖ ≤ ρ(x, λ), with ρ(x, λ) a nonnegative function such that ρ(x̄, λ̄) = 0.

At a KKT pair where the strict complementarity holds, it results A+(x̄, λ̄) = A0(x̄). In
this case ∂2Lb(x̄, λ̄; ε) reduces to a singleton, and in a neighborhood of the KKT pair the
generalized Hessian can be further characterized as stated in the following proposition.

Proposition 5.2. For every KKT pair (x̄, λ̄) of Problem (P) where the strict complemen-
tarity holds, and for every ε > 0, there exists a neighborhood B of (x̄, λ̄) such that, for all
(x, λ) in B, Lb is twice continuously differentiable, with Hessian matrix given by:

∇2Lb(x, λ; ε) = H (x, λ; ε, A0(x̄)) + K (x, λ; ε, A0(x̄)),

where H and K are matrices like in Proposition 5.1.

By employing the properties pointed out in Propositions 5.1 and 5.2, it is possible to
establish some correspondences between second order stationary points of Lb(x, λ; ε) and
points which satisfy second order optimality conditions for Problem (P).

The first result shows that every stationary point of Lb satisfying second order necessary
conditions correspond to a point satisfying second order necessary conditions for Problem
(P). In particular we have:

Proposition 5.3. Let (x̄, λ̄) be a KKT pair of Problem (P) and let ε > 0 be given. If
a positive semidefinite matrix H ∈ ∂2

B Lb(x̄, λ̄; ε) exists, then the pair (x̄, λ̄) satisfies the
second order necessary conditions for Problem (P):

y�∇2
x L(x̄, λ̄)y ≥ 0, ∀y : ∇gA0(x̄)(x̄)�y = 0.

We refer to [8] for the proof of the above proposition.
The next proposition proves that, for sufficiently small values of ε, KKT pairs of Problem

(P) satisfying the strong second order sufficient condition (3) are strict local minimizers
of Lb which satisfy also the second order sufficient optimality condition for SC1 functions
(see [13]).

Proposition 5.4. Let (x̄, λ̄) be a KKT pair of Problem (P) which satisfies the strong
second order sufficient condition (3). Then, there exists a number ε̄ > 0 such that, for
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every ε ∈ (0, ε̄], (x̄, λ̄) is an isolated local minimum point of Lb(x, λ; ε) and all matrices
in ∂2Lb(x̄, λ̄; ε) are positive definite.

Proof: We refer to [7] for the relevant details of this proof.

6. Optimality results

In this chapter, we complete the analysis of the exactness properties of the new augmented
Lagrangian function Lb(x, λ; ε) by establishing the relationships between local or global
solutions of Problem (P) and local or global unconstrained minimum points of the augmented
Lagrangian function. All the proofs of this section follow, with minor modifications, from
the ones given in [7].

First of all we recall (see, e.g., [11], p. 46) a basic definition.

Definition 6.1. Given a set M, a nonempty subset M∗ ⊂ M is called an isolated set of
M if there exists a closed set E such that E

◦ ⊃M∗ and such that, if x ∈ E \ M∗, then
x /∈ M.

Now we can state that points in an isolated compact set of local minimizers of Problem
(P) correspond to unconstrained local minimizers of Lb.

Proposition 6.2. Let M∗( f̄ ) an isolated compact set of local solution of Problem (P),
corresponding to the objective function value f̄ ; then, there exists a number ε̄ > 0 such
that, for all ε ∈ (0, ε̄], if x̄ ∈ M∗( f̄ ) and λ̄ is its associated KKT multiplier, (x̄, λ̄) is an
unconstrained local minimum point of Lb(x, λ; ε).

We have that also the converse is true.

Proposition 6.3. There exists a number ε̄ > 0 such that, for all ε ∈ (0, ε̄], if (x̄, λ̄) ∈
�(x◦, λ◦; ε) is an unconstrained local minimum point of Lb(x, λ; ε), then x̄ is a local
solution of (P) and λ̄ is its associated KKT multiplier.

To conclude this chapter we can establish a bijective correspondence between global
minimum points of the augmented Lagrangian function Lb(x, λ; ε) and global solutions of
Problem (P).

Proposition 6.4. Suppose that the feasible set F is not empty. Then, there exists a number
ε̄ > 0 such that, for all ε ∈ (0, ε̄], if x̄ is a global solution of Problem (P) and λ̄ is its
associated KKT multiplier, the pair (x̄, λ̄) is a global minimum point of Lb(x, λ; ε) on
S × R

m, and conversely.

