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Submodular Functions

\/ * Finite Set

f:2Y >R VXY cV
F(X)+f(Y)> (X NY)+ f(XUY)

« Cut Capacity Functions

 Matroid Rank Functions
* Entropy Functions




Entropy Functions

Information

Sources h(¢) =0

h(X) : Entropy of the Joint Distribution

Yy vy vyyvyy

Conditional Mutual Information



Positive Definite Symmetric Matrices

— X

AX]

f(g)=0
f(X)=logdet Al X]

Ky Fan’s Inequality
fF(X)+T(Y)>T(XNY)+ f(XUY)

Extension of the Hadamard Inequality

det A<] [ A
ieV



Discrete Concavity

ScT =

fF(Su{up)—1(S)=> (T u{u})—1(T)

Diminishing Returns

u




Discrete Convexity

Convex Function f(X)+f(Y)> f(XNY)+f(XUY)

;L




Discrete Convexity
Lovasz (1983)

V ={a,b,c} {b,c} f: Linear Interpolation
1b 3
{a,b} {b} f . Convex
U
ic} f . submodular

{a} y



Discrete Convexity
peR} f(¢)=0
f(p)=A1(S)

’ ¢='§O cS, c---cS, =V

p(v;) = p(v,) =---= p(Vv,)
/11' = p(Vj)_ p(Vj+1)



Discrete Convexity

Va\

f . convex f . submodular

FOX)+F(Y)=T(r)+ ()

zzf(lx ;Zijf(X AY)+ (X UY).




Submodular Polyhedra.
R ={x|V - R} Q
X(Y) =" x(v) \\

f(¢)=0

Submodular Polyhedron
P(f)={x|xeRY,VY cV,x(Y)< f(Y)}

Base Polyhedron

B(T)={x[xeP(1),x(V)=1(V)}



Greedy Algorithm
< Si >
Vi 'V, V.

y(v;)=1(5)-1(5)

Y . Extreme Base

1 0 ---
1 1

0

y(vy)
y(V,)

L Y(V,)

Edmonds (1970)
Shapley (1971)

Vn

So — ¢

S =V
f(S,)
f(S,)
_f(én)_




Greedy Algorithm

y e B(f)? v(X)< f(X), VXV

Induction on | X|

® .- @ ® -
y(X\{v. }) < (X \{v. })
y(X) =y(X\{v,. })+ y(v)

< F(X\{vH+1(S)-1(S.)

(?f (X)
Submodularity




Linear Optimization
peRY Edmonds (1970)

max{(p,x)[xeP(£)}2|  (P.x):=2 PV)X(V)

Greedy Algorithm with  P(v;) = p(v,) =---= p(v,)
y(v;) = 1(5)—1(5.) S; ={Viy- ik

(p.Y) =D BOIF(S) (5.,

=Y [p0v,) - P, (S) = (p)



Linear Optimization

Dual LP
Minimize ) q, f(X)

X<V

subjectto Y g, =p(v), WveV,

X3V

qy =0, VX cV.
qy = p(Vj)_ p(Vj+1) (X — Sj)
o 0 (otherwise)

> ay f(X)= Z[p(v )—p(v;.)IF(S;) = T(p)

XcV



Discrete Convexity

f : Submodular

U

f(p)=max{(p,x)|xeP(f)}

U

f : Convex




