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Submodular Functions and Polyhedra 

Submodular Polyhedron 

)}()(,,|{)( YfYxVYxxfP V  R

)}()(),(|{)( VfVxfPxxfB 

Base Polyhedron 

0)( f

VYXYXfYXfYfXf  ,   ),()()()(

RVf 2:



Theorem 

Min-Max Theorem 

)}(|)(max{                

}0),(|)(max{)(min

fBxVx

zfPzVzYf
VY









)}(,0min{:)( vxvx 

)()()( YfYxVx 

Edmonds (1970) 

)()()( YfYzVz 



Combinatorial Approach 
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Combinatorial Approach 
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Fully Combinatorial Algorithm 

Addition, Subtraction, Comparison 

Oracle Call (Function Evaluation) 

 

 

 

ZR   , Compute 

RR   , Compute   /q

Multiplication 

Division 

• Neglect the Gaussian Elimination Step. 

• Use Nonnegative Integer Combination 

Instead of Convex Combination. 

• Choose a Step Length Appropriately.   



Finding All Minimizers 
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The set of minimizers forms a distributive lattice. 

[G.Birkhoff] 

Any distributive lattice  

can be represented  

as the set of ideals of  

a partial ordered set.  



Test if                    is tight.  

Partial Order of an Extreme Base 

:)(uH

)()( XfXy 

}{)( vuH 

VvvLfvLy    )),(())((

:X2v
1v nv

Extreme  :)( fBy

Represent all tight sets  

Tight 

Bixby, Cunningham, Topkis (1985) 

)(yG

Maximal Ideal Excluding  

v

u
)(uH

.u

If not, then                 . v u



Finding All Minimizers 
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