It is thus evident that the augmented Lagrangian function Lb(x, λ; ε) enjoys the properties
stated in Definitions 1, 2 and 3 of [5], namely, it is “globally” exact on the open set S ×R

m .
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On this basis we can define a solution algorithm for Problem (P) based on the unconstrained
minimization of Lb, and on an automatic adjustment rule for the penalty parameter of the
type proposed by Polak in [17].

A. Appendix

A.1. Constraints transformation

We show that the constraints of Problem (P) can be modified in order to assure the satisfac-
tion of Assumption A1 without perturbing the feasible set and the satisfaction of Assump-
tions A2 and A3. We consider only one of the two choices for S and the corresponding
modification of g proposed in Section 1; the same type of arguments can be applied to the
second choice.

First we note that we can write

F̃ = {x ∈ R
n : l̃ ≤ g̃(x) ≤ ũ} = {x ∈ R

n : 0 ≤ g̃(x) − l̃ ≤ ũ − l̃}.

Let us consider the first modification, corresponding to

gi (x) = g̃i (x) − l̃ i

(αi − (g̃i (x) − ũi ))(αi − (l̃ i − g̃i (x)))
, i = 1, . . . , m,

and li = 0 and ui = (ũi − l̃ i )/αi (αi + ũi − l̃ i ).
By definition, we have that (αi − (g̃i (x) − ũi ))(αi − (l̃ i − g̃i (x))) > 0 for every x ∈ S.

We prove separately the two implications x ∈ F̃ ⇒ x ∈ F and x ∈ F ⇒ x ∈ F̃ .
Let us assume that x ∈ F̃ ⊂ S. By definition, g(x) ≥ 0. Moreover, for every x ∈ F̃ , we

can write the following inequality

(αi − (g̃i (x) − ũi ))(αi − (l̃ i − g̃i (x))) = αi (αi + ũi − l̃ i ) + (g̃i − l̃ i )(ũi − g̃i )

≥ αi (αi + ũi − l̃ i ) > 0.

Hence we can write

gi (x) ≤ g̃i (x) − l̃ i

αi (αi + ũi − l̃ i )
≤ ũi − l̃ i

αi (αi + ũi − l̃ i )
= ui , i = 1, . . . , m.

The second implication is proved by showing that x /∈ F̃ ⇒ x /∈ F . Recalling that
x ∈ S, we have trivially that if g̃i (x) − l̃ i < 0 then gi (x) < 0, i = 1, . . . , m. Moreover, if
g̃i (x) > ũi , we can write the inequality

(αi − (g̃i (x) − ũi ))(αi − (l̃ i − g̃i (x)))

= αi (αi + ũi − l̃ i ) + (g̃i − l̃ i )(ũi − g̃i ) < αi (αi + ũi − l̃ i ),
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and consequently we have

gi (x) >
g̃i (x) − l̃ i

αi (αi + ũi − l̃ i )
>

ũi − l̃ i

αi (αi + ũi − l̃ i )
= ui , i = 1, . . . , m.

Hence we get that x ∈ F if and only if x ∈ F̃ .
Now let us consider the satisfaction of Assumptions A2 and A3. We can write ∇gi (x) =

ci (x)∇ g̃i (x) where

ci (x) = α2
i + αi (ũi − l̃ i ) + (g̃i (x) − l̃ i )2

(αi − (g̃i (x) − ũi ))2(αi − (l̃ i − g̃i (x)))2
> 0,

that is the gradients of g̃i (x), i = 1, . . . , m, are modified by positive functions. So that
Assumptions A2 and A3 still hold.

A.2. Proof of Proposition 4.3

In order to prove Proposition 4.3, we need the following technical result.

Proposition A.1. For every x̂ ∈ F there exist numbers ε(x̂), σ (x̂), and δ(x̂) such that,
for all ε ∈ (0, ε(x̂)] and for all (x, λ) ∈ �(x◦, λ◦; ε) such that ‖x − x̂‖ ≤ σ (x̂) and
‖∇λLb(x, λ; ε)‖ ≤ ‖γ (x, λ; εp(λ))‖, it results

ε‖∇x Lb(x, λ; ε)‖ ≥ δ(x̂)‖γ (x, λ; εp(λ))‖.

