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The first notion of “small world”

• “The population of the Earth is closer together 
now than they have ever been before” 

• At most 6 links to get from  
you to anyone else on the planet? 

• Chains (Láncszemek), 1929  
Frigyes Karinthy (1887–1938):  
Hungarian author



• Inspired “Six Degrees of 
Separation”  

• play by J. Guare, 1990 

• movie by F. Schepisi, 1993 

• TV series, 2006

In popular culture



Kevin Bacon game
• www.oracleofbacon.org 

• Actor collaboration graph 

• How many steps to reach Kevin Bacon? 

• Example: 

!

!

!

!

Will Smith has a Bacon number of 2: 
!

Will Smith 
↓ 

Enemy of the State (1998) 
↓ 

Frank Medrano 
↓ 

Sleepers (1996) 
↓ 

Kevin Bacon 



Erdős numbers
• Paul Erdős (1913–1966), Hungarian mathematician 

• Mathematics collaboration graph 

• How many steps to reach Paul Erdős? 

• Example: 

!

!

!

!

• www.ams.org/mathscinet/collaborationDistance.html

My Erdős number is 3: 
!

Vincenzo Bonifaci 
↓ 

Kurt Mehlhorn 
↓ 

Dieter Kratsch 
↓ 

Paul Erdős

http://www.ams.org/mathscinet/collaborationDistance.html


Giant component

!

!

!

!

34 graphs

Figure 2.12. Ron Graham’s hand-drawn picture of a part of the mathematics collaboration
graph, centered on Paul Erdös [189]. (Image courtesy of Ron Graham.)

breadth-first search from every single node would have taken an astronomical amount
of time. Producing plots like this efficiently for massive graphs is an interesting research
topic in itself [338].

In a sense, the plot in Figure 2.11 starts to approximate, in a striking way, what
Milgram and his colleagues were trying to understand – the distribution of how far
apart we all are in the full global friendship network. At the same time, reconciling
the structure of such massive data sets with the underlying networks they are trying to
measure is an issue that comes up here, as it will many times throughout the book. In
this case, enormous as the Microsoft IM study was, it remains some distance away from
Milgram’s goal: it only tracks people who are technologically endowed enough to have
access to instant messaging and, rather than basing the graph on who is truly friends
with whom, it can only observe who talks to whom during an observation period.

Turning to a smaller scale – at the level of hundreds of thousands of people rather than
hundreds of millions – researchers have also discovered very short paths in collaboration
networks within professional communities. In the domain of mathematics, for example,
people often speak of the itinerant mathematician Paul Erdös, who published roughly
1,500 papers during his career, as a central figure in the collaborative structure of the
field. To make this precise, we can define a collaboration graph as we did for Figure 2.6,
in this case with nodes corresponding to mathematicians, and edges connecting pairs
of mathematicians who have jointly authored a paper. (While Figure 2.6 concerned
a single research lab, we are now talking about collaboration within the entire field
of mathematics.) Figure 2.12 shows a small hand-drawn piece of the collaboration



• Study by sociologist Stanley 
Milgram in 1969 (with 
J.Travers) 

• Milgram’s question: 
“Given two individuals 
selected randomly from the 
population, what is the 
probability the minimum 
number of intermediaries 
required to link them is 0, 1, 2, 
…, k?”

The small-world experiment



• 296 people asked to dispatch a parcel to a single individual (target) 

• Target: a Boston stockholder 

• Starting population: 

• 100 random Boston inhabitants 

• 100 random Nebraska stockholders 

• 96 random Nebraska inhabitants 

• Rule of the game: the parcel can only be sent directly to a 
personal acquaintance (“first-name acquaintance”)

The small-world experiment



Milgram’s%experiment%%

7%

The small-world experiment



!

!

!

!

!

!

• Average distance was 6.2 (5.4, 6.4, 6.7 for group 1, 2, and 3 resp.) 

• Distance 6.7 = 5.7 degrees of separation (origin of the “six degrees” notion)  

• 29% of the parcels reached the target

32 graphs
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Figure 2.10. A histogram from Travers and Milgram’s paper on their small-world experiment
[391]. For each possible length (labeled “number of intermediaries” on the x-axis), the plot
shows the number of successfully completed chains of that length. In total, sixty-four chains
reached the target person, with a median chain length of six. (Image from the American
Sociological Association.)

single, fairly affluent target; many letters never arrived; and attempts to re-create the
experiment have been problematic due to lack of participation [255]. Second, one can
ask how useful these short paths really are to people in society: even if you can reach
someone through a short chain of friends, is this fact useful to you? Does it mean you’re
truly socially “close” to them? Milgram himself mused about this in his original paper
[297]; his observation, paraphrased slightly, was that if we think of each person as the
center of their own social “world,” then “six short steps” becomes “six worlds apart” –
a change in perspective that makes six sound like a much larger number.

Despite these caveats, the experiment and the phenomenon that it hints at have
formed a crucial aspect in our understanding of social networks. In the years since the
initial experiment, the overall conclusion has been accepted in a broad sense: social
networks tend to have very short paths between essentially arbitrary pairs of people.
And even if your six-step connections to chief executive officers and political leaders
don’t yield immediate payoffs on an everyday basis, the existence of all of these short
paths has substantial consequences for the potential speed with which information,
diseases, and other kinds of contagion can spread through society, as well as for the
potential access that the social network provides to opportunities and to people with
very different characteristics. All these issues, and their implications for the processes
that take place in social networks, are rich enough that we will devote Chapter 20 to a
more detailed study of the small-world phenomenon and its consequences.

The small-world experiment



• What about today’s online social networks? 

• Facebook: 

• 4.74 average distance in 2011 

• 3.57 reported in 2016 

• Twitter: 4.67 average distance in 2010

Still relevant?



• The experiment demonstrates two facts:  

1. short paths abound in social networks 

2. that a decentralized algorithm exists for 
effectively finding them 

• Problem revisited by Jon Kleinberg in 2000

How do people find the next hop?



• The diameter of a graph can be computed in 
time O(n(m+n)) by computing all pairwise 
distances 

• It can also be approximated in time O(m+n) 
within a factor 2 

• Related (more robust) notion:  
Effective diameter = min # of hops within which 
90% of the nodes can reach each other

The graph diameter problem



Clustering coefficient



• Clustering coefficient of a node u is the 
probability that 2 random friends of u are friends 

• Global clustering coefficient is the fraction of 
length-2 paths that can be extended to a 
triangle: 

!

Measuring triadic closure

C(G) =

# of closed triplets

# of connected triplets



Alternative formulation

C(G) =

# of closed triplets

# of connected triplets

C(G) =

3 ·# of triangles

# of connected triplets

since each triangle ABC has 3 triplets: 
ABC, BCA, CAB



Social networks have high C

Network C(G)

IMDb actor collaboration network 0.20

Biologists collaboration network 0.09

Email contacts network of a large 
university 0.16

Internet autonomous system network 0.01



!

• Both numerator and denominator can be 
computed in time O(n3) 

• Slow for large networks!  

• Resort to approximation, see 
Schank & Wagner (2005)

Computing the clustering coefficient

C(G) =

# of closed triplets

# of connected triplets


