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Minimax Acyclic Orientation
G=(V,E): Graph

Find an acyclic orientation that
minimizes the maximum in-degree




Minimax Extreme Base

Find an extreme point Y of B(f)
that minimizes max{y(v)|veV}.
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Minimax Extreme Base

S = ¢;
repeat
u:=argmin{f(Su{u})|veV \S},

y(u)= 1S uu})-1(S);

S =S u{u},
untillS =V.
u .. .. Output Y
S - U - Optimal ¥’
u>< - y y'(u) <y ()




Symmetric Submodular Functions
f:2¥ 5R
Symmetric f(X)=fMV\X), VVXcV.

Crossing Submodular
XY #¢, XUY 2V =

F(X)+ FY)> F(XUY)+ F(XAY)

Symmetric Submodular Function Minimization

min{f (X)|d= X <V, X #V}?



Maximum Adjacency Ordering

* Minimum Cut Algorithm by MA-ordering
Nagamochi & Ibaraki (1992)

« Simpler Proofs

Frank (1994), Stoer & Wagner (1997)
« Symmetric Submodular Functions
Queyranne (1998)

 Alternative Proofs

Fujishige (1998), Rizzi (2000)



Minimum Degree Ordering
Nagamochi (2007)

Finding the family of all extreme sets for
symmetric crossing submodular functions

in O(n°y) time.

Symmetric Submodular Function Minimization




Extreme Sets

f : Symmetric Crossing Submodular Function

X : Extreme Set

Vi X . p#ZL #X.

f(2)> f(X),
The family of all extreme sets forms a laminatr.
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FOX)+T(Y)>F(X\Y)+ (Y \X)



Flat Pair for Graphs
G=(V,E) Undirected Graph
Flat Pair {u,v}cV (u=v) *
d(X)=min{d(x)|xe X}, VX cVs.t. | X ~{u,v}=1.

-

No Extreme Sets Shrink {U,V} into
Separate U and V. a single vertex.




Minimum Degree Ordering

MD-ordering Vv,,V,,...,V. ,,V. €V (n5gV )

V. ={v,,V,,...,V. }

Each v; has minimum degree in GV \V._].




Minimum Degree Ordering

The last two vertices v__,,v, of

an MD-ordering form a flat pair.

Proof by Induction:

{v_,,v.}: Flat Pairin G[V \V,]
1=n-2,..,10.

I=Nn—2



Suppose {V. ,,V,}: flat pairin G[V \V;,]
Show {V,4,V,}: flat pairin G[V \V,_]

d, : cut function in G[V \V/]

X cV\V, _
d. . (X)=min{d. ,(u)|ue X}
|Xm{vn_1’vn}|:1 = J—l( ) { 1—1( )l < }
v, & X d,(X)=min{d,(u)|ue X}=d, (")
- u X \D dj—l(x):dj(x)+dj_l(Vj,X)
>d(u)+d,_(v;,u’)
V. )
\Vj—l N : J :dj—l(u )

Vi




Suppose {V. ,,V,}: flat pairin G[V \V;,]
Show {V,4,V,}: flat pairin G[V \V,_]

d, : cut function in G[V \V/]

XcV\V.
= = d. . (X)>=min{d. .(u)|ue X}
PN RS EL L CROITESS
vV, e X Y =(V\IV_)\X
a4 Y .\a dj—l(x):dj—l(Y)
>min{d, ;(u)|ueY}
X v,
\Vj_l N . J = dj—l(vj)




Time Complexity

» Finding an MD-ordering in O(m) time.
For weighted graphs: O(m+nlogn) time.

« Finding all the extreme sets in O(nm) time.
For weighted graphs: O(nm+n?logn) time.



Flat Pair for Symmetric
Submodular Functions
Flat Pair {u,v}cV (u=#V)

f(X)=>min{f(x)|xe X},
VX cVs.t.| X n{u,v}=1.

-

No Extreme Sets Shrink {U,V} into
Separate U and V. a single vertex.




MD-Ordering for Symmetric
Submodular Functions

Cut Function in G[V \V,] I X))
V,

dI(X):d(X)+d(\/,UX)—d(V,) —
2 - J

f(X)=f(X)+fV/,UX) (XcV\V)

Symmetric, Crossing Submodular

MD-ordering Vi, Ve Vi,V €V

Each v, has minimum value of ;_;(V)
among veV\V, .



MD-Ordering for Symmetric
Submodular Functions

The last two vertices v,_,,v, of

an MD-ordering form a flat pair.

Proof by Induction:

{v, .V, }: Flat Pair for f; on V \V.
1=n-2,...10.

I=n—2



Vo, Vo3 flat pair for T, mmy flat pairin f,_,

XcVV,,
V, & X g u*. 2 \D
. * oVn—
f(X)>min{f u)ueX}=1f@u") (Mfy ")

Fi1(X) - fj—l(U*) =T (X)+ 1V, ,UX)-T(V;, u{u'p - ()

> f(X)+f(V, UX)—F(V, u{uH-fFU)
— f,(X)—f,;(U)=0




{V, 1,V }: flat pair for f; mmy flat pairin f._,

X cV\V,,

Vv € X Y =(V\V, )\ X

1:j—1(X) = fj—l(Y)
>min{f, ,(u)|ueY}

> 1,,(v))




Time Complexity
» Finding an MD-ordering in O(n’y) time.
» Finding all the extreme sets in O(n®y) time.

* Minimizing symmetric crossing submodular
functions in O(n’y) time.



Conclusion

Minimum Degree Ordering
- Minimax In-degree Orientation,
Minimax Extreme Base

- Extreme Sets
Symmetric Submodular Function
Minimization