Proof: From Assumption A3, it follows that matrix M(x̂) is positive definite, hence non
singular. Let B be a neighborhood of x̂ such that M(x) is nonsingular for all x ∈ B. If
‖∇λLb(x, λ; ε)‖ ≤ ‖γ (x, λ; εp(λ))‖, by (21) we can write

∥∥∥∥γ (x, λ; εp(λ)) + 1

ε
‖γ (x, λ; εp(λ))‖2 + 2M(x)ϕ(x, λ)

∥∥∥∥ ≤ ‖γ (x, λ; εp(λ))‖.

Hence we get

2‖M(x)ϕ(x, λ)‖ ≤ 2‖γ (x, λ; εp(λ))‖ + 1

ε
‖γ (x, λ; εp(λ))‖2‖λ‖,

from which, for x ∈ B, we obtain

‖ϕ(x, λ)‖ ≤ ‖M(x)−1‖
{

1 + 1

2ε
‖λ‖‖γ (x, λ; εp(λ))‖

}
‖γ (x, λ; εp(λ))‖. (28)
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Now, defining, for i = 1, . . . , m,

bi (x, λ; ε)

=




εp(λ)(gi (x) − li )λi + (gi (x) − ui )(gi (x) − li ) if gi (x) + εp(λ)λi ≥ ui

0 if li < gi (x) + εp(λ)λi < ui

εp(λ)(gi (x) − ui )λi + (gi (x) − ui )(gi (x) − li ) if gi (x) + εp(λ)λi ≤ li

and letting B(x, λ; ε) = diag{b(x, λ; ε)}, we can write

(G(x) − U )(G(x) − L)λ = 1

εp(λ)
[B(x, λ; ε) − (G(x) − U )(G(x) − L)]γ (x, λ; ε).

Recalling (20) and omitting the arguments to simplify the notation, we can write

‖∇g�∇x Lb‖ =
∥∥∥∥∇g�∇x L + 1

εp
∇g�∇gγ + ∇g� Qϕ

+ (G − U )2(G − L)2λ

− 1

εp
[(G − U )(G − L)B − ((G − U )2(G − L)2)]γ

∥∥∥∥. (29)

Multiplying (29) by εp we get

εp‖∇g�∇x Lb‖ = ‖M̃γ + εp(I + ∇g� Q)ϕ‖ (30)

where

M̃(x, λ; ε) = M(x) − (G(x) − U )(G(x) − L)B(x, λ; ε).

Therefore, employing (30) and (28), we have

εp‖∇g�∇x Lb‖ ≥ ‖M̃γ ‖ − εp‖I + ∇g� Q‖‖M−1‖
{

1 + ‖λ‖‖γ ‖
2ε

}
‖γ ‖,

from which we obtain

εζ‖∇x Lb‖ ≥ εp‖∇g�∇x Lb‖ ≥
≥

[
σm(M̃�M̃)1/2 − εp‖I + ∇g� Q‖‖M−1‖

{
1 + ‖λ‖‖γ ‖

2ε

}]
‖γ ‖,

(31)

where σm(M̃�M̃) is the smallest eigenvalue of M̃�M̃ and

ζ = max
x∈C

‖∇g(x)‖,
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with C defined in Proposition 3.4. Now, due to the fact that by assumption x̂ ∈ F , for every
λ ∈ R

m we have M̃(x̂ ; λ; 0) = M(x̂). Therefore, M̃(x̂, λ; 0) is positive definite. Moreover,
the term

εp
{

1 + ‖λ‖‖γ ‖
2ε

}

in (31) vanishes for ε = 0 and x̂ ∈ F . By Proposition 3.4, points x such that (x, λ) ∈
�(x◦, λ◦; ε), belong to a compact set C which does not depend on ε. This and the expression
of p(λ) yield both that p(λ) and p(λ)λ are bounded. Moreover, γ (x, λ; εp(λ)) is continuous
over �(x◦, λ◦; ε) and it results that

γ (x̂, λ; 0) = 0

whenever x̂ ∈ F . Hence, the term

‖λ‖‖γ (x, λ; εp(λ))‖
2

tends to zero when x → x̂ and ε → 0. Therefore, it is always possible to find numbers
ε(x̂) > 0, σ (x̂) > 0 and δ(x̂) > 0 such that, for all ε ∈ (0, ε(x̂)] and for all (x, λ) ∈
�(x◦, λ◦; ε) satisfying ‖x − x̂‖ ≤ σ (x̂) and ‖∇λLb(x, λ; ε)‖ ≤ ‖γ (x, λ; εp(λ))‖, it results:

1

η

[
σm(M̃�M̃)1/2 − εp‖I + ∇g� Q‖‖M−1‖

{
1 + ‖λ‖‖γ ‖

2ε

}]
≥ δ(x̂) > 0. (32)

Now, the assertion is proved by considering that (31) and (32) yields

ε‖∇x Lb(x, λ; ε)‖ ≥ δ(x̂)‖γ (x, λ; εp(λ))‖.

Proof of Proposition 4.3: The proof is by contradiction. Let us suppose that the assertion
be false. In this case, subsequences {εk} and {(xk, λk)} would exist such that:

εk → 0, (33)

(xk, λk) ∈ �(x◦, λ◦; εk), (34)

xk → x̃ ∈ C, (35)

‖∇Lb(xk, λk ; εk)‖ < ‖γ (xk, λk ; εk p(λk))‖. (36)

From (36) we get the two following relations:

‖∇λLb(xk, λk ; εk)‖ < ‖γ (xk, λk ; εkp(λk))‖, (37)

εkp(λk)‖∇x Lb(xk, λk ; εk)‖ < εkp(λk)‖γ (xk, λk ; εkp(λk))‖. (38)
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Now, employing Proposition 3.4 and recalling the expressions of p(λ) and γ (x, λ; εp(λ))
we have that

lim
k→∞

εkp(λk)‖γ (xk, λk ; εkp(λk))‖ = 0,

that, along with Eq. (38), implies

lim
k→∞

εkp(λk)‖∇x Lb(xk, λk ; εk)‖ = 0. (39)

Again, by the expression of p(λ), Proposition 3.4 and the continuity assumption, it results
that the sequences {p(λk)∇g(xk)λk} and {p(λk)Q(xk, λk)ϕ(xk, λk)} are bounded. Then,
recalling (20) and taking the limit for k → ∞, we obtain

0 = lim
k→∞

εkp(λk)∇x Lb(xk, λk ; εk) = ∇g(x̃)ρ(x̃),

where ρ(x) are given by (4). By Assumption A2(b), setting r (x̃) = ρ(x̃), we obtain x̃ ∈
F . On the other hand, if Assumption A2(a) holds true, namely if we assume x◦ ∈F , by
Proposition 3.1(b) and (c), we have, for every k:

f (xk) − εk

2
+ ‖γ (xk, λk ; εkp(λk))‖2

2εk
≤ Lb(xk, λk ; εk)

≤ Lb(x◦, λ◦; εk) ≤ f (x◦) + η(x◦, λ◦).

By taking the limit for k → ∞, and by the continuity assumption, we obtain

f (x̃) + lim sup
k→∞

‖γ (xk, λk ; εkp(λk))‖2

2εk
≤ f (x◦) + η(x◦, λ◦),

which, considering Proposition 3.4, implies ρ(x̃) = 0, so that again we have x̃ ∈ F . In
conclusion, if Assumption A2 holds true, the sequence {xk} converges to a point x̃ which
is feasible. This fact along with (33), (37) and Proposition A.1 imply that, for sufficiently
large values of k, we get a contradiction with (36).

A.3. Proof of Proposition 5.1

Let (x̄, λ̄) be a KKT pair of Problem (P). We consider a point (x, λ) in a neighborhood B
of (x̄, λ̄) and a subsequence {(xk, λk)} converging to (x, λ) and such that the Hessian of Lb

is defined for every (xk, λk).
We recall that the generalized Hessian ∂2Lb(x, λ; ε) in Clarke’s sense is the set of matrices

given by:

∂2Lb(x, λ; ε) = co
{
∂2

B Lb(x, λ; ε)
}
,

where ∂2
B Lb(x, λ; ε) = {W ∈ R

(n+m)×(n+m) : ∃{(xk, λk)} → (x, λ) with ∇Lb differentiable
at (xk, λk) and {∇2Lb(xk, λk ; ε)} → W }.
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We prove separately the two inclusions

∂2
B Lb(x, λ; ε) ⊆ {H (x, λ; ε, A) + K (x, λ; ε, A) : A ∈ A},
∂2

B Lb(x, λ; ε) ⊇ {H (x, λ; ε, A) + K (x, λ; ε, A) : A ∈ A}.

We note that ∇Lb is differentiable at (xk, λk) whenever it occurs that:

1. for every index i : gi (xk) − ui �= −εp(λk)λk
i and gi (xk) − li �= −εp(λk)λk

i , or
2. for every index i such that gi (xk) − ui = −εp(λk)λk

i or gi (xk) − li = −εp(λk)λk
i it

results:

∇gi (xk) = 0 = −ε∇λi

(
p(λk)λk

i

) = p(λk)
(
1 − 2

(
λk

i

)2)
.

Let us define the set of indices:

Ak = {
i :

(
gi (xk) − ui + εp(λk)λk

i

)(
gi (xk) − li + εp(λk)λk

i

) ≥ 0
}
,

N k = {1, . . . , m} \ Ak .

From now on we omit the arguments to simplify the notation. By partitioning the vectors
g, λ and γ according to Ak and N k , we can rewrite ∇Lb as:

∇x Lb = ∇x L + 1

εp
∇gAk γAk − ∇gN k λk

N k + Qϕ, (40)

∇λAk Lb = 1

ε

[‖γAk ‖2 + (εp)2
∥∥λk

N k

∥∥2]
λk

Ak + γAk

+ 2
[∇g�

Ak ∇g + (
(G − U )2

Ak (G − L)2
Ak

... 0Ak N k

)]
ϕ (41)

∇λNk Lb = 1

ε

[‖γAk ‖2 + (εp)2
∥∥λk

N k

∥∥2]
λk

N k − εpλk
N k

+ 2
[∇g�

N k ∇g + (
0N k Ak

... (G − U )2
N k (G − L)2

N k

)]
ϕ. (42)

By differentiating (40)–(42), we obtain the Hessian of Lb at (xk, λk), that can be written as

∇2Lb(xk, λk ; ε) = H (xk, λk ; ε, Ak) + K (xk, λk ; ε, Ak),

where H (xk, λk ; ε, Ak) is given by (25)–(27) and K (xk, λk ; ε, Ak) is given by the summation
of all the matrices whose elements contain as a factor either a component of γAk or a
component of λk

N k or a component of ∇x Lk . Since, for sufficiently large values of k (see,
e.g., [10]), it results

A+(x̄, λ̄) ⊆ Ak ⊆ A0(x̄),
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we have that gAk (xk) → 0 and λk
N k → 0, provided that (xk, λk) → (x̄, λ̄) and that, for

sufficiently large values of k, Ak ∈ A. These considerations imply that

∂2
B Lb(x, λ; ε) ⊆ {H (x, λ; ε, A) + K (x, λ; ε, A) : A ∈ A}.

Now we have to prove that also the opposite inclusion holds, that is, we have to show that
for every choice of A ∈ A it is possible to find a sequence {(xk, λk)} converging toward
(x̄, λ̄) such that:

Ak = A, N k = {1, . . . , m} \ A,

and

∇2Lb(xk, λk ; ε) = H (xk, λk ; ε, A) + K (xk, λk ; ε, A).

We denote by N the set {1, . . . , m} \ A and

A1 = A ∩ A+, A2 = A ∩ (A0 \ A+),

N1 = {i ∈ N : li < gi (x̄) < ui , λ̄i = 0}, N2 = N ∩ (A0 \ A+);

recalling the definition of A we have that:

A = A1 ∪ A2, N = N1 ∪ N2.

For every pair (xk, λk) sufficiently close to (x̄, λ̄) it results that:

Ak ⊇ A1, N k ⊇ N1.

To conclude the proof, we show that it is possible to further refine the choice of points
(xk, λk) in such a way that also the two inclusions:

Ak ⊇ A2, (43)

N k ⊇ N2 (44)

are satisfied.
To this aim, let δ̃ > 0 be a number such that |λ̄i | ≤ δ̃, i = 1, . . . , m. Then, we consider

δ = mini=1,...,m{ ui −li
2ε

, δ̃}. Since for every index i ∈ A2 ∪ N2 we have either gi (x̄) = ui

or gi (x̄) = li , we choose the subsequence {xk} in such a way to satisfy the following
requirements:

2|gi (xk) − ui |
ε

≤ δ

1 + mδ̃2
∀i ∈ A2 ∪ N2, gi (x̄) = ui , (45)

2|gi (xk) − li |
ε

≤ δ

1 + mδ̃2
∀i ∈ A2 ∪ N2, gi (x̄) = li . (46)
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Now we consider a sequence {λk} converging to λ̄ and such that:∣∣λk
i

∣∣ ≤ δ̃ i ∈ A1 ∪ N1, (47)

λk
i = max

{
2|gi (xk) − ui |(1 + mδ̃2)

ε
,
δ

k

}
> 0 i ∈ A2, gi (x̄) = ui , (48)

λk
i = − max

{
2|gi (xk) − ui |(1 + mδ̃2)

ε
,
δ

k

}
< 0 i ∈ N2, gi (x̄) = ui , (49)

λk
i = − max

{
2|gi (xk) − li |(1 + mδ̃2)

ε
,
δ

k

}
< 0 i ∈ A2, gi (x̄) = li , (50)

λk
i = max

{
2|gi (xk) − li |(1 + mδ̃2)

ε
,
δ

k

}
> 0 i ∈ N2, gi (x̄) = li . (51)

Employing (45), (48), the definition of p(λ) and the fact that |λk
i | ≤ δ̃ for all i = 1, . . . , m,

we get that for all i ∈ A2 and such that gi (x̄) = ui :

−λk
i = − max

{
2|gi (xk) − ui |(1 + mδ̃2)

ε
,
δ

k

}

≤ − max

{
2|gi (xk) − ui |(1 + ‖λk‖2)

ε
,
δ

k

}
< −|gi (xk) − ui |

εp(λk)
≤ gi (xk) − ui

εp(λk)
;

whereas, for all i ∈ A2 and such that gi (x̄) = li :

−λk
i = max

{
2|gi (xk) − li |(1 + mδ̃2)

ε
,
δ

k

}
≥ max

{
2|gi (xk) − li |(1 + ‖λk‖2)

ε
,
δ

k

}

>
|gi (xk) − li |

εp(λk)
≥ gi (xk) − li

εp(λk)
;

which proves (43). Now we prove (44). By employing analogous reasoning, if we consider
an index i ∈ N2 and such that gi (x̄) = ui we get:

−λk
i = max

{
2|gi (xk) − ui |(1 + mδ̃2)

ε
,
δ

k

}
≥ max

{
2|gi (xk) − ui |(1 + ‖λk‖2)

ε
,
δ

k

}

>
|gi (xk) − ui |

εp(λk)
≥ gi (xk) − ui

εp(λk)
;

hence

gi (xk) < ui − εp(λk)λk
i .

By (49) we obtain

λk
i = −max

{
2|gi (xk) − ui |(1 + mδ̃2)

ε
,
δ

k

}

≤ −max

{
2|gi (xk) − ui |(1 + ‖λk‖2)

ε
,
δ

k

}
< −|gi (xk) − ui |

εp(λk)
≤ gi (xk) − ui

εp(λk)
;
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hence

ui + εp(λk)λk
i < gi (xk) < ui − εp(λk)λk

i .

Now we show that li − εp(λk)λk
i ≤ ui + εp(λk)λk

i . By (49) and from the definition of δ we
have that

0 < −λk
i = max

{
2|gi (xk) − ui |(1 + mδ̃2)

ε
,
δ

k

}
≤ δ ≤ ui − li

2ε
.

This equation and the fact that p(λk) ≤ 1 for every k, implies li −εp(λk)λk
i ≤ ui +εp(λk)λk

i
and, hence, i ∈ N k . Now we show that

li − εp(λk)λk
i < gi (xk) < li + εp(λk)λk

i

for every index i ∈ N2 and such that gi (x̄) = li . To this aim, we show that li + εp(λk)λk
i ≤

ui − εp(λk)λk
i . In fact, from (51) and by the expression of δ we obtain:

0 < λk
i = max

{
2|gi (xk) − li |(1 + mδ̃2)

ε
,
δ

k

}
≤ δ ≤ ui − li

2ε
.

The preceding formula and the fact that p(λk) ≤ 1 for every k, imply li + εp(λk)λk
i ≤

ui − εp(λk)λk
i and, hence, that i ∈ N k .

To summarize, we have shown that the sequence {(xk, λk)} converging to (x̄, λ̄) is such
that:

Ak ⊇ A1 ∪ A2 = A, N k ⊇ N1 ∪ N2 = N .

By noting that {A, N } is a partition of the set of indices {1, . . . , m}, we have

Ak = A, N k = N ,

which concludes the proof.
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